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Preface

This book is based on lecture notes from a second-year graduate course, and
is a greatly expanded version of our previous monograph [K8]. We expose
some aspects of the theory of semigroups of linear operators, mostly (but not
only) from the point of view of its meeting with that part of spectral theory
which is concerned with the integral representation of families of operators.
This approach and selection of topics differentiate this book from others in
the general area, and reflect the author’s own research directions. There is no
attempt therefore to cover thoroughly the theory of semigroups of operators.
This theory and its applications are extensively exposed in many books, from
the classic Hille-Phillips monograph [HP] to the most recent textbook of Engel
and Nagel [EN2] (see [A], [BB], [Cl], [D3], [EN1], [EN2], [Fat], [G], [HP], [P],
[Vr], and others), as well as in chapters in more general texts on Functional
Analysis and the theory of linear operators (cf. [D5], [DS I-111], [Katl], [RS],
[Y], and many others). Nevertheless, because the book is based on a course,
and because we intended to make it reasonably self-contained and convenient
both for independent study and for a graduate course or seminar, we have
included in Section A of Part I (making it thereby the longest section of the
book!) an exposition of the basic theory: the classical Hille-Yosida theory on
the interplay between a semigroup and its generator up to the characterization
of the generator of a (strongly continuous) semigroup by means of estimates
on the resolvent iterates, the Lumer—Phillips theory of dissipative operators
with its “resolvent-free” characterization of the generator, the Trotter—Kato
convergence theorem on the equivalence of “graph convergence” of generators
and “strong convergence” of the corresponding semigroups, the Kato unified
treatment of the “exponential formula” and the “Trotter product formula,”
and the Hille-Phillips perturbation theorem for generators of C,-semigroups.
As a transition to the “integral representations” mentioned above, we conclude
this section with Stone’s theorem for (semi)groups of unitary operators and
Sz.-Nagy’s spectral integral representation for bounded groups of operators in
Hilbert space.
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In Section B of Part I, we construct the semi-simplicity space for a given
C,-group of operators in Banach space. It is a Banach subspace which is
maximal for the existence of a spectral integral representation of the group
on it.

In Section C, we are concerned with analytic semigroups, that is, semi-
groups that possess an analytic continuation to some sector in the complex
plane. We present an approach independent of contour integrals, that yields
easily to characterizations of the generators of such semigroups.

The semigroup is considered as a function of its generator in Section D.
We prove a “noncommutative Taylor formula,” and consider families of semi-
groups whose generators depend analytically on a complex parameter in a
natural sense. The conceptual meaning of the latter analysis is the hereditary
property of analyticity from the coefficients of an Abstract Cauchy Problem
to its solution.

The asymptotic behavior of (one-parameter) semigroups for large values of
the parameter is taken up in Section E. We first consider the relatively simple
case of analytic semigroups and of various kinds of “averages” of a semigroup,
which include as special cases its Cesaro, Abel, and Gauss averages. We then
prove the Arendt—Batty—Lyubich-Vu (“ABLV”) stability theorem, using the
technique of the so-called “asymptotic space.” Adequate conditions on the
spectrum of the generator insure the (strong) “stability” of the semigroup,
that is, the latter’s strong convergence to zero when the parameter tends
to infinity. Additional results on stability are included in the “Miscellaneous
Exercises” section at the end of the book.

In Section F, we obtain a characterization of generators of regular semi-
groups, that is, analytic semigroups in the right halfplane that possess bound-
ary values on the imaginary axis. We then proceed with the analysis of some
classical examples.

A brief discussion of pre-semigroups, also called “C-semigroups” or “regu-
larized semigroups” in the literature, concludes Part I of the book (Section G).
Pre-semigroups were introduced in germinal form in [DaP], and their exten-
sive study was started in [DP]. They play a role in the solution of the abstract
Cauchy problem for an operator which is not necessarily the generator of a
semigroup, and is not even densely defined. (The monograph [DL4] presents
the theory in great detail, as well as many applications to partial differential
equations.)

In Part II, we turn to a more detailed study of integral representations in
the spirit of Section B of Part I.

In Section A, the semi-simplicity space is constructed for (generally
unbounded) operators that are not necessarily semigroup generators, provided
they have real spectrum, or at least have a half-line in their resolvent set.
A spectral integral representation is obtained for the part of the given opera-
tor in its semi-simplicity space, and the latter is a maximal Banach subspace
with this property.
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In an analogous manner, the Laplace—Stieltjes space and the integrated
Laplace space for a family of closed operators are constructed in Section B by
an adequate renorming method. As applications, we obtain a spectral integral
representation for semigroups of closed operators, and a characterization of
generators of n-times integrated semigroups.

Section C takes up the spectral integral representation for families of
unbounded symmetric operators in Hilbert space, defined only locally (with
respect to the parameter) in a suitable sense. We present the Frohlich-Klein—
Landau theory of local semigroups of unbounded symmetric operators, general-
izing the classical Stone theorem, and an analogous theory for cosine families
of unbounded symmetric operators. These theories provide a natural approach
to Nelson’s Analytic Vectors Theorem and to Nussbaum’s Semi-analytic Vec-
tors Theorem, respectively.

Part III contains a small dose of applications, selected from the vast mater-
ial in the literature by the criterion of our own involvement in their derivations.
As mentioned at the beginning of this Introduction, our choice avoids over-
lapping with the existing monographs dealing with applications of operator
semigroup theory in areas such as Markov processes, the Abstract Cauchy
Problem, evolution equations, Mathematical Physics, etc. We refer the inter-
ested reader to the latter texts, some of which are listed in the Bibliography
section.

In Section A of Part III, the results on analytic families of semigroups
(exposed in Section D of Part I) are applied to the Abstract Cauchy Problem
in the “temporally inhomogeneous” case. Under either Kato’s or Tanabe’s
conditions, it is shown that “coefficients analyticity” implies “solutions ana-
lyticity” (with respect to an auxiliary complex parameter).

In Section B, we apply the results of Sections A and F of Part I to the
analysis of similarity within the family of operators S + ¢V (where ¢ is a
complex parameter), when @S generates a C,-group S(-), and V' is a bounded
operator satisfying with S the so-called Volterra commutation relation [S, V] C
V2. This study is motivated by the classical pair of operators on LP(0,1),
1 < p < oo, defined by S : f(z) — zf(z) and V : f(z) — [; f(s)ds. In this
latter case, S + ¢V is similar to S 4+ wV if and only if R( = Rw (cf. [K19]).
In the abstract situation (under some additional condition on V'), S + ¢V is
similar to S if and only if R¢ = 0. Thus, in particular, S—V is not similar to S.
However, it is proved in the last subsection that the perturbations (S —V)+ P
are similar to S for all P in the “similarity suborbit” {S(—t)VS(t); t € R}
of V.

A collection of “exercises” is appended to the main text. In many cases,
the exercise contains a significant result, which is reached through the given
sequence of steps.



Part 1

General Theory



A

Basic Theory

A.1 Overview

The central concept in the theory of operator semigroups is that of the gene-
rator (or “infinitesimal generator”) of the semigroup. In the simplest case of
the (semi)group

X in
T(t) = et = A" (teR)

= n!
with A a bounded (everywhere defined linear) operator, the generator is the
operator A. This “generator” clearly contains all the information we might
need on the semigroup 7'(-), and can be retrieved from T'(-) by taking the
(right) derivative at zero. On the other hand, T'(-) can be retrieved from A as
the operator solution of the abstract Cauchy initial value problem

dT (1)

W = AT@: T0) =1,

where I stands for the identity operator. This simple situation occurs for
example in the solution of a system of linear ordinary differential equations
with constant coefficients (view A as the coefficients matrix, and T'(-) as the
normalized fundamental matriz of the system, cf. [CL]).

In the general situation, an operator semigroup is a function

T(-):[0,00) = B(X)

(where B(X) denotes the Banach algebra of all bounded linear operators on
the given Banach space X), such that

T(s)T(t)=T(s+1t) s,t>0

(the semigroup identity) and T(0) is the identity operator I. In this mono-
graph, we shall consider only semigroups with the additional “C,-property,”

S. Kantorovitz, Topics in Operator Semigroups, 3
Progress in Mathematics 281, DOI 10.1007/978-0-8176-4932-6_1,
© Birkhéuser Boston, a part of Springer Science + Business Media, LLC 2010



4 A. Basic Theory

called “C,-semigroups,” or semigroups strongly right-continuous at zero. The
generator A of T'(-) is defined as the strong right derivative of T'(-) at zero,
with maximal domain D(A). The interplay between A and T'(+) is the primary
subject of this section. We first show that strong (right) continuity at zero
implies strong continuity on [0,00) and “exponential growth” of the semi-
group. We then prove that the generator is a closed densely defined operator.
For each € D(A), u = T(-)z is the unique C! solution of the Abstract
Cauchy Problem (ACP)

(f;: = Au; u(0) =z.

The generator A is bounded (and everywhere defined) if and only if the
semigroup T'(-) generated by A is continuous in the uniform operator topology
on B(X); the semigroup is then of the form T'(t) = e*4.

We show that the “C*°-vectors” for the generator A form a (convenient)
core for it (knowing a core for A is important because it is often difficult to
determine the exact domain explicitly).

Another simplified way to study unbounded operators goes through their
resolvent (which is a bounded operator!). In case of a semigroup generator A,
the resolvent is well-defined in a right halfplane R\ > a, and is equal there
to the Laplace transform of the semigroup. This relation implies a growth
estimate on the resolvent iterates, which turns out to be also sufficient for
A to generate a C,-semigroup. This is the famous Hille-Yosida characteriza-
tion theorem for generators. For an arbitrary (unbounded) operator A whose
resolvent set contains a half-line, we use a “renorming method” suggested by
these estimates to construct a maximal Banach subspace Z of X, such that
the part of A in Z, Ay, generates a C,-semigroup on Z (Z is the so-called
Hille-Yosida space for A). We then present the Lumer—Phillips resolvent-free
characterizations and perturbation invariance results for generators of con-
traction C,-semigroups, using the concept of dissipativity.

In many applications, A may be approximated in some sense by “simpler”
operators. For example, the proof of the Hille-Yosida theorem uses the
so-called Hille-Yosida approximations of A, which are bounded operators con-
verging “pointwise” to A on the latter’s domain. In the theory of partial differ-
ential operators, an operator with variable coefficients may be approximated
(locally) by an operator with constant coefficients, or even by the latter’s term
of highest order. This motivates the study of the relation between generators
convergence (in some sense) and semigroups convergence, and of perturba-
tions of semigroup generators. The relevant results are the Trotter—Kato con-
vergence theorem and the Hille—Phillips perturbation theorem, respectively.
Two important consequences of the Trotter—Kato convergence theorem are
the exponential formula and the Trotter product formula. The first formula
retrieves T'(+) from A in a way analogous to the Euler formula of calculus

et = lim (l—at) = lim [nR<n;a)r,
n n n Lt t
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where R(\;a) := (A—a)~! is the “resolvent” of the scalar a. The expression on
the right with A replacing a, with the limit understood in the strong operator
topology, is in fact equal to T'(t) for all ¢ > 0. The second formula, which
has important applications in Mathematical Physics, generalizes the trivial
relation N
otath) — Jimy [e(t/n)ae(t/n)b:|
n

(for scalars a,b and ¢ = a + b) to the case of generators A, B and “C =
A + B” of generally noncommuting contraction semigroups S(-), T'(+), and
U(-), respectively (which replace the exponentials in the above scalar formula).

In the last subsection, we prove the classical Stone theorem, to the effect
that a C,-(semi)group of unitary operators 7'(-) on Hilbert space has the form

T(t) = e

where H is a selfadjoint operator, and the exponential is defined by means
of the operational calculus for H provided by the classical Spectral Theorem,
that is,

T(t) = /R e E(ds),

where E is the spectral measure for H (its so-called “resolution of the iden-
tity”). This integral representation theorem is valid more generally for any
uniformly bounded group of operators in Hilbert space, and various gene-
ralizations to a Banach space setting of such integral representations will be
elaborated in subsequent sections of Parts I and II.

A.2 The Generator

In this section, we define the generator A of a C,-semigroup T'(-). We prove
that T'(+) is strongly continuous and ||T(¢)|| < Me* (with constants M > 1
and a > 0) in [0,00), that A is a closed operator with dense T'(-)-invariant
domain, D(A), and that for each x € D(A), the vector function v = T'(-)x is
strongly differentiable and is the unique C' solution of the Abstract Cauchy

Problem
du

dt
Let X be a Banach space, and let B(X) denote the Banach algebra of all
bounded (linear) operators on X into X.
A function T'(+) : [0,00) — B(X) is a semigroup if

= Au; u(0) = z.

T()T(t)=T(s+1t)  (s,t>0) (1)

and
7(0)=1,

where I denotes the identity operator.
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The generator A of the semigroup 7'(+) is the operator

S E -1 _
Az = tl_l,%l+t [T(t)x — ] (2)
with “maximal domain” D(A) consisting of all x € X for which the limit (2)
exists in X (with respect to the norm). This limit is in fact the strong right
derivative of T'(-)z at 0.
The continuity at 0 (or C,) condition is
tl_l}r&T(t)x =z (3)
for all x € X (limit in X with respect to the norm). This is right continuity
at zero in the strong operator topology (s.o.t.) on B(X); in brief, “strong
continuity at 0.” A C,-semigroup is a semigroup of operators that satisfies
the C,-condition.

Theorem 1.1. Let T(-) be a C,-semigroup. Then

(a) T'(+) is strongly continuous on [0,00), and
(b) there exist constants M > 1 and a > 0 such that

IT@)] < Me™
for allt > 0.

Proof. Denote
en= sup ||T@®)] (neN).
0<t<1/n
If ¢, = oo for all n, there exist ¢, € [0,1/n] such that | T(t,)| > n (n € N).
Then
sup [|T(tn) || = oo,

and so, by the Uniform Boundedness Theorem, there exists « such that

sup ||T'(tn)z|| = oo.

However, the sequence || T (t,)z|| converges to ||z|| (by the C,-condition, since
t, — 04), and is therefore bounded. This contradiction shows that there
exists an n for which ¢, < oco. Fiz such an n, and denote ¢ = ¢,. Note that
¢ > |T(O)] = I1] = 1.

For any ¢t > 0, the semigroup property gives

T(t) = T(1/n)" T ({t}/n)",

where [t] denotes the entire part of t, and {t} its fractional part. Since 1/n
and {t}/n are both in [0, 1/n], we have ||T(1/n)| < c and ||T({t}/n)| < ¢, so
that

1T < (I < () = Me™,

where M = ¢” > 1 and a = nlogc > 0 (we used the fact that ¢ > 1).
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For h > 0, we have for all z € X
|T(t+h)x —T(t)a|| = |T(R)[T(t)x] — [T(t)z]]| — 0

as h — 0, by the C, condition with the fixed vector T'(¢)z.
For h < 0, write h = —k, with 0 < k < ¢. Then

IT(t+ h)z = T(t)z| = [|T(t — k) (z — T(k)z)]|
< MeP|T (k) — 2| — 0
as h — 0 by the C, property. O

Theorem 1.2. Let A be the generator of the C,-semigroup T(-). Then:

1. A is closed and densely defined.
2. For each t > 0, T(t)D(A) C D(A), and

for each x € D(A).
3. For each x € D(A), the function uw = T(-)x is C* on [0,00), and is the
unique solution of the Abstract Cauchy Problem (ACP) on [0,00):

du

0= Au;  u(0) = . (ACP)

Proof. For each given z € X, the function T'(-)x is continuous on [0, c0), by
Theorem 1.1, and has therefore a Riemann integral over any finite interval
[0,t]. Denote this integral by x;. Also let Ay, = h=[T'(h) — I] for h > 0. Then

Apxy =h™! UotT(s +h)xds — /OtT(s)x ds}

=ht [(/hﬂ_h — /Ot> T(s)xds

t+h h
= h_l/ T(s)xds — h_l/ T(s)xds
t 0

—Tt)x —x

as h — 0+, by continuity of 7'(-)x.
Hence x;, € D(A) and
Az, =T(t)x — 2. (4)

The C,-condition implies that x;/t(€ D(A)) — z, and therefore D(A) is dense
in X.
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If x € D(A), then for each ¢ > 0,
AhT(t)x = T(t)AhC(: — T(t)AJJ (5)
as h — 0+. Hence T'(t)z € D(A) and

The left-hand side in (5) is also equal to
hYT(t + h)x — T(t)z],

and so the right derivative of T'(-)x exists, is equal to A[T(-)z] = T(-)(Az),
and is in particular continuous.
If 0 < k < t, we have for z € D(A)

[(=k) T (t = k)x — T(t)z] — T(t) Az
< |T(t - k) (Ape — Aw)|| + |7t - k) Az — T(t) Axl|
< Me® || Apa — Ag|| + ||T(t — k) Az — T(£) Az — 0

as k — 0+, since x € D(A) and T(+) is strongly continuous.
Thus u = T'(-)x is of class C! on [0, 00), and solves (ACP).
Suppose v : [0,00) — D(A) is differentiable. Then

RYT(t + h)v(t + h) — T(t)v(t)]
=T(t)Apv(t) + Tt + k)[R (v(t + h) —v(t)) — o' ()] + T(t + h)v'(t).

The first term on the right has limit 7'(t) Av(t) when h — 0, since v(t) € D(A)
and T(t) € B(X). The second term has limit 0, since | T(¢ + h)| < Me®(t+h),
The last term has limit T'(¢)v'(t), by strong continuity of T'(-). Hence

g T @v(0)] = T@)[Av(t) + o' (B)].

Suppose now that v solves (ACP) with a given x € D(A), in some interval
[0,7]. Fix s € (0,7]. Then by the fundamental theorem of calculus

s)x — v / it v(s —t)]dt

:/0 T(t)[Av(s —t) —v'(s — t)]dt = 0,

which proves the uniqueness.
By the fundamental theorem of calculus and (4),

A/ s)xds = (t)gc—x:/otT(s)Axds

for t > 0 and z € D(A).
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Suppose z, € D(A) are such that x,, — = and Az, — y in X. If V(-) :
[0,7] — B(X) is strongly continuous, then ||V (-)|| is a bounded measurable
function and for each z € X,

(see below).
Therefore, as n — oo,

/ ' v<t>xdtH < | "Vl atal

/OtT(s)Axn ds /OtT(s)yds

t
< / IT(s)]| ds || Az — y]| — .
Hence

t
Ayz = lim Az, = limt ! / T(s)Ax, ds
n n 0

t
= t_l/ T(s)yds.
0

It follows that lim; o4+ Aix = y.

This proves that € D(A) and Az =y, i.e., A is closed.

Back to the claim about V(-), the boundedness of ||V (-)|| follows immedi-
ately from the strong continuity of V(-) and the Uniform Boundedness Theo-
rem. To prove the measurability of ||V (-)||, it suffices to show that the set
C ={t e [0,7];||V()|| > ¢} is Borel for each ¢ > 0. If t € C, there exists
x € X with norm 1 such that ||V (¢)z| > ¢, and by continuity of ||V )z,
there is a neighborhood of ¢ in [0, 7] where ||V (-)z|| > ¢, and so ||[V(})]| > ¢
there. Hence C' is open, so certainly Borel. (We proved actually that ||V (-)||
is lower semicontinuous.) a

A.3 Type and Spectrum

We shall define the type w of the C,-semigroup T'(+), and show that it is related

to the spectral radius r(7'(t)) of T'(t) by the formula r(T'(t)) = e** (t > 0).
By Theorem 1.1, log || T(+)| is bounded above on finite intervals and clearly

sub-additive. We need the following general lemma on such functions.

Lemma 1.3. Let p : [0,00) — [—00,00) be sub-additive (i.e., p(t + s) <
p(t) + p(s) for allt,s > 0) and bounded above in [0,1]. Then
p(t)

t
—ooginfp()zlim < 0
t>0 ¢ t—oo
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Proof. If p(tg) = —oo for some tg, then for all ¢ > tg, p(t) < p(to) +p(t—to) =
—00, and the result is trivial. So we may assume that p is finite. Fix s > 0
and r > p(s)/s. For t > 0 arbitrary, let n be the unique positive integer such
that ns <t < (n+ 1)s. Then

p(t)/t =p(ns+ (t —ns))/t < np(s)/t +p(t —ns)/t

< rns/t + supp/t.
[0,5]

Since the hypothesis implies that p is bounded above on any interval [0, s], it
follows that lim sup,_, . p(tt) < r, for any r > p(s)/s. Hence

t t
lim sup p(t ) < ;r;% pis) < liminf p(t ),

and the lemma follows. O

In particular, the type of T'(+) is (fixed notation!)

oimtag PEITON _ py 181701

t>0 t t—o0

For any non-negative a > w, we clearly have

IT(0)] < Me*
for all ¢ > 0 (where the constant M > 1 depends on a).
Theorem 1.4. The spectral radius of T(t) is e“t.

Proof. Since the claim is trivial for ¢ = 0, fix t > 0, and let (7'(¢)) denote the
spectral radius of T'(t). By the Beurling—Gelfand formula and Lemma 1.3, we
have

P(T(t)) = lim [Ty /" = Lim (/) 108 1701

— ethmn(l/nt) log | T(nt)|| _ et 0

A.4 Uniform Continuity

The next theorem shows that the stronger hypothesis of right continuity at
zero in the uniform operator topology (that is, in the norm topology of B(X))
is equivalent to the condition A € B(X), and yields to the obvious class of

semigroups of the form
o)

n
etd = A",
n!

n=0
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Theorem 1.5. The semigroup T(-) is right continuous at 0 in the uniform
operator topology if and only if its generator A belongs to B(X). In that case,
T(t) = et where the exponential is defined by the usual power series, which
converges in B(X).

Proof. If A € B(X), one verifies directly that e* is a well-defined norm-
continuous group with generator A. Since by Theorem 1.2 the generator
determines the semigroup uniquely, and A is also the generator of T'(-), we
have T(t) = e'4, so that, in particular, 7(-) is norm-continuous.

Suppose conversely that T'(+) is norm-continuous at 0 (hence everywhere on
[0,00), by the argument in the proof of Theorem 1.1). We may then consider
Riemann integrals of T'(+), defined as the usual limits (in B(X)!). For h,t > 0,
a calculation as at the beginning of the proof of Theorem 1.2 shows that

h t
() — 1] /0 T(s)ds = [T(h) — I] /0 T(s) ds.

Since

=0

lim
h—0+

h
h—1/ T(s)ds—1
0

by norm-continuity of 7'(-) at 0, we can fiz h such that the above norm is less
than 1, and therefore V := foh T(s) ds is invertible in B(X). Hence,

where
A:=[T(h) - IV~ € B(X).

(The change of order in the calculation is valid, since the values of T'(-) com-
mute.) Dividing by ¢ and letting ¢t — 0, we get ¢t~ 1[T'(t) — I] — A in B(X),
by norm-continuity of 7'(-). Hence A(€ B(X)!) is the generator of 7'(-). O

A.5 Core for the Generator

In practice, it is not necessary to determine exactly the domain D(A), and
it suffices to know a core for A. We show that the C'°°-vectors form a core
for A.

Definition 1.6. Let A be any closed operator with domain D(A) in X. The
graph-norm on D(A) is the norm

x4 = [zl + [ Az]

induced on the graph of A by the norm on X?2.
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D(A) is a Banach space under the graph-norm (because A is closed), and
we shall use the notation [D(A)] for this Banach space. Any subspace Dy
dense in [D(A)] is called a core for A. Explicitly, a subspace Dy of D(A) is
a core for A iff for any x € D(A), there exists a sequence {z,} in Dy such
that z, — x and Az, — Ax (i.e., A equals the closure A|p, of its restriction
to Do)

The following theorem gives a useful sufficient condition for a subspace Dy
to be a core for the generator A of a semigroup 7'(+).

Theorem 1.7. Let A be the generator of the Cy,-semigroup T(-). If Do is a
subspace of D(A) dense in X and T(-)-invariant, then it is a core for A.

Proof. Note first that T'(-) is a C,-semigroup in the Banach space [D(A)],
since for all z € D(A), when t — 0+,

T(t)z —z|a = [IT@)z — || + [T (t)(Az) — (Az)|| — 0.

Therefore, for x € Dy, Riemann integrals (over finite intervals) of T'(-)xz make
sense in the graph-norm, and belong to Dy, the closure of Dy in [D(A)].
Let x € D(A). By density of Dy in X, there exists a sequence {x,} C Dg
such that z, — x in X. The elements x; and (z,): (see notation in proof of
Theorem 1.2) are in D(A), and for each ¢ > 0

/OtT(s)(xn ~2)ds

+ T (O)zn — 0] = [T(t)z — z][| = 0

|(In)t - 33t|A = ‘

when n — oco. Since (z,,); € Do for each n, we have also z; € Dy. Finally, by
the C,-property of T'(:) in [D(A)], t~*x(€ Dy!) — x in the graph-norm, and
so x € Dy. O

A useful core for A is the space D> = D> (A) of all C*°-vectors for A,
that is, the set of all z € X for which the vector function T'(-)x is of class C>
(in the strong sense) on [0, c0).

Theorem 1.8.

1. D® = (°, D(A").
2. D* is dense in X and T'(-)-invariant.
3. D is a core for A.

Proof. 1 and 2 imply 3 by Theorem 1.7.

If © € D>, T(-)x is differentiable at 0, i.e., z € D(A), and (d/dt)T(t)x =
T(t)(Az). Hence Az € D>, and so, in particular, = € D(A?). Inductively,
x € D(A™) and

(T()a]™ = T()A"z 1)

foralln=1,2,3....
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Conversely, if © € D(A™) for all n, then T'(-)z is differentiable and
[T()z) = T(-)Az (cf. Theorem 1.2), so that, inductively, we obtain that
T(-)z is of class C* and (1) is valid. This proves 1 and the T'(-)-invariance
of D*°.

To prove the density of D>, we use an “approximate identity” 0 < h,, €
C*°(R) with support in (0, 1/n) and integral (over R) equal to 1. Given x € X,
define

Xy = /OC h ()T (t)x dt.
0

Then z,, — x in X, and it remains to show that z,, € D for all n. For k > 0,

Apzy, = k™! /OO ho (O[T (t+ k)x — T (t)x] dt
0
_ /OO At — k) — ho (O] () dt
0

o / T T dt
0

when k — 0+. Hence z,, € D(A) and Az, = — fooc h. (t)T'(t)x dt. Repeating
the argument, we obtain z,, € D(A7) for all j and A7z, = (—1)7 fooo hsf)(t)
T'(t)x dt. The conclusion follows now from 1. a

A.6 The Resolvent

When we deal with an unbounded operator A, it is convenient to study it
by means of the operator R(\; A) := (M — A)~L, if the latter does exist as
a bounded everywhere defined operator for scalars A in a sufficiently “large”
subset of the complex plane. The basic properties of the B(X)-valued function
R(-; A) (called the resolvent of A) are the subject of this section.

The verification of the following elementary facts is left as an exercise.

Proposition 1.9. Let A be a closed operator, with domain D(A). Then:

1. If A is injective, its inverse with domain D(A™') equal to the range ran(A)
of A, is closed.

2. If Be B(X) and o, € C, then oA + 3B, with domain X for « =0 and
D(A) otherwise, is closed.

3. If B € B(X), then AB, with its maximal domain, is closed. If B is non-
singular, then BA, with domain D(A), is also closed.

Definition 1.10. The resolvent set p(A) of the closed operator A is the set
of all complex X for which A\I — A is bijective (i.e., one-to-one and onto X ).
Its complement is the spectrum o(A) of A.
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The operator R(A) = R(\;A) := (M — A)~! for A € p(A) is closed (see
1.9) and everywhere defined, and belongs therefore to B(X) by the closed
graph theorem. It is called the resolvent of A.

Observe that A € p(A) iff there exists an operator R(\) € B(X) with
range in D(A) such that

(M —ARNz =z (reX) (1)

and
RN — Az == (x € D(A)). (2)

It is useful to write the above relations in the form
R(MNAC AR(N) =AR(\) — I (3)
(where all operators are with their maximal domain).

Theorem 1.11. Let A be a closed operator. Then p(A) is open, R(-) is
analytic on p(A) and satisfies the “resolvent equation”

R(A) = R(p) = (1 — MR R(w). (4)
Also )
IROI= 40y o) (5)

for all X € p(A), where d(---) denotes the distance from X to o(A).
Proof. Let A € p(A), and set

g =R~
The series

S(C) =D _(=1)"RMN"FHC = A"

n>0

is norm-convergent in B(X) for |[( — A| < 0, and so defines an element of
B(X).
For z € D(A),

ST ~ Az = SOIC — NI + (AL - Al
= S (CD"RO)C - A e
+ 3 CDPROMC - N = a

Next, for any « € X, let z,, denote the m-th partial sum of the series S(¢)x.
Then x,, € D(A) (because x,, € ranR(\) = D(A)), x,,, — S({)z, and by (3)
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Az = Y (“1)"ARN)™H (= A"z

0<n<m
= D> DR A
0<n<m
= AS(Qz+ (C—NS)x —=x
=(S(Qz — .

Since A is closed, it follows that S({)z € D(A) and ((I — A)S(¢)x = x, and
we conclude that ¢ € p(A) and R(¢) = S(¢) for all ¢ such that | — \| < 0.
Hence p(A) is open and R(-) is analytic on p(A4). Also, since the disk of radius
0 around A is contained in p(A4), we have

d(\,0(A)) =6 := RN~
Finally, for A\, u € p(A) and z € X,
(= ARO) = R() - (1 = VRO Rl
=z — (A=l + (ul = A)|R(p)z — (1 — N R(u)z
=z — A —p)Rpz—x+ (A—p)R(pz =0.

Since A\ — A is injective, (4) follows. ad

A.7 Pseudo-Resolvents

It will be convenient to consider the following general concept of a “pseudo-
resolvent” (motivated by the resolvent equation), and to find sufficient condi-
tion for a pseudo-resolvent to be in fact the resolvent of some closed operator.

Definition 1.12. A pseudo-resolvent is a function R(-), defined on an open
set U C C, with values in B(X), and satisfying the resolvent equation in U.

Theorem 1.13. If R(:) : U — B(X) is a pseudo-resolvent, then kerR(\) and
ranR(\) are independent of X\ € U, and R(-) is the resolvent of some closed
operator A with U C p(A) iff kerR(\) = {0}.

Proof. Let A\, i € p(A). If = € kerR(\), we have by the resolvent equation
R(p)z = RA)z + (A — p) R(p) RQA)z = 0,

ie., z € kerR(p), and so, by symmetry, kerR(\) = kerR(u).
If y € ranR(\), write y = R(\)x, and then

y =Rz + (n = A R(Mz] € ranR(p),

so that ranR(\) = ranR(u) by symmetry.
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Suppose kerR(\) = {0} for some (hence for all) A € U. Then
A=A - R\ iranR(\) — X

is closed, and since A\I — A = R(A\)~! and R()\) € B(X), the operator AI — A
is bijective. Thus A € p(A4) and R(\) = (\] — A)~L.
For any 1 € U, we have by the resolvent equation

R(p) = RO + (A — p)R(p)],
and therefore
(nl = A)R(p) = (n = N R(p) + (A = A) RN + (A — p)R(p)] =1,

and similarly R(u)(pu — A) C I. Therefore € p(A) and R(u; A) = R(w).
Conversely, if R(A) = R(\; A) for all A € U (for some closed operator A),

then R(-) is a pseudo-resolvent by Theorem 1.13, U C p(A), and kerR(\) =0

trivially. |

Another characterization of resolvents among pseudo-resolvents uses the
range of R(\) (rather than its kernel).

Theorem 1.14. Let R(-) : (w,00) — B(X) be a pseudo-resolvent such that
for all A > w,

M= igg(A — W[RA)[ < oo. (1)

Then R(-) is the resolvent of a closed densely-defined operator iff the range of
R(X) is dense in X for some (hence for all) .

Proof. The necessity is trivial, since ranR(\; A) = D(A).
Sufficiency. For x € ranR(\), write x = R(\)y, and then, for p > w,

pR(p)z = pR(p)R(N)y
= a BNy = R(n)y]
— RNy =2

when ;1 — oo, by Condition (1). Since ranR()) is dense in X, it follows from
(1) that uR(p)x — x for all x € X
[indeed, let z,, € ranR(A) converge to x. Then

|uR(p)x — z|| < [|pR(p)zn — o0 || + [|pR(1) = 1| |z — 2]
The second term on the right-hand side is

< [Mp/(p—w)+ |z —zn|| = (M + 1)z — 2],
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and the first term — 0 when p — oo (for each fixed n). Therefore

limsup [|pR(p)z — =] < (M + 1)[|a — zn|
p—00

for each n. Letting n — oo, the conclusion follows].

Suppose z € ker R(\) for some A > w. Then x € ker R(u) for all p > w,
but then 2 = lim uR(p)x = 0, i.e., ker R(\) = {0}, and so R(\) = R(\; A) for
some closed operator A (by Theorem 1.13), and D(A) = ran R()) is dense,
by hypothesis. O

A.8 The Laplace Transform

We show next that the resolvent of the generator A of the C,-semigroup
T(-) exists in the halfplane w + C* (where C* denotes the open right half-
plane), and is equal there to the Laplace transform of T'(-). This will imply in
particular a growth estimate on the iterates of the resolvent, which will turn
out to characterize generators of C,-semigroups.

Theorem 1.15. Let T(-) be a C,-semigroup. Let A be its generator, and w
its type. Then

1.o(A) C {) € C;RA < w}.
2. For RA > w and z € X,

R\ = / =MD (1) dt. (1)
0
3. For ¢ >w,t >0 and z € D(A),
1 c+iT
T(t)r = lim / eMR(N; Az d), (2)
T=O0 LT Jo—ir

where the limit is a strong limit in X.

Proof. For any a > w, ||T(t)|| = O(e*), and therefore the Laplace integral
L(MN)x defined by the right-hand side of (1) converges absolutely for RA > a,
and defines an operator L(\) € B(X) satisfying

M
IZO < gy 3)

for a suitable constant M (which depends on a). If € D(A),

LA — Az = /OOO{)\e_/\tT(t)x — e M[T(t)x]'} dt

=— /OO [e™MT(t)2] dt = .
0
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On the other hand, for any x € X and h > 0,

A, LNz =h~t /OO e MT(t+ h)x — T(t)x] dt
0

h
= h~ Y eM —1)L(\)z — eMh! / e MT(t)x ds
0

—hoot AL(N)z — .

Hence L(AN)X C D(A) and (M — A)L(A\)x =z for all x € X.

We conclude that L(A) = R(\; A) for all A in the half-plane A > a. Since
a > w was arbitrary, Statements 1 and 2 are proved.

To obtain 3, we observe that T'(-)z is of class C* on [0,00) (by Theo-
rem 1.2), and we may therefore apply the (vector version of the) classi-
cal Complex Inversion Theorem for the Laplace transform (cf. Theorem 7.3
in [W]). a

A.9 Abstract Potentials

The Laplace integral representation of R(A; A) implies the growth condition
M

RNA)| < 1

IR ) < (1)

for all A > a (where a > wis fixed). Consider now any densely defined operator
A with (a,00) C p(A), which satisfies (1) for all A > A\ (for some \g > a).
For short, call such an operator an abstract potential. Note that an abstract
potential is necessarily closed, since its resolvent set is nonempty.
It is interesting to observe that if A satisfies (1) and p(A) contains some
sector
Seo={A\=t+is€C;t>a, |[s|<(t—a)tand}

with 0 < < arctan(1/M), then one has
[(RA — )R A)| < M,

with M’ := M(1 — M tan)~!, for all X € S, 9. (Note that M’ is well defined
and > M.)
Indeed, fiz t +is € Sq9. By (1)

| —isR(t; A)|| < tan@ ||(t — a)R(t; A)|| < M tan@ < 1.
Hence I +is R(t; A) is invertible in B(X), and

o0

3 [—is R(t; A)]F

k=0

< Z | —is R(t; A)||* < (1 — M tan@)~' = M'/M.
3

Il +is R(t; A)] Y| =
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By the First Resolvent Equation,
R(t+is; A) [I +isR(t; A)] = R(t; A),

that is,
R(t +is; A) = R(t; A) [I +is R(t; A)] 1,

and therefore by (1) and the preceding estimate,

It = a) R(t +is; A)| < [[(¢ = a) R(&; A)|| [T+ is R(t; A)) 7| < M.

19

Lemma 1.16. Let A be an abstract potential, and consider the bounded opera-

tors
Ay = AR(\) = APNR(\) — 1]

for X > a, where R() := R(-; A). Then as A — o0,

(a) Axx — Az for all x € D(A);
(b) AR(X) — I strongly (equivalently, AR(X) — 0 strongly).

Proof. For x € D(A) and A > Ao,
M
[ARMe) = Rzl < M Az 0.

Since AM
[ARM) = IARG) — 1] < 4 1=0()

when A\ — oo, and since D(A) is dense in X, it follows that
ARN)zx — 0

for all x € X. This is equivalent to (b).
Next, for z € D(A),

Axx = AR(\)(Az) — Ax

by (b).

O

(Note that the notation Ay in the present context should not be confused

with the notation Aj used in previous sections.)

When A is the generator of a semigroup 7'(), and the constants M > 1
and a > 0 are chosen such that ||T(t)|| < Me* (cf. Theorem 1.1), the growth

property (1) can be strengthened as follows:
For any finite set of Ay >a, k=1,...,m,

TTOw = a)R(A\; A)

k

< M.
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In particular (with all Ay equal to \),

M

IR A<

forall A\ >aand m=1,2,3,....
Indeed, for all x € X,

[TOw = ) ROw: A)z
k

/ / [IOw = a)e i At Pty ot )ty - dy
0 0

SM/ / H()\k_a)e—(/\k—a)tkdtl...dtm||xH
0 0 i

=MHA(Mﬂm““me=Mww
k

A.10 The Hille-Yosida Theorem

We prove now that the iterate resolvent estimates (3) in Subsection A.9 char-
acterize generators of C,-semigroups among all abstract potentials.

Theorem 1.17 (Hille-Yosida Theorem). An operator A is the generator
of a Cy-semigroup T(+) (satisfying | T(t)|| < Me® for some constants a > 0
and M > 1, for allt >0) iff

(a) A is densely defined; and
(b) p(A) contains some ray (a,00) (a > 0) and there exists a finite positive
constant M such that

m M

IRos A< 2
for all A > a and m € N.

Proof. We already saw the necessity of (a) and (b).

Sufficiency. Let A satisfy (a) and (b). In particular, A is an abstract potential,
and so Lemma 1.16 is satisfied. Define

Ty (t) = et
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We have for A > 2a (so that \** < 2a):

tn>\2n tn)\Zn
At n —At
ITA@)] < e Z IR < Me Z (r— )
= Met/\a:\a < M€2at'
Also for A — oo,
lim sup || T (£)]| < Me™. 1)

Claim. Tx(t) converge in the strong operator topology (as A — o00), uniformly
for t in bounded intervals.
For x € D(A) and A, > 2a,

1T — Ta(t)a] = \

_ ‘ /Ot Ta(t — 8)To(s)(Ay — Ay ds

< M2e*'t|| A,z — Ay — 0

/0 6;;[T;(t —8)T,(s)z]ds

when A\, u — oo, by Lemma 1.16, uniformly for ¢ in bounded intervals.

Since ||Tx(+)|| is uniformly bounded in bounded intervals (by (1)), it follows
from the density of D(A) that {T)\(¢)xz} is Cauchy (as A — oo) for all z € X,
uniformly for ¢ in bounded intervals.

Define therefore

T(t)x = )\lin;c Th(t)x (2)

for all z € X (limit in X-norm).

By (1), |T(t)|| < Me for all t > 0. The semigroup property of T'(-) follows
from that of T(-). The uniform convergence on bounded intervals implies the
(strong) continuity of T'(-)z on [0,00), for each x € X. Let A’ denote the
generator of T'(-). We have

t
Tha—x= / Tx(s)Axx ds.
0
For z € D(A), Lemma 1.16 implies (by letting A — c0)
t
Tt —a = / T(s)Ax ds.
0

Dividing by ¢ > 0 and letting ¢ — 0+, we conclude that z € D(A’) and
A’z = Az. Thus, for A > a, A\ — A and \I — A’ are both one-to-one and onto
X, and coincide on D(A — A) = D(A). Therefore D(A) = D(A’), and the
proof is complete. O
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For contraction semigroups (i.e., |T(-)|| < 1), the Hille-Yosida characteri-
zation is especially simple (case M = 1,a = 0).

Corollary 1.18. An operator A is the generator of a C,-contraction semi-
group iff it is densely defined, and NR(\; A) (exist and) are contractions for
all X > 0.

We call the bounded operators Ay the Hille-Yosida approximations of A.
From Lemma 1.16 and the proof of the Hille-Yosida theorem, Ayxz — Az for
all z € D(A) and e!4* — T(t) strongly, uniformly on bounded t-intervals (as
A — 00).

A.11 The Hille-Yosida Space

The inequalities (2) following the proof of Lemma 1.16 can be used to con-
struct, for an arbitrary (unbounded) operator A with (a,00) C p(A), a maxi-
mal Banach subspace Z of X such that Az, the part of A in Z, generates a
C,-semigroup in Z.

Definition 1.19.

1. A Banach subspace Y of X is a linear manifold Y C X which is a Banach
space for a norm || - ||y > - ||-

2. If A is any operator on X with domain D(A), and W is a linear manifold in
X, the part of A in W, denoted A, is the restriction of A to its mazximal
domain as an operator in W :

D(Aw) ={x € D(A);x, Ax € W}.

Definition 1.20. Let A be an arbitrary operator with (a,c0) C p(A) for some
a > 0. Denote

[]ly = sup

)

[TOw = a)R(\; A)z
k

where the supremum is taken over all finite subsets {A1,..., Am} of (a,0)
(the product over the empty set is defined as ). Set

Y = {r € X;|z[ly < oo}.

Lemma 1.21. The space Y = (Y, || - |ly) is a Banach subspace of X, invari-
ant under any bounded operator U which commutes with A, and ||U||pyy <

U Bx)-

Proof. Clearly, Y is a linear manifold in X, and its norm majorizes || - ||.
In particular, if {z,} is Cauchy in Y, it is also Cauchy in X; let = be its
X-limit, and let K = sup,, ||z, ||y (< oo, because the sequence {z,,} is Cauchy
in Y). For any finite set {A;}1<k<m C (a,00),
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[TOw = a)R(\; A)a

k

[TO% = )R\ A)z
k

= lim
n

< limsup ||z,|y < K,
n

so that |z|]ly < K < oo, le,z €Y.
Given € > 0, there exists n, such that ||z, —z,||y < € whenever n,p > n,.
Therefore for any finite set {\;} as before,

[T — @) RO A)(w — 2,)
k

< lzn —aplly <e

if n,p > n,. Letting p — oo, and then taking the supremum over all finite
subsets {\;}, we obtain ||z, — z||y < € for all n > n,. Thus Y is a Banach
subspace of X.

If U € B(X) commutes with A, it commutes also with R(\; A) for each
A > a. Therefore, for x € Y,

|Uz]ly = sup

< Ul llzlly < oo,
A >a

U L[ = a)R(\; A)z
k

and so Y is U-invariant and U gyy < [|U]| B(x)- O

Definition 1.22. The Hille-Yosida space Z for A is the closure of D(Ay)
mY.

The terminology is motivated by the following:

Theorem 1.23. Let A be an unbounded operator with (a,o0) C p(A) for some
a > 0. Let Z be the Hille-Yosida space for A. Then Az, the part of A in Z,
generates a Co-semigroup T(-) in Z that satisfies | T(t)||p(z) < e*.

Moreover, Z is “mazimal” in the following sense: if W = (W, || - ||lw) is a
Banach subspace of X such that Ay generates a C,-semigroup in W with the
above exponential growth, then W is a Banach subspace of Z.

Proof. Since R(\; A) commutes with A for each A > a, the linear mani-
fold Y is R(A; A)-invariant and [|[R(\; A)ly ||seyy < [[R(N; A)[Bx)y < oo by
Lemma 1.21. The identities

(M —-A)RNA)y=y (yevY)
RNA)M - Ay =y (ye€ D(Ay))

show then that R(X; A)|ly = R(X\; Ay) for all A > a.

If y € D(Ay), then y, Ay € Y, so that R(\; A)y(e¢ D(A)) € Y and
AR(MN A)y = AR(MA)y —y € Y, that is, R(A\; A)D(Ay) C D(Ay). Since
R(\; A)ly € B(Y), it follows that Z is R(\; A)-invariant, and
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1RO Azl 5z < 1R Aly ) < . M
The above identities show then that
RN Az)=R(NA)|z (X€E (a,0)). (2)

In particular, Az is closed.
For all y € Y and all finite sets {\;} C (a,0),

TTOw = )R Ay )y

k

Y
= 1T = a) R\ A)y
k Y
= sup H(ug R(uj; A H A —a)R(A; A)y
Hj>a j k
< sup [T — )R Ay = llylly
Therefore
[TOw = a)R(A\; Ay) <1 (3)
k B(Y)

for any finite set {A\;} C (a,00), and the same is true with Y replaced by Z.
In particular, taking singleton subsets of (a,c0), we have

1B AVlson <, - (A>a). (1)

Therefore, for all z € D(Ay),

IAR(X; A)z = zlly = [R(X; A)Azlly < [|R(X; Ay)llrv) [[Az]ly

as A — oo, since Az € Y. Thus AR(\; A)z — z in Y for all z € D(Ay).
For z € Z arbitrary, if € > 0 is given, there exists z, € D(Ay) such
that||z — z,|ly < €, since D(Ay) is dense in Z by Definition 1.22. Then

IAR(X; Az)z = zlly < [(AR(A; Az) = I)(2 = 2o)[ly + [IAR(A; A)zo — Zolly

< <>\ A + 1) e+ AR\ A)zo — 20|y — 2¢
—a
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as A — o0o. Hence as A — oo,
AR(N; Az)z(e D(Ay)) — =

in the || - ||y-norm, and so D(Az) is dense in Z.

In conclusion, Ay satisfies in Z the conditions of the Hille-Yosida theorem
(with M = 1). Therefore Az generates in Z a C,-semigroup T'(-) satisfying
IT(#)]z < e for all t > 0.

On the other hand, if W is as in the statement of the theorem, then for
any w € W, the estimates (2) following Lemma 1.16 (with M = 1), applied
in the space B(W), imply that

[TOw = a)R(A\; A)

k

lwllw < flwllw-
B(W)

[wlly < sup
Ak >a

Therefore W is a Banach subspace of Y. In particular D(Aw) C D(Ay).
Since Ay generates a C,-semigroup in W,
W =W — closure (D(Aw)) C W — closure (D(Ay))
CY —closure (D(Ay)) = Z,

and we conclude that W is a Banach subspace of Z. O

Note in particular the case a = 0: if (0, 00) C p(A), the Hille-Yosida space
for A is a maximal Banach subspace such that the part of A in it generates a
C,-semigroup of contractions in it.

A.12 Dissipative Operators

The purpose of this section is to present a useful characterization of generators
of Cy-semigroups of contractions that avoids resolvents, and relies instead
on the concept of a dissipative operator. The latter is based on a geometric
property of the operator’s numerical range.

Definition 1.24. Let A be an arbitrary (usually unbounded) operator on the
Banach space X . Its numerical range is the set

v(A) = {a"Az;z € D(A), 2" € X7, 2] = ||| = 2"z = 1}.

Given z € D(A) with ||z|| = 1, define * on Cz by 2*(Az) = A for A € C. Then
[x*]| = *x = 1, and 2* extends to a unit vector in X* by the Hahn—Banach
theorem. This shows that v(A) is not empty.

Definition 1.25. The operator A is dissipative if Rv(A) < 0.
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Theorem 1.26. If A generates a C,-semigroup of contractions, then it is
closed, densely defined, dissipative, and NI — A is surjective for all A > 0.

Conversely, if A is closed, densely defined, dissipative, and A\ — A is sur-
jective for all A > X\, (for some A, > 0), then A generates a C,-semigroup of
contractions.

Proof. Necessity. Suppose A generates the C,-semigroup of contractions 7'(-),
and let x € X and z* € X™* be unit vectors such that 2*z = 1. For h > 0,
|z* T (h)z| < ||2*|| [|T(h)]| ||z|| <1, and therefore

Ra*[h~ (T (h)z — z)] = h" [R(«*T(h)z) — 1] < 0.

For € D(A), letting h — 0, we get Roz* Az < 0, so that A is dissipative. It is
closed and densely defined by Theorem 1.2. By Corollary 1.18, (0,00) C p(A4),
so that, in particular, Al — A is surjective for all A > 0.

Sufficiency. For all unit vectors x € D(A),z* € X* such that z*z = 1, and
for all A > 0, we have

(A — A)z||* > |z* (A — A)z|* = |\ — z* Azx|?
=A% —2AR(2z* Az) + |z* Az|> > N2 (1)

because R(x*Az) < 0. Therefore A\I — A is one-to-one (for all A > 0) and
onto X (by hypothesis) for all A > A,. Thus A € p(A), and ||AR(X\; A)]| < 1
for all A > \,. This proves that A generates a C,-contraction semigroup,
by Corollary 1.18 (it is clear from the proof of Theorem 1.17 that for the
sufficiency part, the growth condition on the resolvents is needed for large A
only). a

Note that in (1), we used only some unit vector z* with the needed proper-
ties. This allows the following weakening of the hypothesis in the sufficiency
part of the theorem.

Theorem 1.27. Let A be a closable densely defined operator such that A\oI—A
has dense range for some A, > 0. Suppose that for each x € D(A), there exists
a unit vector ©* € X* such that x*x = ||z|| and R(x*Az) < 0. Then the closure
A of A generates a C,-semigroup of contractions.

Proof. As in (1), ||(M — A)x| > A||z|| for all A > 0 and = € D(A). Let
x € D(A), and let then x,, € D(A) be such that x,, — = and Az, — Ax.
Letting n — oo in the inequalities ||(Al — A)z, | > A||x,]|, we obtain

AL = A)z| = Alz]| - (A > 0;2 € D(A)). (2)

In particular, A\I — A is one-to-one for all A\ > 0. We claim that A\, — A is
onto X. Indeed, for any y € X, there exist by hypothesis x,, € D(A) such
that (Ao — A)x, — y. Then by (2),
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[Zn — zm || < Ang()‘OI = A)(zn — )| — 0,

$0 o, — x, and necessarily x € D(A) and (A, I — A)xz = y.
Thus X\, € p(A) and ||[R(A\y; A)|| < 1/Xo. By Theorem 1.11,

1

0,0(A)) > >\,
W07 2 s ay) =

Therefore (0,2),) C p(A). Inductively, one obtains that (0,2"),) C p(A) for
all n, and so (0,00) C p(A) and AR(\; A) are contractions for all A > 0, by
(2). The result follows now from Corollary 1.18. a

The criterion of Theorem 1.26 is effective for certain types of “perturba-
tions” of generators.

Definition 1.28. Let A, B be (usually unbounded) operators. One says that
B is A-bounded if D(A) C D(B) and there exist a,b > 0 such that

|Bz|| < al|Az| +bl[z]| (x € D(A)).
The infimum of all a as above is called the A-bound of B.
For example, any B € B(X) is A-bounded with A-bound equal to 0.

Lemma 1.29. If A is closed and B is A-bounded with A-bound a < 1, then
A+ B (with domain D(A)) is closed.

Proof. Note first that the A-boundedness of B means that
B:[D(A)] — X
is continuous (recall that [D(A)] is normed by the graph-norm for A).
Let x,, € D(A),z, — x, and (A + B)x,, — y. Then
|Az,, — Az || = [(A+ B)xy, — (A + B)zym — Blxy — 2|
< |[(A+ B)xy, — (A+ B)zp || + a||Azy, — Az, || + ||z — 2|
Hence

(1 —a)||Azn — Az || < [[(A+ B)zy — (A + B)am || + bl — 2wl — 0

as n,m — oo. Since a < 1, {Ax, } is Cauchy, and since A is closed, it follows
that z € D(A)(= D(A + B)) and Az, — Ax. Since B : [D(A)] — X is
continuous and x,, — x in [D(A)], it follows that Bz, — Bz, and therefore
(A+ B)x, — (A+ B)x. O

We now have the following perturbation theorem.

Theorem 1.30. Let A generate a C,-semigroup of contractions, and let B
be dissipative and A-bounded with A-bound a < 1. Then A 4+ B generates a
C,-semigroup of contractions.
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Proof. Since A generates a C,-contraction semigroup, it is dissipative (1.26).
Also B is dissipative with D(A) C D(B). Therefore A + B is dissipative,
because for all z € D(A+ B) = D(A) and z* € X* with ||z|| = ||2*|| = 2z =
1, R[z*(A+ B)x] = R[z* Az]+ R[z* Bz] < 0. By Lemma 1.29, A+ B is closed,
and it is densely defined (D(A) is dense by Theorem 1.2). By Theorem 1.26,
it remains to show that A\I — (A + B) is surjective for all A > X, (for some
Ao > 0). We have for all A > 0

ran(A\l — A— B)=[(AM] — A) — BJR(\; A)X = [I — BR(\; A)|X.  (3)
However, for all z € X,

IBR(A; A)z|| < al|[AR(X; A)z|| + b R(A; A)||

b
< all ARG A izl + allzll + | IAR; )l [l]]

b
< (204 3 ) el

since AR(\; A) are contractions, by Corollary 1.18.

In case a < 1/2, 2a+ § < 1 for A > X,, and therefore |BR(X; A)|| < 1,
hence I — BR(\; A) is invertible in B(X), and so A\ — (A + B) is surjective
for A > Ao, by (3).

Consider now the general case a < 1. Let t; = 1;“. For any s € [0,1] and
x € D(A),

(1 —as)||Bz|| = || Bz|| — as||Bz|| < (al|Az[| 4 bl|z[]) — as|| Bz
= a(||Az|| — s||Bz|)) + bllz[| < all(A + sB)x|| + bf|.
Therefore, for t € [0, t1],

1—as a b
leBal) < ' 1Bl < SI(A+ sB)al +

so that tB has an (A + sB)-bound < é By the preceding case, if A + sB
generates a C,-contraction semigroup for some s € [0, 1], so does A+ sB+tB
for all t € [0,¢1]. Starting with s = 0 (for which A + sB = A generates a
C,-semigroup of contractions by hypothesis), we get that A + tB generates
a C,-semigroup of contractions for all ¢ € [0,¢;], hence A + ¢, B + tB is such
a generator for all such ¢, etc. Let n be the first integer such that nt; > 1.
A last application of the above argument with s = (n — 1)t; < 1 gives that
A+ tB is the generator of a C,-contraction semigroup for all ¢ € [0, nt1], so
that, in particular, A + B is such a generator. |

A.13 The Trotter-Kato Convergence Theorem

The key ingredient in the proof of the Hille-Yosida theorem was the approxi-
mation of the unbounded operator A by the so-called Hille-Yosida approxi-
mations Ay, which were bounded operators converging to A in some sense
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as A — oo. The semigroup 7'(-) generated by A was then obtained as the
strong limit of the semigroups Ty (t) := e (as A — c0). Cf. Equation (2) in
Section A.10.

In many practical situations, the operator A may be approximated by
“simpler” operators. For example, a partial differential operator may be
approximated (at least locally) by its term of highest order, which may luckily
have constant coeflicients.

This motivates the study in this section of the relation between generators
convergence (or “approximation”) and strong convergence of the correspond-
ing semigroups. In the language of the associated abstract Cauchy problems,
we are interested here with the relation between coefficients approximation
and solutions approximation.

Let T5(+) (0 < s < ¢) be Cy-semigroups with generators A,. (Write T'(+) =
To() and A = Ao)

Basic Hypothesis: there exist constants M > 0 and a > 0 such that
|Ts(t)|| < Me™ (t>0,s€0,¢)). (1)

This implies (cf. (3) following 1.15)
M
A < 2
IR As)ll <y (2)

for all A > a and s € [0, ¢).
We define the following convergence properties:

Definition 1.31.

1. Generators graph convergence on a core D, for A: for each x € D, there
exists vs € D(Ag) such that [xs, Asxs] — [x, Ax] in X2 when s — 0.

2. Resolvents strong convergence: for each X > a, R(\; As) — R(\; A) in the
strong operator topology (when s — 0).

3. Semigroups strong uniform convergence on compacta: for each x € X,
Ts(t)x — T(t)z in X, uniformly on compact t-intervals (when s — 0).

Theorem 1.32 (The Trotter—Kato Theorem). The convergence proper-
ties in Definition 1.31 are equivalent.

Proof. In the following, the numbers 1, 2, 3 refer to the three types of con-
vergence formulated in Definition 1.31 and limits are for s — 0+.

Denoting ys = (M — Ag)xs and y = (A — A)x for all x € D, we see that
Property 1 is equivalent to

1. [ys, RO\ As)ys) — [y, R(A; A)y] for all y € (M — A)D,, (for suitable ys, and
for all A > a).
By (2), Property 1’ is equivalent to
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17 [ys, RO\ As)y] — [y, R(A; A)y] for all y € (M — A)D,, (for suitable y,, and
for all A > a).
1 implies 2. Since we are assuming 1”7, we have in particular
RO\ As)y — R(A; A)y 3)

forally € (\[ — A)D,. Since D,, is a core for A, for each x € D(A), there exist
Xn € Doyn =1,2,...,such that [x,, Ax,| — [z, Az], hence [z, (AN —A)x,] —
[z, (A — A)z]. In particular, X = (A — A)D(A) = (A — A)D,.

Thus (3) is valid for y in a dense subspace of X, hence for all y € X, by
(2). This is Property 2.

2 implies 1. Given z € D, and A > a, choose z, = R(\; A5)(A — A)z. Cor-
respondingly, we have y = (A — A)x and ys = (A — A)xz = y, so that by
Property 2

s, ROA; As)y] = [y, R(A; As)y] — [y, R(A; A)yl.
Thus 1”7 (and so 1) is satisfied.
2 implies 3. We need the following.
Lemma. Let A, B generate the C,-semigroups T'(-) and V(-), respectively,
both O(e*) for some a > 0. Then for RA > a,t >0 and z € X,
R\ B)[V(t) —T(t)]| RN A)x = /Ot V(t — s)[R(\; B) — R(\; A)]T'(s)x ds.

Proof of Lemma. For A\t as above and 0 < s < t,

d

ds V(t—s)R(\;B)T(s)R(\; A)x

=V(t—s)(—B)R(\; B)T(s)R(\; A)x

+V(t—s)R(\ B)T(s)AR(\; A)x
=V(t—s)[T(s)R(\;, A)x — AR(X\; B)T (s)R(\; A)x]
+V(t —s)R(\; B)T(s)[AR(\; A)x — z]

=V(t—s)[R(\; A) — R(\; B)|T(s)x.

Integrating with respect to s from 0 to ¢, we obtain the formula in the lemma.
Now, for all y € X, we write

[Ts(t) = T()]R(A; A)y
= R(X; Ag)[Ts(t) = T(1)]y
+ Ts(t)[R(N; A) — R(X\; Ag)y
+ RO\ As) — RO A) Ty =T+ 1T+ 11T (s,t>0,A>a).
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We estimate I for y = R(\; A)z, using the lemma. Thus for 0 <t < 7,
(A S/ Me* T [R(N; As) — R(\; A)T (u)z|| du.
0

The right-hand side converges to zero when s — 0, by 2; therefore I — 0
uniformly on every compact t-interval. Since R(\; A)X = D(A) is dense in
X, and the operators in I are uniformly bounded with respect to s (and with
respect to ¢ in compacta (cf. (1) and (2)), it follows that I converges to zero
for all y € X, uniformly on compact ¢-intervals (when s — 0).

By (1) and 2, for 0 < ¢ <7,

[1I]| < Me®T|[R(X; A)y — R(A; As)yll — 0

as s — 0, so that I1 — 0 uniformly on compact ¢-intervals.
For y € D(A), we may write

t
T(t)y=y+ [ 1)y
0
and therefore, for 0 <t < 7,

\LIT) < RO A — ROG A)ly]
+f "IRO AL — RO ANT(r) Ay dr.

By 2, the first term on the right converges to 0 as s — 0. The integrand on the
right converges pointwise to 0, and is bounded by 2}\1\_42 e || Ayl in the interval
[0, 7]. By Lebesgue’s Dominated Convergence Theorem, the integral converges
to 0, and therefore 71 — 0 uniformly on compact t-intervals. Since D(A) is
dense in X and the operators appearing in I11 are uniformly bounded (with
respect to s € [0,¢) and ¢ in compacta; cf. (1) and (2)), the above conclusion
is valid for all y € X.

We thus obtained that Ts(t)z — T'(t)x (when s — 0), uniformly on com-
pact t-intervals, for all z € R(\; A)X = D(A) (A > a fixed); since D(A) is
dense in X and ||Ts(t) — T(#)| < 2Me* are uniformly bounded for all s > 0
and for all ¢ in compacta, Property 3 follows.

3 implies 2. For X > a and @ € X, R(\; Ag)z = [ e MT,(t)xdt. When
s — 0, the integrand converges pointwise to its value at s = 0 (by 3) and
is norm-dominated by Me~(*~9)?||z|| € L*(0,00). By Lebesgue’s Dominated
Convergence Theorem, the integral converges to its value at s = 0, which is
precisely R(\; A)z. a

Corollary 1.33 (Same “basic hypothesis” (1)). Suppose that for each
x in a core D, for A, there exists s, € (0,¢) such that x € D(As) for all
s € (0,s0) and Asx — Az when s — 0+. Then Ts(t)x — T(t)x for allz € X,
uniformly on compact t-intervals (when s — 0+ ).
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Proof. Property 1 is satisfied with x5 = « for s € (0, s,). Therefore Property 3
holds, by Theorem 1.32. O

Corollary 1.34. Let T(-) be a C,-semigroup, and denote Ay = s~1[T(s)—1I].
Then
T(t) = lim e'4
s—0+

strongly and uniformly on compact t-intervals.

Proof. Let © > w, and choose a = re”. Let Ty(t) = ' for t > 0,5 € (0,1),
and Ty(-) = T(-). For M = M,., we have ||T(t)|| < Me™ < Me® and

ITo(0)]| = e[ ITE | = e IS "(t/5)" T (ns) /n!
n>0
< Me™'/s Z(t/s)"e"sr/n! = Mexplts™ (e —1)] < Me™
for allt > 0 and s € (0, 1).
Thus the “basic hypothesis” (1) is satisfied (with ¢ = 1), and since

Agx — Ax for all x € D(A) (by definition of A), our corollary follows from
Corollary 1.33. O

A.14 Exponential Formulas

If we write the calculus formula

e = lim (1_at> (a € C;t € R)

n n

in the form "
e =1im [V R ("ia)]" (> 0),
n L{ t

the right-hand side makes sense also when the scalar a is replaced by the
generator A of a C,-semigroup T'(+) (which should play the role of the “expo-
nential” e*4). We shall prove in this section that the expected “exponential
formula” is in fact valid in the strong operator topology. Another trivial ex-
ponential formula, namely,

tlath) — gtagth (a,b € C),

is false in general when the scalars a,b are replaced by generators A, B of
semigroups, mainly because A, B need not commute in general. However, if
we rewrite the above formula in the obvious “limit” form

et@+h) — im [e(t/n)ae(t/n)br7

n
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it turns out to be correct (in the strong operator topology) for contraction
Cy-semigroups S(-), T(-), U(-) (replacing the three exponentials above) with
respective generators A, B, C such that C' = A + B on some core for C.
This so-called “Trotter Product Formula” (as well as the exponential formula
mentioned before) will be obtained as corollaries of a general limit theorem of
Kato (Theorem 1.35), which is itself an application of Corollary 1.33 in the
preceding section. We now start with Kato’s general limit theorem.

Theorem 1.35. Let A generate a C,-contraction semigroup T(-), and let F'
be any contraction-valued function on [0,00) such that F(0) = I and the right
derivative at zero of F(-)x coincides with Ax for all x in a core D, for A.
Then T'(-) is the strong limit of F(t/n)" (as n — o0), uniformly on compact
t-intervals.

Proof. We need the following
Lemma. Let C be a contraction on X. Then (=1
wous contraction semigroup, and

”671(0—1);5- —C"z|| < n1/2||(0 — D)z

s a uniformly contin-

forallz e X andn=1,2,....

t(C—1)

Proof of Lemma. The operators e are contractions because

€D = el < el < 1.
Next we have

||6n(C—I)':E _ CnLE”

<e™" Z(nk/k!)[C’kx — C"x]

k>0

=e | D (F/RNCH (@ — CnTRa) 4 Cm (kR (CF e — 1)

0<k<n k>n

<e ™y (mF/RY|CF T — .

k>0
Since C is a contraction,
IC™z —z| = [(C™ ! + - + I)(C ~ D)z|| < m||Cz — ],
and therefore the last expression is

< | e (n* BNk —n|| |Cz — x|

k>0
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The term in square brackets is the expectation of |K — n|, where K is a
Poisson random variable with parameter n. By Schwarz’ inequality, since K
has expectation E(K) and variance o%(K) both equal to n, we have

E(|K —n|) < [B(K —n)?|Y/? .= o(K) = n'/2 m
Back to the proof of the theorem, consider the bounded operators
Ay = (t/n) " [F(t/n) — 1]

for t fixed. By hypothesis, A,z — Ax for all x € D,. For all unit vectors
r € X and z* € X* such that x*z = 1, we have

R(z*Anx) = (n/t)[R(a"F(t/n)x) —1] <0

because
|z F'(- )| < [l2*|| [FC)I =] < 1.

Thus A4, is dissipative, and so, by 1.26, e*4» are contraction semigroups satis-
fying trivially the “basic hypothesis” (with M = 1 and a = 0). By Corol-
lary 1.33,

4 — T (s) (1)

strongly and uniformly on compact s-intervals, when n — oco.
However, by the lemma with C = F(t/n),

t

le* 4z — F(t/n)" x| < n'/2(|[F(t/n) — || = l/2

[Anz| =0 (2)
as n — oo, for all x € D,. Since D, is dense in X (as a core) and [et4n

F(t/n)"™|| <2 for all n because both operators are contractions, it follows that
(2) is valid for all x € X. By (1) and (2), the theorem follows. ad

As a first application of Theorem 1.35, we obtain the “exponential formula”
mentioned at the beginning of this section.

Theorem 1.36 (Exponential formula). Let T(-) be a C,-semigroup, with
generator A. Then for allt >0,
T(t) = lim [TZR (TZ;A)}

n
in the strong operator topology (as n — o).

Proof. We consider first the case when || T(t)|| < e for all ¢ > 0 (with some
a > 0).

Let S(t) := e *T(t). This is a C,-semigroup of contractions, with gene-
rator A —al.
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We set
F(s):=(s'—a)R(s 1 A) = (s ' —a)R(s ' —a;A—al) (s (0,1/a)),

and F(0) = I.
By Corollary 1.18, F(+) is contraction-valued. By Lemma 1.16,

sTHF(s)z —x] = Ay sz —as 'R(s " A)z — (A —al)x

for all zx € D(A) = D(A —al), as s — 0+. We may then apply Theorem 1.35;
thus, in the strong operator topology and uniformly in compact t-intervals,

S(t) = liTILn F(t/n)",

and therefore

T(t) = e™S(t)

n

[ LR (a)| = e ()]

lim [(1 - at> - F(t/n)

n |n—at t t n Lt t

General case. Fix a > w. We have |T(t)]] < Me® for all t > 0 (with a
suitable M depending only on a). Renorm X by || := sup,sqe™ T (t)z].
Then ||z|| < |z| < M||z||, i.e., the norms are equivalent, and

|T(t)x| = supe™ || T (s + t)z|| < e supe || T (uw)z| = e*|x|.
s>0 u>0
We may then apply the preceding case to the semigroup 7'(-) on the space

(X,]-|), yielding the result with respect to the | - |-norm, hence also with
respect to the given norm (since the two norms are equivalent). |

Another application of Theorem 1.35 is the so-called “Trotter Product
Formula” mentioned in the introductory observations of this section.

Theorem 1.37 (Trotter’s Product Formula). Let A, B,C generate con-
traction C,-semigroups S(-), T(-), U(-), respectively, and suppose that C' =
A+ B on a core D, for C. Then for all t > 0,

U(t) = Tim[S(t/n)T(t/n)]"

strongly.

Proof. Take F(t) = S(t)T'(t) in Theorem 1.35. For 2 € D, and t > 0,
tHF(z — 2] = St T () — 2]+t HS(t)x — 2] — Bz + Ar = Cx

as t — 0, and the conclusion follows from Theorem 1.35. O
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A.15 Perturbation of Generators

Another common way to look at the “simplification” of a Cauchy problem
(corresponding to an operator A’) by a Cauchy problem corresponding to a
“simpler” operator A is to consider A’ as a “perturbation” of A by some
operator B, that is, A’ = A + B, with B in a suitable class of operators.
Since the C''-solvability of the Cauchy problem for an operator A (with initial
values in D(A)) is equivalent to A being the generator of a C,-semigroup (cf.
Theorem 1.2), the substance of the perturbation problem is the invariance of
the generation property under perturbations by operators B in a sufficiently
wide class. This problem is taken up in this subsection, namely:

Given the generator A of a C,-semigroup T(-), formulate conditions on
an operator B that are sufficient for the “perturbation” A + B to be also the
generator of a Cy-semigroup.

Hypothesis Hy. B is a closed operator such that T'(¢)X C D(B) for all ¢t > 0.

By the Closed Graph Theorem, BT(t) € B(X) for all ¢ > 0. Hence, if
t,h >0, BT (t+ h)x — BT (t)x = [BT(t)][T(h)x — 2] — 0 when h — 0, show-
ing that BT(-) is strongly right continuous on (0, c0). It follows that ||BT'(-)||
is bounded on compact intervals, and we deduce that BT(-) is strongly con-
tinuous for ¢ > 0, as in the proof of Theorem 1.1. Thus ||BT(-)|| is measurable
on t > 0 (cf. proof of Theorem 1.2).

Also, for any t > € > 0,

log [|BT ()] _ log[IBT(e)]| (1 B 6) log|T(t—el _

t t t t—e
so that | BT
t
s B IBTON _
t—o0 t

(w denotes as usual the type of the given semigroup 7'(-).)

Therefore, for any a > w, there exists a constant M, > 0 such that
| BT(#)| < Myett.

The nonnegative measurable function ||BT(:)|| has an integral over [0, 1]
(that could be infinite). We assume

Hypothesis Hs. fol |BT'(t)|| dt < oco.
(Note that any B € B(X) satisfies H; and Ho trivially.)

Theorem 1.38 (The Hille-Phillips Perturbation Theorem). Let A
generate the C,-semigroup T(-), and let B satisfy hypotheses Hy and Hs.
Then A+ B (with domain D(A)) generates a C,-semigroup.

Corollary. If A generates a C,-semigroup on the Banach space X, so does
A+ B for all B € B(X).
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More details about the structure of the semigroup generated by the per-
turbation A + B will be obtained in Lemma 3 and in (6) below.

Lemma 1 (Hypotheses Hy, H2). D(A) C D(B), and for RA > w,
BR(\; Az = / e MBT(t)x dt
0

for all x € X, where the Laplace integral above converges absolutely.

Proof. Fix z € X and A € C such that ®\ > w. The Riemann sums S,, for
the integral f: (with 0 < a < b < 00) approximating [~ e~ T (t)z dt are in
D(B) by Hj, converge to f;, and by linearity of B and continuity of BT'(-)x
in [a, b], BS,, converge to fab e MBT(t)x dt. Since B is closed, it follows that
[? € D(B) and B [’ = [” e BT (t)x dt. Next

o] 1 o]
/ ||e_’\tBT(t)||dt§e_m/ ||BT(t)||dt+/ BN BT(1)|| dt < oo
0 0 1

by Hy and the remarks following H;. Consequently, the Laplace integral of
BT (-)x converges absolutely in X to an element L(A)x € X. By Theorem 1.15,
f; e MT(t)xdt(e D(B)) — R(\;A)z (when @ — 0 and b — o0), and we
observed before that Bf;( ..) — L(A)z. Since B is closed, it follows that
R(\; A)x € D(B) and BR(A\; A)x = L(A)z. Finally, every y € D(A) can be
written in the form y = R(\; A)x with ®A > w (take z = (A — A)y), and the
inclusion D(A) C D(B) follows. O

Lemma 2 (Hypotheses Hy, Hz). There exists r > w such that
q:= / e "|BT ()| dt < 1.
0

For R\ > r,
RO\ A+ B)=R(\A) Y [BR(A; A", (1)
n>0

where the series converges in B(X).

In particular, A+ B is closed (and densely defined, since D(A+B) = D(A),
by Lemma 1).

Proof. Fix ¢ > w. By H; (cf. discussion following the statement of
Hypothesis Hy), for all A > ¢, e || BT(t)|| < e~¢||BT(t)|| € L*(0,00), and
e M||BT(t)|| — 0 as A — oo. By Dominated Convergence, it follows that
I e M| BT (t)|| dt — 0 when A — oo. We may then choose 7 > ¢ such that
g < 1. Then, by Lemma 1, |[BR(\; A)|| < ¢ <1 for X > r, and therefore the
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right-hand side of (1) converges in B(X) to an operator K (\) with range in
D(A) = D(A+ B). We have for R\ > r

A — (A+ B)K(\) = (M — A)K(\) — BK(X)

= S IBRO A" = Y [BR(G A" = 1.

n>0 n>0
On the other hand, for € D(A),
K(\)[M — (A+ B)|x

=R\ A) T+ [BR(X; A)}"} (A — A) — Bla

n>1

— x4 R(\ A) {—Bm + 3 [BRON A" [BR(A; A)[(M — A) — B]x}

n>0

=1+ R(\A){ —Bx+ > [BR(\A)|"Bx — Y [BR(\;A)]"Bx § = .
n>0 n>1
O
The functions f := ||T'(-)|| and g := ||BT(-)|| are both in L},., the class

of locally integrable functions on (0,00) (cf. remarks following Hy, together
with Hs). The “Laplace” convolution

¢
(uxv)(t) = / u(t — s)v(s)ds wu,v€ L},
0
defines a function in L}, and therefore the repeated convolutions

g("):g*-~-*g n times

We consider also the L}

. 1
are in L loc

loc*

RO = f.
The next lemma will justify the following inductive definition:

So() =T();

~functions (™ = f % g™ and we set

Sn(t)x:/o T(t—s)BS,_1(s)xds (n=1,2,...). (2)

Lemma 3. For alln = 0,1,2,..., S,(-) are well-defined bounded operators
such that, for all z € X,

(a) S, ()x : [0,00) — D(B) is continuous, and for r,q as in Lemma 2 and all
£>0,
1Sa(t)]| < A (t) < Me™q";
(b) BS,(-)x : (0,00) — X is continuous and |BS,(t)| < g+ (t).
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Proof. We prove the lemma by induction on n. The case n = 0 is trivial (see
observations following H1).

Assume that the lemma’s claims are valid for some n. By (b) for n, S,41(+)
is well-defined and

b
Sy (B)z = lim / T(t — 5)BSy(s)z ds 3)

as @ — 0+ and b — t—. The Riemann sums for each integral over [a,b] are
in D(B) by Hi, and when B is applied to them, the new sums converge to

f; BT (t — s)BS,(s)z ds, because the latter’s integrand is continuous on [a, b]
by (b) (for n). Since B is closed, it follows that each integral in (3) belongs to

D(B), and Bf;( )= f: B(...). The same type of argument with a — 0+
and b — t— (using again the closeness of B) shows that S,,41(t)x € D(B) and

BSyir(t)z = /O BTt — 5)BS, () ds.

Since T'(-), BT(-) and BS,(-) are continuous on (0,00) and majorized by
L;, -functions (using the induction hypothesis), the integral representations
for Sy,4+1(-)x and BS,+1(-)x imply their continuity on (0, c0) for each z € X.
The function S, +1(+) is even norm-continuous at 0, since

t
1Sns1 ()] < f# g+ (= ROFD) < M / 9" (s)ds — 0
0

when ¢ — 0+, because the integrand is in L}, .. (Note that S,(0) = 0 for all
n>1.)

The estimates in (a) and (b) for n+1 follow from the induction hypothesis.
For example,

R = gt = [ g™ g = B 4 g,

so that

t
h(n+1)(t) < qu/ er(t—s)g(s) ds
0

t
= Mq"e”/ e "g(s)ds < Memtg™tt, O
0

The exponential growth of S, (-) (as in (a)) shows that the Laplace trans-
form in the following lemma converges absolutely for R\ > r.

Lemma 4. For R\ >r and x € X,

R(/\;A)[BR()\;A)]%:/ MG, (D dt n=0,1,2,. ...
0
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Proof. The case n = 0 is verified by Theorem 1.15. Assuming the lemma for
n, we have by Theorem 1.15,

R(X\; A)[BR(\; A)|" Tl = /oo e MT(t)[BR(X; A)]" e dt
0
= /OO e MT(t)B{R(\; A)[BR(\; A)|"x} dt
0

:/ e_/\tT(t)B/ e 28, (s)x ds dt.
0 0

(We used the induction hypothesis in the last equation.) Since B is closed,
the argument we used before (cf. Lemmas 1 and 3) allows us to move B inside
the inner integral, and then do the same with the bounded operator T'(¢).
We obtain the repeated integral

/ / e )T () BS, (s)x ds dt = / / (u—5)BSn(s)zds du

o)
= / e NS, 11 (u)z du,
0
where the interchange of integration order is justified by absolute convergence.

O

We state now a simple characterization of generators by the property of
their resolvent being the Laplace transform of a strongly continuous operator
function with exponential growth.

Lemma 5. An operator A on the Banach space X 1is the generator of a
C,-semigroup if and only if

(a) A is densely defined; and
(b) there exist constants a > 0 and M > 0, and a strongly continuous function
S(-) :[0,00) — B(X) such that ||S(t)|| < M e for all t >0 and

R\ Az = / e MS(t)x dt (4)
0
forall X >a and x € X.

(When the conditions of the lemma are satisfied, S(-) is the semigroup
generated by A.)

Proof. Necessity follows from Theorems 1.1, 1.2, and 1.15.

Sufficiency. The series expansion for the resolvent obtained in the proof of
Theorem 1.11 shows that

(=1)"R(X; A)™ = nIR(X; A"+ (5)
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The exponential growth of ||S(+)|| allows us (using a Dominated Convergence
argument) to differentiate the Laplace transform of S(-)z under the integral
sign, yielding inductively to the formula

(RO A)a]™ = / (—t)"e= 8 (t)z dt. (6)
0
Therefore, for all real A > a,

1
(n—1)
1

T (-1

M o M
< ﬂl'H e—()\—a)ttn—l dt = o ||=73H»

1RO A)a]| = IR A)a] =]

N A TR

and the Hille-Yosida theorem applies. If T'(+) is the C,-semigroup generated
by A, then R(\; A)z is the Laplace transform of T'(-)x, and we conclude that
T(-) = S(-) by the Uniqueness Theorem for Laplace transforms. a

Proof of Theorem 1.38. For 0 <t < 7, we have by Lemma 3
S < Me™q",

with ¢ < 1. Therefore the series

S(t) =Y Salt) (7)

n>0

converges in B(X)-norm, uniformly on every interval [0, 7]. By Lemma 3, it
follows that S(-) is strongly continuous on [0, c0), and ||S(t)|| < 11‘_/Iq ert.
Since S,,(0) =0 for n > 1 (cf. Lemma 3), we have S(0) = I.
The exponential growth of ||S(-)|| shows that the Laplace transform of
S(-)x converges absolutely for R\ > r, and a routine application of the
Lebesgue Dominated Convergence Theorem shows that

/ e MS () dt = Z/ e MG, (t)x dt
0 0

n>0

=Y R\ A)[BR\ A"z = R(\; A+ B)x

by Lemmas 4 and 2, and we conclude now from Lemma 5 that A+ B generates
the C,-semigroup S(-) (given explicitly by (7) and Lemma 3). a
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A.16 Groups of Operators

If the C\,-semigroup T'(+) can be extended to R = (—o0, 00) with the semigroup
identity extending to the group identity

T(s)T(t)=T(s+1t) (s,teR),

it will be called a C,-group of operators. (We refer also to the above extension
as a group of operators.)

When this is the case, the semigroup S(t) := T'(—t), t > 0, is also of class
C,, since for 0 < t < 4,

St)xr —x=T(=0)[T(0 —t)x —T(6)x] — 0

as t — 0+, for all z € X (cf. Theorem 1.1).
The generator A’ of S(-) is —A, because for z € D(A),

tHS(t)x — 2] = —T(=0)(=t) [T (6 — t)x — T(0)x] — — Az

as t — 0+ (by Theorem 1.2), so that —A C A’, and therefore A’ = —A by
symmetry.

It follows from Theorem 1.1 that T'(-) : R — B(X) is a strongly continuous
representation of the additive group R on X, with exponential growth as
|t| — oo. Let w,w’ be the types of T'(-) and S(-), respectively. Since ||S(t)|| =
|71 > |7, we have

W= Jim t~log||S(t)|| > — Jim tog |T ()| = —w.

Note also that
— -, lim ¢t 'log|T(2)].

By Theorem 1.15, since o(—A) = —o(A), the spectrum of A is necessarily
contained in the closed strip

S —w <RI < w. (1)

Also, since R(\; —A) = —R(—X; A), the necessary condition (for a’ > ' fixed
and M a suitable constant depending on a’)

[R(A; =A)"[| < M/(RA —d')"

for ®A > a’ becomes ||[R(\; A)™|| < M/[(—a’) — RA]™ for RN\ < —a’. Thus the
growth condition on the resolvent outside the strip

S —d <RA<a
(where a > w and o’ > o’ are fixed) is
IR\ A)™|| < M/[d(X, S")]", (2)

where M > 1 is a constant depending on S’.
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Relation (2) (assumed to hold for all real A ¢ [—da’, a] for some a, o’ > 0),
together with the density of D(A), are sufficient for A to generate a C,-group.
Indeed, (2) implies that both A and —A satisfy the conditions of the Hille—
Yosida theorem. Let then T'(-) and S(-) be the C,-semigroups with the gene-
rators A and — A, respectively. Using Theorem 1.2, we have for all z € D(A):

d

dt
Therefore T'(¢)S(t) = T(0)S(0) = I, and similarly S(¢t)T'(t) = I, i.e., S(t) =
T(t)~! for all t > 0. Thus A generates the C,-group T'(-) (its extension to R
is trivially given by T'(—t) = T(t)~! (= S(t)) for t > 0). Formally (with some
change in notation)

[T(t)S(t)z] = T(t)AS(t)x + T(t)(—A)S(t)z =0 (t > 0).

Theorem 1.39. The operator A generates a C,-group of operators if and
only if

(a) A is densely defined; and
(b) there exist constants a, a’ > 0 and M > 1 such that, for all real X\ ¢
[—a,a], R(\; A) exists and satisfies

[R(A; A)" || <

for all n € N.

A.17 Bounded Groups of Operators

In this subsection, we consider the special case when T'(-) is a bounded

C,-group of operators on a Hilbert space X. We shall prove B. Sz.-Nagy’s

theorem to the effect that T'(+) is similar to a C,-group of unitary operators.
The “boundedness” assumption means that

T <M (teR)

for some constant M (necessarily M > ||T'(0)|| = 1). In this case (when X is
an arbitrary Banach space), w = w’ = 0, so that

o(A) CiR.
We consider now the case of a Hilbert space X (with inner product (-,-)).

Theorem 1.40 (B. Sz.-Nagy). Let T(-) be a bounded C,-group of opera-
tors acting on the Hilbert space X. Then there exists a nonsingular bounded
(positive) operator Q such that QT (-)Q~! is a group of unitary operators.
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Proof. Let B(R) denote the Banach algebra of all bounded complex functions
on R, with the supremum norm, and let LIM be the “generalized Banach
limit” functional on it (cf. [DS I-I11]). Define

(z,y)r = LIM(T(t)z, T(t)y) (z,y € X),
and let ||z||7 = (2,2)%/*. Then
M7 lle < M-

so that X is a Hilbert space under the equivalent inner product (-,-)r, and
there exists therefore a (strictly) positive operator P such that (z,y)r =
(Px,y) for all z,y € X. Let @ be the positive square root of P. For s € R
and z,y € X fixed, write z = Qu and y = Quv. Then

(QT(5)Q™ 'z, QT(s)Q'y)

= (PT(s)u, T(s)v)
= (T(s)u, T(s)v)r = LIM(T($)T (s)u, T(£)T (s)v)
= LIM(T(t + s)u, T(t + s)v) = LIM(T (t)u, T(t)v)
= (u,v)r = (Pu,v) = (Qu, Qv) = (z,y). o

A.18 Stone’s Theorem

In view of Theorem 1.40, the structure of bounded C,-groups in Hilbert space
is the “same” as that of C,-groups of unitary operators (“up to similarity”).
For the latter, we shall now prove the famous Stone representation theorem as
an exponential e’ where H is a (generally unbounded) selfadjoint operator,
and the exponential is defined by means of the operational calculus for such
operators.

For the reader’s convenience, we make a short digression about
(unbounded) symmetric and selfadjoint operators on a Hilbert space X.

If A is a densely defined operator on X, its (Hilbert) adjoint A* is defined
as follows. The domain D(A*) of A* is the set of all y € X for which there
exists a (necessarily unique) z € X such that (Ax,y) = (z, z) for all z € D(A);
we then set A*y = z for all y € D(A*). Thus

(Az,y) = (z,A%y) (x € D(A),y € D(A")).

The Hilbert adjoint A* of A is closed [indeed, if y,, € D(A*) converge to y and
A*y, — z, then

(Az,y) = lim(Az, y,) = lim(z, A%y,) = (z, 2),

so that y € D(A*) and A*y = z].
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A densely defined operator A is symmetric if
(Az,y) = (z,Ay) (z,y € D(A)).

This is of course equivalent to the relation A C A*. In particular, any symmet-
ric operator is closable, and its closure A (which satisfies necessarily A C A*)
is a closed symmetric operator. We say that A is selfadjoint if A = A*, and
essentially selfadjoint if A = A*. Note that we always have A* = (A)* and
A = A**, so that A is essentially selfadjoint if and only if A* = A**.

Let [D(A*)] denote the Hilbert space D(A*) with the Hilbert graph-norm,
induced by the graph inner product

(@,y)a- = (z,y) + (A2, A%y)  (z,y € D(AY)).
Since A* : [D(A*)] — X is continuous, the subspaces
Dy :=%ker (il — A*); D_ :=ker(—il — A") (1)

are closed subspaces of [D(A*)]; A*x =iz on D4, A*y = —iy on D_, and the
subspaces are clearly orthogonal:

forallz € Dy and y € D_.
For x,y as above and z € D(A) for A symmetric (so that A C A*), we
have

(z,2)ax = (z,2) + (A%z, A%x) = (2,2) + (Az,ix)
= (z,2) + (2, A%z) = (2,2) — (2,2) = 0,

and similarly for y. Therefore the (Hilbert) direct sum of Dy and D_ is
contained in the orthocomplement Y of D(A) in [D(A*)]. On the other hand,
if w e Y, then for all y € D(A),

0= (y7u)A* = (y7u) + (Ay,A*u),

so that (Ay, A*u) = (y, —u); hence A*u € D(A*), and A*(A*u) = —u. There-
fore (il — A*)(—il — A*)u = 0 (with commuting factors!), showing that

(=il —A"YueDy; (il —-A%ueD_

for all w € Y. Since u = (1/20)[(i] — A*)u — (—il — A*)u], we see that Y is
contained in the direct sum of Dy and D_, hence equals it (by the preceding

observation). Thus
[D(A")|=DA)®e Dy @& D_. (2)

The subspaces Dy and D_ are called the deficiency subspaces of A, and their
Hilbert dimensions are the deficiency indices ny and n_, respectively. Since
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it is generally true, for any densely defined operator T', that ker T equals the
orthocomplement of ran 7', we have

D, = [ran(—il — A)]*; D_ = [ran(il — A)]*, (3)

where the orthocomplement is taken in the space X. In particular, we read
from the decomposition (4) that the symmetric operator A is essentially self-
adjoint if and only if both ¢/ — A and —iI — A have dense range in X.

After this digression about symmetric operators, consider again a C\,-group
of unitary operators T'(-), and write its generator as A = ¢H. Then for all
x,y € D(H) = D(A),

(Ha,y) = (=) t£r§+(t_l[T(t) — Iz, y) = (=) lim(, ¢t [T(~t) — I]y)

= —i(x,—Ay) = (z, Hy),

ie., H is a (densely defined, closed) symmetric operator. Also o(H) =
—ic(A) C R (see above!), so that, in particular, il — H and —iI — H are
onto. By the preceding remarks, this proves that H is selfadjoint. Let e
be the operator associated with H by means of the operational calculus for
selfadjoint operators:

ety ::/eitsE(ds)x, (4)
R

where E(-) is the resolution of the identity for H. A simple application of
dominated convergence shows that e®*# is a C,-group with generator iH = A.
Therefore T(t) = e . Since any C,-semigroup of unitary operators extends
in an obvious manner to a C,-group, we have

Theorem 1.41 (Stone’s Theorem). Let T'(-) be a C,-(semi)group of uni-
tary operators in Hilbert space. Then there exists a unique selfadjoint operator
H such that T(t) = e for all t.

Combining this with Theorem 1.40, and applying the uniqueness property
of Fourier—Stieltjes transforms, we obtain

Corollary 1.42. Let T(+) be a bounded C,-group of operators in Hilbert space.
Then there exists a unique (not necessarily selfadjoint) spectral measure E(-)
on the Borel algebra of R such that

T(t) = /]R G B(ds) (t € R),

where the integral exists in the strong operator topology.

Using the terminology of [DS I-III], the generator of T'(-) equals ¢S, where
S is a scalar-type spectral operator with real spectrum, and T'(t) = ¥ (using
the operational calculus for S). Also QSQ ™1 is selfadjoint, with @ as in Theo-
rem 1.40.
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Remark. A neat way to deal with the Hilbert adjoint is to consider its graph
G(A*) € X2, where the Cartesian product X? is a Hilbert space under the
inner product

([x’y]’ [1_/7y/]) = (1‘,1‘/) + (y7y/)'
The operator
J: [x,y] - [y7 —:L‘]

is a unitary operator on X?2, and a simple calculation shows that
G(A") = {JG(A)}*.

One reads from this formula that A* is closed (its graph is closed in X2 as an
orthocomplement!), and that A* = (A)*. Also, since J is unitary with J? = I,

G(A™) = [JG(A")]*F = JG(A")*L
= J[JG(A)* = J[JG(A)] = J>G(A) = G(A) = G(A).

Therefore A** = A.

A.19 Bochner’s Theorem

Stone’s theorem can be used to prove Bochner’s theorem on the characteriza-
tion of the Fourier—Stieltjes transforms of finite positive Borel measures.

Theorem 1.43 (Bochner’s Theorem). A continuous function f : R — C
is the Fourier—Stieltjes transform of a finite positive Borel measure p (i.e.,
f(t) = [z e u(ds)) if and only if it is positive definite, that is,

Zf(tj — tk)CjCk >0
ik

for all finite sequences t; € R and c¢; € C.

Proof. Let X, be the complex vector space of all complex functions on R with
finitely many nonzero values. Let

(@) = D f(t—s)d(t)(s),

t,s€R

where f is a given positive definite function, and ¢,v € X,. This is a semi-
inner product on X, (i.e., we may have (¢,$) = 0 for nonzero ¢). The set
K ={¢ € X,;(¢,¢) =0} is a closed subspace of X,. The factor space X; =
X,/K is a pre-Hilbert space with the inner product (¢ + K, v + K) = (¢, )
(which is well-defined, i.e., independent of the choice of the cosets represen-
tatives). Let X be the completion of the pre-Hilbert space X;. Define U?
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on X, by [U2¢|(t) = ¢(t — ), r € R. Then (U2¢,UfY) = (¢,v). Since U?
maps K into itself, it induces an operator U} of X; onto itself, well-defined by
Ul(p+K) = U°¢+K, and U} preserves inner products. It extends uniquely to
a unitary operator U, of X onto itself. The family {U,;r € R} is a C,-group
on X (where the C,- property follows from the assumed continuity of f).
By Stone’s theorem, (Uz,z) = [, e"*(E(ds)z,z) for all 2 € X, where
(E()z,z) = ||E()gc||2 is a ﬁnlte p081tlve Borel measure. In particular, for
Zo = ¢o + K with ¢,(t) =1 for ¢t = 0 and vanishing otherwise, we have

(Urzo, o) = (Ur%xwa) = (U7?¢07¢0) = f(?“),

so that f is indeed the Fourier—Stieltjes transform of the finite positive Borel
measure (E()xo, To).
The converse is an easy calculation. O

It is also possible to deduce Stone’s theorem from Bochner’s. If T'(-) is a
C,-group of unitary operators on the Hilbert space X, then f := (T'(-)z, ) is
continuous and positive definite (for each z € X):

> Ft —to)ejer = Y (T(te) T (t))z, x)c;cx
ik
2

—Z thk cjck— ch )x|| > 0.

Therefore, by Bochner’s theorem, there exists a family {u(-;x);z € X} of
finite positive Borel measures on R such that

(T(t)x,x) :/R e 1u(ds; x)

forallt € R and z € X.
Define

pGiz,y) = (1/4) Y iFutie+ity) (2,9 € X),
0<k<3

These are (finite) complex Borel measures, and

(T(t)x,y):/]R S y(ds;x,y) (€ Ryx,y € X).

From this representation and the uniqueness property of the Fourier—Stieltjes
transform, it is easy to deduce the existence of a resolution of the identity E
such that T'(t) = [ e E(ds) = e’tA for the selfadjoint operator A := [ sE(ds)
with domaln D( ) ={z € X; [ s*(E(ds)z,z) < oo}. The details are given in
an analogous proof in the next chapter with X a reflexive Banach space.
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The Semi-Simplicity Space for Groups

The main purpose of this section is to obtain a Banach space version of the
spectral integral representation of bounded C,-groups of operators in Hilbert
space, which was deduced above either as a consequence of the theorems of
Stone and Sz.-Nagy, or as an application of Bochner’s characterization of the
Fourier—Stieltjes transforms of finite positive Borel measures on R. We shall
construct a maximal Banach subspace of the given Banach space, with the
property that the given group T'(-) has a spectral integral representation on
it. The construction of this so-called semi-simplicity space for T(-) is based
on Bochner’s characterization of the Fourier—Stieltjes transforms of complex
Borel measures.

Theorem 1.44 (Bochner). A function f : R — C is the Fourier—Stieltjes
transform of a complex regular Borel measure p with ||u|| < K if and only if
it s continuous and

S f(t)] < K |3 egeit
J ;

(oo}

for all finite sequences of real t; and complex c;.

Proof. See [[R2], p. 32]. a

B.1 The Bochner Norm
We consider the normed space P = P(R) of all “trigonometric polynomials”

¢(s) =Y _cje™i® (¢; € Cit; €R),
J

where the sum above is finite, with the supremum norm. Let Y be any
Banach space. Given a function f : R — Y, we define the linear operator
By:P—Y by

S. Kantorovitz, Topics in Operator Semigroups, 49
Progress in Mathematics 281, DOI 10.1007/978-0-8176-4932-6_2,
© Birkhéuser Boston, a part of Springer Science + Business Media, LLC 2010
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B = c;f(t;),
J

for ¢ € P as above, and set

£l = 1 Bfll,
where the norm on the right is the operator norm (that could be infinite a
priori). We refer to || - || as the “Bochner norm,” and consider the vector
space

F(Y):={f:R—=Y;|fllp < oo}
Let ¢4(s) = €**, t,s € R. Then for any f: R — Y,

Iflls = 1IBfll = [ Brgell = lLfF (DI (¢ € R),

so that
1f1lB = Nl flloo = sup £l

Thus all functions in F(Y) are bounded, and || - | 5 is a norm on that space.
In addition, if {f,} C F(Y) is || - ||z-Cauchy, it converges uniformly in Y to
some f. Given € > 0, let n, be such that || f, — fim|| s < € for all n > n,. Then

S eilfalty) = Fmt)]| <€

for all ¢j,t; such that the corresponding ¢ has supremum norm equal to 1,
and all n,m > n,. Letting m — oo, we get

Do oslfalty) = Ft)]) < e

for all n > n,, and all ¢;,t; as above. Thus || f, — f||p < € < oo (for n > n,),
ie, fn—feFY),andso f = f,— (fn—f) € FY), and f, — [ in the
Bochner norm. This shows that F(Y) is a Banach space with the Bochner
norm.

A simple calculation shows that F(Y) contains all Fourier—Stieltjes trans-
forms of Y-valued vector measures m (cf. [[DS I-III], Section IV.10]): if
f(t) == [ e"*m(ds), then for all ¢ as above with [|¢[lc = 1,

< [ml,

chf(tj) = H/R(b(s)m(ds)

so that || f|lp < |Im]|| < oo, where ||m|| denotes the “semi-variation” of m.
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In particular, F(Y) contains the constant functions ¢, and ||¢||p = ||¢]|

The Bochner norm is invariant under additive translation f(t) — f(t +¢)
and nonzero multiplicative translation f(¢) — f(ct) (c € R).

If Y, Z are Banach spaces and U € B(Y, Z), then UF(Y) C F(Z) and

IUFls < UIAs  (f € F(Y)).

We have
[flls =sup{lly"flls;y" € Y™, [ly*|| = 1}.
By the Uniform Boundedness Theorem, f € F(Y) if and only if y*f € F(C)
for all y* € Y*.
Also, if F — B(X,Y) for Banach spaces X,Y, then the following are
equivalent:

(i) FeF(B(X,Y));
(ii) Fz € F(Y) for all z € X;
(ili) y*Fz € F(C) for all x € X, y* € Y.

In addition,
I1Fllp = sup{||Fz||p;x € X, [[=]| = 1}
=sup{||y*Fzllp;z € X,y" € Y™, |lz| = |ly*[| = 1}.

If f e F(Y) is weakly continuous, then by Bochner’s theorem, there corre-
sponds to each y* € Y* a finite regular complex Borel measure p(.;y*) such
that

g () = / e p(dsiy®) (tER),

and
ey < 1 f1slly*ll-

The uniqueness of the integral representation implies that for each § € B(R)
(the Borel algebra of R), u(d; .) is a linear functional on Y* with norm < || f|| 5.
Therefore

w0 y*) =m(d)y* (y* Y™, e BR)),

where m : B(R) — Y™** is such that m(-)y* is a regular finite Borel measure for
cach y* € Y*. The element [, e"*m(ds) € Y**, well-defined by the relation

[ eema)] v = [ im0 ev,

coincides with the element f(t) € X (embedded in Y** as usual). In this
weakened sense, the weakly continuous elements of F(Y") are Fourier—Stieltjes
transforms of Y **-valued measures like m. When Y is reflexive, m is a weakly
countably additive (hence strongly countably additive, by Pettis’ theorem, cf.
[DS T-II1]) Y-valued measure, and we can write
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ft) = / em(ds) (t €R),
R

so that the weakly continuous functions in F(Y") are precisely the Fourier—
Stieltjes transforms of vector measures m as above. We summarize the above
discussion formally:

Proposition 1.45. The space F(Y') is a Banach space for the Bochner norm,
and contains all the Fourier—Stieltjes transforms of Y-valued measures with
finite variation. Every weakly continuous function in the space is the Fourier—
Stieltjes transform of a Y**-valued measure m such that m(-)y* is a regu-
lar complex Borel measure for each y* € Y*. When Y is reflexive, every
weakly continuous function in the space is the Fourier—Stieltjes transform of a
strongly countably additive Y -valued measure m (such that y*m(-) is a regular
complex Borel measure for each y*), and is in particular strongly continuous
as well.

Definition 1.46. Suppose iA generates a C,-group T(-) on the Banach space
X. We set
[zlle = [TC)zls  (z € X).

The semi-simplicity space for T(-) is the linear subspace of X
Z =Zp ={x € X;|z||r < oo},
with the norm || - ||.

Recall that a Banach subspace of X is a Banach space (W, || - ||w) such
that W C X and ||w||w > ||w]|| for all w € W.

Lemma 1.47. The semi-simplicity space for T(-), (Z,| - ||T), is a Banach
subspace of X, invariant for any U € B(X) which commutes with T(-). Also
Z = X if and only if |T(")||p < oo (in this case, the two norms on X are
equivalent).

Proof. Since ||z||7 > |T()x|leo = |lz||, (Z,] - ||7) is a normed space. We prove
completeness. If {z,} is Cauchy in (Z,] - ||r), it is also Cauchy in X; let x
be its X-limit. Then T'(t)z, — T(t)z for each ¢ € R. By definition of the
I - ||l7-norm, {T(-)z,} is Cauchy in the Banach space (F(X), || -||5). Therefore
T(-)x, — [ in that space, and since ||| > ||*||co, f(¢) = lim,, T ()2, = T(t)x
(limit in X)), for each ¢. Thus T(\)z € F(X), i.e., x € Z, and ||z, — 2|7 =
IT()zn —T()zl|g — 0, and Z (with the || - |r-norm) is a Banach subspace
of X.

If U € B(X) commutes with T'(¢) for each ¢ € R, then for each © € Z,
we have T'(\)z € F(X), and therefore UT(-)xz € F(X) and [|[UT()z||p <
IUNT()z||s (see above), which is equivalent in our present situation to
T()[Uzx] € F(X) (i.e., Uz € Z) and ||Uz||r < ||U]| ||z||7. This shows that
Z is U-invariant, and [|Ul|pz)y < [[Ullpx). If |T(-)|p < oo, then for all
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trigonometric polynomials ¢ as above, and for all € X, || Y. ¢;T(t;)z] <
1225 ¢TIzl < 1T ()l s]l=]l, and therefore ||z(|r < I7O)lislle] < oo, ie.,
Z = X. Conversely, if Z = X, then for all z € X, sup||[3_; ¢;T'(t;)]z[| < oo
(supremum over all ¢ as above), and therefore | T'(:)[| g :=sup || 3_; ¢;T'(t;) <
oo by the Uniform Boundedness Theorem. The equivalence of the norms is
a consequence of the Closed Graph Theorem, or explicitly from the above
discussion,

2l < flzlle < ITC)lsllz]  (z € X). o

B.2 The Semi-Simplicity Space

We proceed now to prove a version of Stone’s theorem for C,-groups of
operators on reflexive Banach spaces. The integral representation will be valid
on the semi-simplicity space for the given group. First, we need a proper gene-
ralization of spectral measures.

Definition 1.48. Let W be a Banach subspace of X .
A spectral measure on W is a function

E(-): B(R) — B(W),
such that

(i) E(R) =1 (the identity operator on W );
(i) for each © € W, E(-)x is a regular, strongly countably additive vector

measure in X (with respect to the X -norm!); and
(i) E(6 Ne) = E(0)E(e), for all 6,¢ € B(R).

Note that by [DS I-III, Corollary IT1.4.5], E(-)x is necessarily X-bounded
for each z € W.

Note also that (ii) is equivalent to

(ii') for each z € W and z* € X*, z*F(-)z is a regular complex Borel
measure.

This follows from Pettis’ theorem (cf. [DS I-1IT]).

Let B(R) denote the Banach algebra of all bounded complex Borel func-
tions on R. For E as above and h € B(R), the operator 7(h) : W — X is
defined by

F(h)z = /]R h(s)E(ds)e (z € W),

We then extend 7 to the algebra B;,.(R) of all complex Borel functions on R
that are bounded on each finite interval [a, b], by letting

b
T(h)x = l(il%l/a h(s)E(ds)x := /Rh(s)E(ds)x
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for h € Bjo.(R), where lim, ; stands for the limit in X when a — —oo and
b — oo; the domain of 7(h) is the set of all x € W for which the limit exists.
We are now ready to state our Banach space version of the Stone Theorem.

Theorem 1.49. Let T(-) be a C,-group of operators on the reflexive Banach
space X, with generator iA and o(A) C R. Let Z be the semi-simplicity space
for T(-). Then there exists a spectral measure E on Z with the following pro-
perties:

(a) T(t)x = [ e E(ds)x (x € Z;t € R);
(b) E commutes with every U € B(X) commuting with T(-);

(¢) 7 (corresponding to E) is a norm-decreasing algebra homomorphism of
B(R) into B(Z), such that 7(¢¢) = T(t)|z for ¢(s) = e, s,t € R;
(d) If f1(s) =s (s €R), then Az = 7(f1)z (where the subscript Z means

the part of the relevant operator in Z ), that is,

(i) D(Az) ={z € Z; [, sE(ds)x exists and belongs to Z}, and

(i) Az = [, sE(ds)z (x € D(Az)).

In addition, Z is maximal and E is unique in the following sense: if W

1s a Banach subspace of X and F' is a spectral measure on W for which
(c) is valid, then W is a Banach subspace of Z and F(-) = E(-)|w.

Proof. For each x € Z, the function T'(-)x is a strongly continuous element
of F(X). Since X is reflexive, Proposition 1.45 gives a strongly countably
additive X-valued measure m(.;z) on B(R) such that

T(t)x = / e m(ds; x) (1)
R
forallt e R,z € Z;
[m(s @)l < [l (2)

and x*m(;x) is a regular complex Borel measure for each z* € X*. The
uniqueness property of the Fourier—Stieltjes transform of regular complex
Borel measures and the linearity of the left-hand side of (1) imply that
m(;x) = E(-)z, where E(0) is a linear transformation from Z to X, for
each 6 € B(R). By (1) with t =0, E(R) = I|z. We rewrite (1) in the form

T(t)x = /Re“sE(ds)x (teR,xe2). (1)

If U € B(X) commutes with T'(-) and = € Z, then Uz € Z by Lemma 1.47,
and by (1),

/ eUE(ds)x = UT(t)x = T(t)Ux = / e B(ds)Ux,

hence UE()x = E(§)Ux for all x € Z,6 € B(R).
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For each ¢, 9 € P with ||¢]|cc = ||t]lc = 1 and with respective parameters
¢, tj; ), ), (notation as in the preceding subsection), we have for z € Z,

Z T () Z e T(t)z|| = Z 6 T(t, +tj)x
k J k,j

IN

ezl || chegetstert?
k.j s
< lelzldllocll¥lloc = ll2llr-
Therefore

> ¢T(tz|| < llzlr
i

T
for all parameters as above. Fix h € B(R),x € Z. Since >, ¢;T(t;) is a
bounded operator commuting with T'(-), we have by (2)

chT(tj)T(h)x 7(h) chT(tj)x

A

< |[hlloo [|E(-) ZCjT(tj)fU

< hlleo | Y eT(t)e| < Ihllscliz]z.
J T

Therefore
Ir(R)zllz < [[Allollz]l7
for all h € B(R),z € Z. In particular
T:BR) — B(Z,||- |r) := B(Z)
has norm < 1 ; actually, ||7|| = 1, because
I7(¢r)zllr = T (r)zllr = [TC)T(r)z|s
=IT(+r)zls = IT()zlls =[],

by the translation invariance of the Bochner norm on F(R).
Taking h = x5 (the characteristic function of § € B(R)), we get that

I1EO0)Bz) < 1.
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For t,u € R and x € Z, with all integrals below extending over R, we have

/ ¢ B(ds)T(t)z = T(uW)T(H)z = T(u + t)a

= / e [ B(ds)x].

By uniqueness for Fourier—Stieltjes transforms,
EO)T (1) = / ¢tys(s)E(ds)z

for all 6 € B(R), etc. However, the left-hand side equals T(t)E(d)z =
[ e E(ds)E(8)x since E(8)x € Z for x € Z. Therefore, again by unique-
ness for Fourier—Stieltjes transforms,

E(ds)E(0)x = xsFE(ds)x, (3)

so that
E(o)E(d)x = /XUX5E(ds)x =FE(ocNd)x

for all 0,0 € B(R) and = € Z.
We conclude that F is a spectral measure on Z.

By (3),
T(h)T(xs)x = T(h)E(§)x = /h(s)xg(s)E(ds)x = 7(hxs)z

for all h € B(R),6 € B(R),z € Z. By linearity of 7, it follows that 7(hg) =
T(h)T(g) for all h € B(R) and g € B,(R), the subalgebra of simple Borel
functions. Next, for ¢ € B(R), choose simple Borel functions g, converging
uniformly to g. Then for all x € Z,

[T(hg)z — T(h)T(9)z| < |[T[h(g = gn)la|| + IT(R)T(gn — g)z|
< (g = gn)llsollzlir + [1PllocllT(9n — g)z |7
< 2[|2llscllgn = gllocllzllz — 0

as n — 00, and Statement (c) of the theorem is proved.

For all t € R, o(itA) = ito(A) C iR, so that R(t) := R(1;itA) is a well-
defined bounded operator commuting with T'(-). If x € R(t)Z, say x = R(t)z
with z € Z, then x € D(A)N Z, and Ax = (it) "1 (z — 2) € Z (for t #0), i.e.,
R(t)Z C D(Az). On the other hand, if x € D(Az), then z := (1 —itA)x € Z,
and therefore x = R(t)z € R(t)Z. This shows that

D(Az)=R(t)Z (0#t€cR). (4)
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Let # € D(Az); write then x = R(t)z with 2 € Z and 0 # t € R fixed.
By Theorem 1.15,

R(t)z =t 'R(t™;iAd)z = t_l/ e /T (s)z ds
0

= /oo e T (tu)zdu (5)
0

forall0 £t € R,z € X. For z € Z, we get

R(t)zz/ e_“/eit“SE(dS)zdu
0 R

_ /R /O T e -it9) gy B(ds) s = / (1—its)'E(ds)z, (6

where the interchange of the order of integration is justified by applying on
both sides an arbitrary z* € X* and using Fubini’s theorem.

For real a < b, we then have by (6) and the multiplicativity of 7 on B(R)
(for x = R(t)z as above):

/ab sE(ds)r = /ab s(1 —its) ' E(ds)z — /Rs(l —its) "L E(ds)=

when a — —oo and b — co. Writing s(1 —its)~t = it 1[1 — (1 —its)~!], the
last integral is seen to equal

it 'z — R(t)z] =it (2 —x) = Az € Z.

This shows that D(Az) C {x € Z; [ sE(ds)x exists and belongs to Z}, and
Az = [ sE(ds)z on D(Ay).

On the other hand, if x belongs to the set on the right of (i) (in State-
ment (d) of the theorem), then denoting the integral in (i) by z € Z, we obtain
from the multiplicativity of 7, for any ¢ # 0:

b b
R(1)= = R(1) lig / SE(ds)e = Tim R(0) / sE(ds)z

b
=1lim [ s(1 —its)"'E(ds)x

ab J,
= / s(1 —its) ' B(ds)x = it~ [z — R(t)x]
R
(cf. preceding calculation).

Therefore © = R(t)(x —itz) € R(t)Z = D(Az) by (4), and we conclude
that Property (d) in the statement of the theorem is valid.
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Finally, suppose (W, || - [[w) is a Banach subspace of X for which Property
(¢) (in the statement of the theorem) is valid, with (W,]| - ||w) replacing
(Z,] - |l7) and 7" : B(R) — B(W, || - |lw) (induced by the spectral measure F
on W) replacing 7. Then for all ¢ € P with ||¢||-c = 1 and parameters ¢;, t;,
we have

Yoo T(tz| = 7 (@)l < I (@zllw < |7 (@)lsw) lellw < llzlw
i

for all x € W. Therefore ||z||r < |z|lw, and W is a Banach subspace of
Z. Since T(t)z = [e® F(ds)z = [e™E(ds)x for x € W, the uniqueness
property of the Fourier—Stieltjes transform implies that F(-)z = E(-)x for all
xecW. a

Ezxamples.

1. Let T(+) be the translation group on LP(R),
[T(t)x](s) =xz(s—t) (s,t € R; xze LP(R)).

Suppose 1 < p < oco. One verifies easily (by using the Bochner and the
Schoenberg criteria for Fourier—Stieltjes transforms of measures on R, cf.
Theorem 1.44 and Exercise 50) that for any bounded C,-group T'(+) on a
reflexive Banach space X, and for any x € X,

lellr =su { | [ srwaar| s r e w71 <1}
In our present example, we then have

lzll7 = sup{[|f * z]lp: f € L, | flloo < 1}.

This is precisely the norm ||z||p considered in [Fi], and Z coincides then
with the space (L?)q discussed in this paper in the context of the multi-
pliers problem for Fourier transforms. According to [Fi], we then know
that Z is dense in LP? when p > 2, is the whole space when p = 2, and is
equal to {0} when p < 2.

2. Let X = LP([0,1]) (1 < p < o0), and define the operators T'(¢) by

1

[T()2](s) = et a(s) + it / it () du

S

for t € R, s € [0,1], and = € LP([0,1]). One verifies easily that T'(-) is a
uniformly continuous group of operators on LP([0,1]), whose (bounded)
generator is given by A4, with

1
[Az](s) = sz(s) —|—/ x(u) du

for s € [0,1] and x € LP([0,1]). (Cf. [K18].)



B.3 Scalar-Type Spectral Operators 59

Let BV ([0,1]) be the space of all functions of bounded variation in [0, 1].
If z € BV([0,1]), an integration by parts shows that

1
[T(t)z](s) = ex(1) — / edr(u) (t €R),

which implies that BV/([0,1]) C Z. In particular, Z is dense in X. However,
Z # X, because A has real spectrum and T'(¢) = ™ is not uniformly bounded
on R, so that A cannot be a scalar-type spectral operator on X (cf. [K18]).

B.3 Scalar-Type Spectral Operators

We consider the special situation when the semi-simplicity space Z coincides
with X. By Lemma 1.47, this happens if and only if | T(-)|| 5 < oo, and in this
case the two norms || - || and || - ||z on X are equivalent. Let F be the spectral
measure on Z = X provided by Theorem 1.49. Since |E(0)z||r < ||z|r for
all z € X, the equivalence of the norms shows that F : B(R) — B(X) is a
“spectral measure” in the usual sense, that is, an algebra homomorphism of
the Boolean algebra B(R) into B(X) such that E(-)x is regular and countably
additive for each x € X. Properties (i) and (ii) in Statement (d) become

(i) D(A) ={z € X; [ sE(ds)x := lim, f; sE(ds)xr exists}; and
(ii) Az = [, sE(ds)z (z € D(A)).

Using the terminology of [DS I-III], the operator A is spectral of scalar
type (with real spectrum). The map 7 defined above is now the usual opera-
tional calculus for the scalar-type spectral operator A, and in particular, the
semigroup T'(-) is precisely e'*4 as defined through this operational calcu-
lus. Note that when X is a Hilbert space, the condition ||T(+)||e < 0o was
necessary and sufficient for the above conclusions (cf. Corollary 1.42), while
our generalization to reflexive Banach space requires the stronger assump-
tion ||T'(+)||s < oo. This latter condition is, however, necessary as well, by
Proposition 1.45 and Lemma 1.47.

We formalize the above discussion in

Corollary 1.50. Let iA generate a C,-group T(-) on the reflexive Banach
space X. Then A is a scalar-type spectral operator with real spectrum if and
only if |T(-)||s < oo. In that case, T(t) = e = [} e"*E(ds), where E is
the resolution of the identity for A.

Actually, we can restate this corollary without assuming a priori that i A
generates a C,-group. We need only to assume that A is densely defined, and
has real spectrum. Let then

R(t) := (I —itA)™* (t€R).

We first establish some identities.
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Theorem 1.51. If iA (with o(A) real) generates a Cy,-group T(-), then
lzllz = sup [ R*z|lp  (z € X), (1)

and
IT()|ls = sup || R"| 5.
n>0

Proof. By Theorem 1.36,
T(t)x = lim R"(t/n)x (x € X;t € R).

Therefore for each ¢ € P with ||@||cc = 1 and parameters c;, ¢,

chT(tj)x —hm Zc] (tj/n)x

Each norm on the right is < ||R"(-/n)z|p = ||R™z|p, by the invariance
of the Bochner norm under multiplicative translations, and this implies the
inequality < in (1).

On the other hand, by (5) in the proof of Theorem 1.38 (cf. proof of
Lemma 5),

RO A)Y = (—1)" L (n— IR A" (A€ p(A);n > 1).

The derivatives may be calculated by using Theorem 1.15, when A gene-
rates a C,-semigroup T'(-). We then obtain the following Laplace transform
representation for the powers of the resolvent:

1 a1
= t" T (t)x dt 2
Wi ] e (1) . 2
forall z € X, R\ > w, and n > 1.
In our case, with the generators iA and —iA of the semigroups T'(-) and
S(t) :==T(—t)(t > 0), respectively, a simple calculation leads to the formula
1 > —s.n—1
(n—1)! /0 e~ %" T T (ts)x ds, (3)

forallz € X,n=1,2,... and t € R.
Since ||T'(ts)z|| g = |T(t)x|| B := ||x||r for each fixed s > 0, we have for all
¢ as above,

(n—1)! ZCJR" = /0 e ssm! chT(tjs)x ds
J

RN A)"x

R"(t)x =

< / e Ssn 1 IT(ts)z||pds = (n — )!||z|| T,
0

hence ||R"z||p < ||z||r for all n > 0, and (1) follows. The second identity is
then an elementary consequence. O
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We can restate now Corollary 1.50 without assuming a priori that 1A is a
generator.

Theorem 1.52. Let A be a densely defined operator with real spectrum, acting
in the reflexive Banach space X. Then A is a scalar-type spectral operator if
and only if
V4 :=sup ||R"||p < >
n>0
(in that case, iA generates the group e, which is the Fourier-Stieltjes trans-
form of the resolution of the identity for A).

Proof. If V4 < oo, we surely have [|R"||cc < V4 < oo for all n.
Since
AR(N\;iA) = R(1/X) (0 # X eR),

we have
IDROAN™] < Va  (n€N;0# ) €R),

Also i A is densely defined (by hypothesis). By Theorem 1.39 (with w—w’ = 0),
1A generates a C,-group T'(+), and ||T(")||[p = Va < oo by Theorem 1.51.
Therefore, by Corollary 1.50, A is a scalar-type spectral operator.

Conversely, if A is scalar-type spectral, let E : B(R) — B(X) be its reso-
lution of the identity. Then iA generates the C,-group

T(t) = e = /ReitsE(ds).

In particular, | T(-)||p < oo by Proposition 1.45, that is, V4 < oo (by Theo-
rem 1.51). a



C

Analyticity

A function F : D — B(X) (where D is a domain in C) is analytic in D if
F'(z):= Tim, hYF(z + h) — F(2)]

exists in the uniform operator topology, for all z € D. This is equivalent to
the existence of that limit in the strong operator topology, and in the weak
operator topology as well (cf. [HP], Theorem 3.10.1).

C.1 Analytic Semigroups

Definition 1.53. The C,-semigroup T(-) (on [0,00)) is analytic if it extends
to an analytic function (also denoted T(+)) in some sector

Sp:={z € C;|argz| < 0,|z| > 0},
0<0<m, and imT(z)x =2 as z — 0,z € Sy, for all z € X.
The extended function necessarily satisfies the semigroup identity in Sp:
T)T(w)=T(z+w) (z,weSy)

(cf. [HP], Theorem 17.2.2), and is also referred to as an analytic semigroup
m 59.

The study of analyticity for C,-semigroups can be restricted to uniformly
bounded semigroups (consider e~ *T'(t) instead of T'(+), for a > w). For sim-
plicity, we consider only the special case of C,-contraction semigroups, and
the possibility of extending them as analytic semigroups of contractions in
some sector. We refer to the literature for criteria applicable to the general
case.

Theorem 1.54. Let T'(-) be a C,-semigroup of contractions (on [0,00)), with
generator A. Then T'(+) extends to an analytic contraction semigroup in a sec-
tor Sg (0 < 0 < m/2) if and only if e’ A generates a C,-contraction semigroup
for each o € (—6,0).
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Proof. Necessity. For each « € (—6,0), define T, (t) := T(te®), t > 0.

Clearly, T, (+) is a C,-contraction semigroup. Denote its generator by A,,
and consider o > 0 (the case @ < 0 is analogous). By Theorem 1.15, for all
s>0and z € X,

R(S;Aa)x:/ e ST, (t)z dt
0

= e_m/ exp[—se ™t T (te'™)x d(te'™). (1)
0

The function F(z) := exp[—se™ 2] T(z)x is analytic in Sy (for s, a, z fixed).

Denote C, = {z = ae'?;0 < ¢ < a}, oriented positively (a > 0). On C,,

IF)| < |z exp[—sR(ze™)] = ||z|| =3¢ (@) < ||z|| e5@ o

Therefore the integral of F' over C, has norm < mae %% °°*%||z|| — 0 when
a — 0+ and when a — oo, since 0 < a < 0 < /2.
For 0 < a < b < 00, consider the closed contour

Loy = [a,b] + Cy — [a,b]e' — C,.

By Cauchy’s theorem, fFa , F(z)dz = 0. Since the integrals of F' on C, and
Cp converge strongly to 0 when a — 0+ and b — oo, it follows that the
right-hand side of (1) is equal to e~*® [ exp[—(se**)t] T'(t)z dt. However,
R(se™**) = s cosa > 0, so that, by Theorem 1.15 (for the contraction case),
the last expression is equal to e R(se™; A)x = R(s;e'®A). We conclude
that A, and e’ A have equal resolvents on R, and therefore e!® A is indeed
the generator of the C,-contraction semigroup T, (). O

Sufficiency. Suppose that for each a € (—0,0), e'® A generates a C,-contraction
semigroup T, (+). By Theorem 1.36,

where z = te’®,t > 0. Denote

F,(z):= [I— ZA] - [nR<n;A)}n.
n z \z
Since A generates a C,-contraction semigroup, F}, are analytic in &7 > 0,
hence in Sy (if 2 := te'® € Sy, then R(n/z) = (n/t)cos$ > 0).
Since F,(z) = [TR(7;e"A)]", and €A is the generator of a
C,-contraction semigroup, we have ||F,,(z)|] < 1 for all z € Sy (by Corol-

lary 1.18).
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For each x € X and z* € X*, the sequence {z*F,,(-)z} of complex analytic
functions is uniformly bounded (by ||z|| ||z*||) in Sp, hence is a normal family.
It has then a subsequence converging uniformly on every compact subset of
Sp to a function f(.;x,z*) analytic in Sp. By (2),

fte’™ z, ) = 2" Ty () (3)

forall z € X,2* € X*,t >0, and « € (—6,0).

Define T'(z) = Tyu(t), for z = te'® € Sy. By (3), T(:) is analytic in Sp.
It coincides with the original semigroup on [0,00) and is contraction-valued
in the sector (by definition). It remains to verify that

IT(z)z — x| — 0

as z — 0,z € Sg(for all x € X). Since ||T'(-) — I|| < 2 in the sector, we
may consider only x in the dense set D(A) = D(e'®A). For such z, writing

z = te'™ € Sy, we have (since e’®A generates the C,-contraction semigroup
To(t) = T(te'))

t
IT()e — o = H [ T anas| < sl = 2/ Az,
0

and the conclusion follows. O

C.2 The Generator of an Analytic Semigroup

We shall apply Theorem 1.54 to obtain various characterizations of generators
of analytic semigroups.

Corollary 1. Let A generate a C,-semigroup of contractions T(-). Then T'(-)
extends as an analytic semigroup of contractions in a sector Sp (0 < 0 < 7w/2)
if and only if

cosaR(z"Ax) —sinaJ(z*Az) <0 (1)

for all unit vectors x € D(A) and z* € X* such that x*x = 1, and for all
a € (—0,0).

Proof. For all a € (—0,0), e’ A is closed, densely defined, and for all A > 0,
M —e®A = e[ Ne™] — A] is surjective, since R(Ae ") = Acosa > 0 (cf.
Theorem 1.26). Therefore, by Theorem 1.26, ¢’®A generates a C,-semigroup
of contractions if and only if it is dissipative, i.e., if and only if

R(z*e'*Ax) <0

for all unit vectors z € D(A) and 2* € X* such that z*z = 1. This
is precisely Condition (1), so that the corollary follows immediately from
Theorem 1.54. a
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When 6 = 7/2 (i.e., for analytic semigroups in the right halfplane C*), we
may consider “boundary values” on the imaginary axis.

Theorem 1.55. Let T'(-) be an analytic semigroup in Ct, and suppose it is
bounded in the “unit rectangle”

Q:={z=t+ise€C;te(0,1],s € [-1,1]}.
Let v := log[supg [|T'(-)||] (clearly 0 < v < 00). Then for each s € R,

T(is) := tlir51+ T(t+is)

exists in B(X) in the strong operator topology, and has the following properties

(a)-(e):

(a) {T'(is); s € R} is a Cy-group;

(b) T'(is) commutes with T'(z) for all s € R,z € CT;

(¢) T(t+1is) =T(t)T(is) for allt > 0,s € R;

(d) T'(+) is of exponential type < v in the closed right halfplane, i.e.,

IT()| < Ke'l - (Rz > 0);

(e) If A is the generator of {T(t);t > 0}, then iA is the generator of the
“boundary group” {T'(is); s € R}.

Proof. See Theorem 1.105 below (and its proof). a

Corollary 2. Suppose that the generator A of the C,-semigroup of contrac-
tions T'(+) has real numerical range (i.e., v(A) C R, cf. Definition 1.24). Then
T(-) extends as an analytic semigroup of contractions in C*. In particular, the
boundary group {T'(is);s € R} exists, and is a Cyp-group of isometries (with
generator 1A).

Proof. Condition (1) of Corollary 1 reduces here to cosaf(z*Az) < 0 (for
all parameters in their proper ranges), which is trivially satisfied (since |«| <
6 < /2, and by Theorem 1.26 applied to A). Observe finally that a group of
contractions consists in fact of isometries. O

Corollary 3. Let A be a closed densely defined operator. Then the following
statements are equivalent:

(a) A generates an analytic semigroup of contractions in the sector Sp (0 <
0<m/2);

(b) [zR(z; A)|| < 1 for all z € Sp;

(c) zI— A is surjective for all z € Sy, and R[e**v(A)] <0 for all o € (—0,0).
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Proof. Writing z = te'®, we see that Condition (b) is equivalent to
(') [[tR(t; e A)|| < 1 for all t > 0 and a € (—6,6),

and (b’) is equivalent to (a), by Corollary 1.18 and Theorem 1.54.

Assume (c). For all a € (—6, ), e!*A is closed, densely defined, and for all
t>0,tI—e'®A = e'“[te~ '] — A] is surjective. The inequality in (c) means that
e’ A is dissipative, and (a) follows from Theorems 1.26 and 1.54. Conversely,
if (a) holds, then Theorems 1.26 and 1.54 imply that e!® A is dissipative and
tI — e’ A is surjective for all o € (=6, ), and this is equivalent to (c). O

Corollary 4. Let A be a closed densely defined operator such that zI — A
is surjective for Rz > 0 and v(A) C (—o00,0]. Then A generates an ana-
lytic semigroup of contractions T(-) in the right halfplane. In particular, the
boundary group {T'(is); s € R} exists, and is a Cy-group of isometries (with
generator iA).

Proof. For real numerical range, the inequality in Corollary 3 (c¢) reduces to
cosaz*Ax < 0 (for all parameters in their proper ranges), which is satisfied
by hypothesis. The conclusion follows then from Corollaries 2 and 3. a

In case X is a Hilbert space, let m : X* — X be the canonical isometric
anti-isomorphism of X* onto X given by the Riesz representation z*x =
(z,m(x*)). Then

v(A) = {(Az,7(z%));x € D(A), 2" € X7, [|z| = ||| = (2, m(2")) = 1}.
However, writing m(2*) = y, we have (for z, 2* as in the above formula):
o = yll? = ]2 = 2R(z, ) + g2 =1 -2+ 1=0,
so that y = x, and
v(4) = {(Az,2); € D(A), || = 1}.
Therefore A is dissipative if and only if
R(Az,z) <0 (x € D(A)).
The inequality in Condition (c) of Corollary 3 becomes
Rl (Az,2)] <0 (x € D(A)).
We then have

Corollary 5. Let A generate a C,-semigroup of contractions T(-) in Hilbert
space. Then T'(-) extends as an analytic semigroup of contractions in a sector
So (0 <0 <7/2)if and only if

Rl (Az,2)] <0 (v € D(A),a € (—0,0)).
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Corollary 6. Let A be a closed densely defined operator in Hilbert space, such
that zI — A is surjective for Rz > 0 and (Az,z) <0 for all x € D(A). Then
A generates an analytic semigroup of contractions in CT; the boundary group
{T(is); s € R} is a unitary C,-group (with generatoriA), and A is selfadjoint.

Proof. By Corollary 4, A generates an analytic C,-semigroup of contractions
in C*. Since (Az,z) is real for all z € D(A), A is symmetric. The bound-
ary group {T'(is); s € R} in that corollary (with generator iA) satisfies (cf.
Theorem 1.36):

n

i [ R ("A)]

n (2 (2

T(is)a = lim [;LR (Z;z‘A)}n x

for all s > 0 and « € X. Since —iA is the generator of the C,-semigroup
{T'(—is); s > 0}, we also have

T(—is)x = lim [nR (Z, —iA)}nx

n S

:lim[ n R( n ;A)} xT.
n | —is —1s

Since A is symmetric, R(z; A)* = R(z; A), and in particular, R(z; A) is normal.
Therefore, for all x,y € X and s > 0,

(T(—is)x,y) = liTILn ([HR (n A)}n* x,y)

—tim (2, [ "R (54)]"y) = @ TGs)).
e T(is)* = T(—is) = T(is)~"

for all s > 0 (hence for all s € R). Thus the boundary group is unitary; by
Stone’s theorem (Theorem 1.41), its generator ¢A has the form ¢H with H
selfadjoint, that is, A is selfadjoint. ]

A more direct way to prove the selfadjointness of A goes as follows. Suppose
y € X satisfies ((i — A)x,y) =0 for all z € D(A). Then i(z,y) = (Ax,y) for
all z € D(A). Take x = R(s; A)y(€ D(A)!) for some s > 0. Then

i(R(s; A)y,y) = (AR(s; A)y,y) = ([sR(s; A) — Iy, y).

The left-hand side is pure imaginary, while the right-hand side is real (since
the bounded operators appearing there are both selfadjoint). Therefore

(R(s; A)y,y) = s(R(s; A)y,y) — (y,y) =0,
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hence (y,y) = 0 and y = 0. This shows that iI — A (and similarly, —iI — A)
has dense range, which means that A is essentially selfadjoint (cf. “digression”
preceding Theorem 1.41). Since A is closed, it is actually selfadjoint.

Note that the relation 7'(¢)x = lim, [} R("; A)]" 2 shows that the operators
T(t) are selfadjoint (for A symmetric). The longer discussion given above
illustrates the “method of analytic continuation to the imaginary axis,” which
will be used later in the more general case of a local semigroup of unbounded
symmetric operators to produce a selfadjoint operator H such that each T'(t)

is a restriction of e .



D

The Semigroup as a Function of its Generator

In this section, we consider a C,-semigroup 7'(+) as a function of its generator
A, when A varies in the set of all generators of C,-semigroups. The notation
T(-) =T(-; A) will be used to exhibit the generator A of the semigroup.

D.1 Noncommutative Taylor Formula

In order to get a feeling about a possible Taylor formula relating T(-; B)
with T'(-; A) and derivatives of the semigroup with respect to A (at the point
A), we consider first the case of uniformly continuous semigroups (i.e., the
variable generator varies in B(X)). This case can be formulated in an arbitrary
complex Banach algebra A with identity I, and we may consider analytic
functions on it, more general than the functions f;(A) := et > 0,4 € A.
As before, we denote the resolvent set of an element S € A by p(S5), etc.
We start with the following elementary

Lemma 1.56. Let S,T € A and z € p(S)Np(T). Then for alln =0,1,2,...,

R(zT) =Y [R(% 8)(T = SV R(: S) + [R(2: )(T — S Rz T).

J=0

Proof. If Q € A is such that I —@Q is invertible in A, then one verifies directly
the “geometric series addition formula”

I-Q7'=> @+ -7 (*)
=0
n=0,1,2,.... For z € p(S) N p(T), we take
Q = R( 8)(T - 8) = R(2; S)[(2] — §) — (s — T)]
=1—R(zS)(=]-T),
S. Kantorovitz, Topics in Operator Semigroups, 71
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so that I —Q = R(z; S)(zI —T) is indeed invertible in A with inverse equal to
R(z;T)(zI — S). Substituting in (*) and multiplying on the right by R(z;.S),
the lemma follows. |

The formula of the lemma simplifies as follows when S, T are commuting
elements of A.

Lemma 1.57. Let S,T € A commute, and let z € p(S) N p(T). Then

R(z;T) = zn: R(z; S)7THT — S)7 + R(z; S)" ™' R(2; T)(T — S)"*,
Jj=0

n=0,1,2,....

Given arbitrary elements A, B € A, we consider the commuting multiplication
operators L4, Rp € B(A) defined by

LAU=AU; RgU=UB, (UcA).
‘We then have

Lemma 1.58. Let A, B € A and z € p(A)Np(B). Then for alln =0,1,2,...,

R(z:B) = Y R(z A" (Rp — La) I + R(z: A)"'[(Rp — La)" IR (z; B)
=0

and

R(z B) = i[(LB — Ry IR (2; A" + R(z; B)[(Lp — Ra)" T | R(z; A"
=0

Proof. We apply Lemma 1.57 to the commuting elements S = L4 and T = Rp
of the Banach algebra B(A). If z € p(A) N p(B), then z € p(La) N p(Rp),
R(z;La) = Lp(z;a), and R(z; Rp) = Rp(.;p). Therefore

n

Ry = 30 Lty (R = LaY + Lyt o R (Ris — La)"™.

Jj=0

Applying this operator to the identity I € A, we obtain the first formula of
the lemma. The second formula is deduced in the same manner, through the
choice S = R4 and T' = Lp in Lemma 1.57. O

The noncommutative Taylor formula for analytic functions on the Banach
algebra A uses the Riesz—Dunford analytic operational calculus. Let f be a
complex analytic function in an open neighborhood (2 of the spectrum o(B)
of Be A If K C 2 is compact, we denote by I'(K, {2) any finite union of
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positively oriented simple closed Jordan contours in 2, that contains K in its
interior. The element f(B) € A is defined by

1
- /P f(2)R(z; B)dz

where I' = I'(o(B), {2), and the definition is independent of the choice of such
I (cf. [DS I-I10]).
Theorem 1.59. Let A be a compler Banach algebra with identity I. Let

A,B € A, and let f be a complex function analytic in a neighborhood (2
of c(A)Ua(B). Then forn=0,1,2,...,

n () )
1B =T W Ry LIt LA B)

=

and
n )
1) =Y (Ln - rayr T+

=0

Rn(f, A, B),

where the “left” and “right” remainders L,, and R,, are given by the formulas
Ln 2m/ f(2)R(z; A" (Rp — La)"™'1 R(2; B)d=

and
Rn=, Z/ f(2)R(z;B)(Lp — Ra)" "' R(z; A)" ™ dz,

with I' = I'(c(A) Uo(B), 12).

Proof. For I' as above, the Riesz—Dunford operational calculus satisfies

f(]) =, /f (2 AJ-HdZ
i

and the theorem follows from Lemma 1.58 by integration. O
Note that ,
J .
i J kpj—k
(Rp—LayT=>_ (k> (—A)FBIF,
k=0
with a similar formula for (Lp — R4)71.

When A, B commute, these formulas reduce to (B — A)7, and the Taylor
formula of the theorem reduces to its “classical” form

noor(d) .
i3y =3 W ay

P

/ f(2)R(z; A)""'R(z; B)dz (B — A",
27m

When f is analytic in a “large” disk, the “Taylor formula” of Theorem 1.59
implies a noncommutative Taylor series expansion:
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Theorem 1.60. Let A be a complex Banach algebra with identity I, and let
A, B € A. Suppose f is a complex function analytic on the closed disk

{z e Gzl <2/ Al + [IBII}-

Then

=0 7t

> f(J)(A)
- Z(LB —RaY LT

=0 J:

with both series converging strongly in A.

Proof. 1t suffices to prove that the remainders L,, and R,, converge strongly
to 0 in A.

Fix r > 2||A||+ || B|| such that C;.(:= the positively oriented circle of radius
r centered at 0) and its interior are contained in the domain of analyticity 2
of f. Clearly o(A) Uo(B) lies in the interior of C,., so we can take I" = C,. in
Theorem 1.59. Let M, := max.cc, |f(z)].

On C,, we have ||R(z; A)|| = || 202, 40| < (r — [|A])~Y, and similarly
for R(z; B). Therefore

rM,

1l 6 apyeese - 1)

I(R5 — La)" 1],

with a similar estimate for R,, (replace the last factor by ||(Lg — Ra)" T 1])).

However,
n+1 n+1 ) )

I(Rs — La)™'1] = Z( ) )(—A)JB”“—J < (Al + |BI)™,
j=0

and similarly for the letters R, L interchanged. Therefore

M, A Bl
< " {I |+l II} 0

r=|BlI L r—IA]
as n — oo, because || A|| + || B]| < 7 — ||A||, and similarly for R,,. O
Taking f(z) = fi(z) := e'* (for t > 0 fixed) in the “Taylor formula” of

Theorem 1.59, we obtain

n .

tI .
=€ty (Rp = LaYl+ Ln, (1)

=0/

with the appropriate expression for the remainder L.
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This is the “noncommutative Taylor formula” we wish to generalize to the
case of strongly continuous semigroups.

For (generally) unbounded operators A, B, we use the (suggestive) nota-
tion

J .
(B— AV = (Rp — LAY T:=)" (]> (—A)*BI~k
k=0 k
with maximal domain

J
D((B - AV = (| D(A*B'™F).
k=0
The dense T(-; A)-invariant core for A consisting of all the C*-vectors for
A (cf. Theorem 1.8) is denoted by D*°(A). The type of T'(-; A) is w(A) (cf.
Section A.3). We can state now

Theorem 1.61. Let A, B be generators of C,-semigroups such that D> (B) C
D>(A). Fiz a > max|w(A),w(B)]. Then forn=10,1,2,... and ¢ > a,

J .
Tt B =Tt A)S. ' (B— AVla+ Lt A, B
=0

VE

for all x € D>*(B) and t > 0, where the “n-th remainder” L,, is given by

1 c+ioco
Lu(t; A By = / e R(z: A" LB — AR (2 By da:
Tt Je—ico

the integral converges strongly in X as a “Cauchy Principal Value” and is
independent of ¢ > a.

Proof. Let Ay and B, be the Hille-Yosida approximations of A and B,
respectively (s,u > a; cf. Lemma 1.16 and paragraph following Corol-
lary 1.18).

We recall that there exists M > 0 and r > a such that

le ] < Me; [P < Me (2)

for all s,u > r and t > 0. In particular, A; and B, have their spectra in the
closed halfplane {z € C; Rz < a}, and

1< M
Rz —

with a similar estimate for R(z; B,,) (for all s,u > 7).
Recall that, in the strong operator topology,

etds S T(t;A) (t>0) (4)

[ R(z; As) (Rz > a), 3)

and
R(z; As) — R(z; A) (Rz > a) (5)
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as s — 00. Also, for all z € D(A),
Asx — Ax (6)

as s — 0o (cf. Lemma 1.16, the proof of Theorem 1.17, and Theorem 1.32).
By (3), it follows from (5) that for all j € N and Rz > a,

R(z; Ay)Y — R(z; A) (7)

in the strong operator topology, as s — co.
By (6), in the strong operator topology,

lim AsR(z; A) = AR(z; A), (8)

for each z € p(A).
By (3) and the definition of Ag,

|AsR(z; A)|| = ||sAR(s; A)R(z; A)|| = s||R(s; A)[AR(z; A)]||
< s R(s; Al ARG A) < 1% | ARGz )] < 20 | AR(; A)|

for all s > a. This uniform boundedness together with (8) imply that for all
m €N,
lim [AsR(z; A)"™ = [AR(z; A)]™ (8

§— 00

in the strong operator topology. Since
D(A™) = R(z; A)"X (m e N;z € p(A)),

writing € D(A™) in the form © = R(z; A)™y for a suitable y € X, we obtain
(since A; commutes with R(z; A)):

ATz = AT R(z; A)My = [AsR(z; A)|™y — [AR(z; A)|"y = A™a.
Thus for all m € N,
lim ATz = A"z (x € D(A™)). (9)

For 0 <k <j,x € D(B’~F), and s > r fixed, it follows from (9) that
(—A)FBI7*y — (—A)FBI7*y
(as u — 00). Therefore

lim (B, — A,)V2 = (B — 4,)Vz (10)

u—00

for all x € D(B?). Hence
lim R(z; A,)" (B, — A)Ve = R(z; A H(B — Az (11)

U—00

for all z € D(B’), Rz > a, s > 7, and j =0,1,....
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If # € D((B — A)l), then for 0 < k < j, B2 € D(AF), and therefore
(9) implies that (—A,)*B/ =%z — (—=A)*BI~Fz as s — oo, hence
lim (B — A,)Vlz = (B — A)llz. (12)

Together with (3) and (7), this implies that
lim R(z; A)™(B — Az = R(z; A)™(B — A)Vlz (13)

for all z € D(B — A)), m € N, and Rz > a.
If v € (_y D((B — A)l7), then surely z € D(B™), and it follows from
(11) and (13 that

lim lim ZR z; A ) TH(B, — Ay) ZR z AP (B - AVl (14)
for Rz > a.

On the other hand, by Lemma 1.58, for all x € X, the left-hand side of
(14) is equal to

R(z; By)x — R(2; Ay)"TH(By — A" R(2; B,)x. (15)

If z € D(B™1)(= R(2; B)™"1X) (for any m € N), then x = R(z; B)™ !
for a suitable y € X, and therefore
BJ'R(z; Bu)r = [ByR(2; B)|[BuR(2; B)|" "y

The operators in the first bracket on the right are equal to zR(z; B,,) — I, and

are therefore uniformly bounded (with respect to u) by 1 + gi‘_z)l (by (3)),
and converge (as u — 00) to zR(z; B) — I = BR(z; B) (by (5)) in the strong
operator topology. The second bracket converges to [BR(z; B)]™ 1y, by (8)
for B. It follows that

B™R(z; B,)x — [BR(z; B)][BR(z; B)]™ !
= B"R(z;B)"y = B"™R(z; B)x

for all z € D(B™~!) and Rz > a.
Therefore, for s > r fixed and € D(B"), the right-hand side of (15),
which is equal to

n+1
1
R(z; By)x — Z (n Z )R(z; A" (—A)PBMFR(2; B, ),
k=0
converges as u — 00 to
R(z; B)z — R(z; A)" T (B — A" UR(z; B)x
(cf. (5)).
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If z € D(B") is such that R(z; B)x € D((B — A)"+1) it follows from
(13) that the last expression converges to

R(z;B)x — R(z; A)"*(B — A)"*UR(z; B)x

as s — 00.
We then conclude from (14) that the following generalization of Lemma 1.58
(first formula) is valid:

Lemma 1. Let A, B be generators of C,-semigroups. Then for Rz >
max [w(A),w(B)],

R(z;B)x =Y R(z Ay (B — Az + R(z; A)"* (B — A)"YUR(z; B)a
Jj=0

for all x € }_y D((B — A)U1) such that R(z; B)z € D((B — A)l"*1) (ie.,
for all x in the maximal domain of the right-hand side).

Assume now that D>°(B) € D*®(A). If 0 < k < j and = € D*(B), then
Bi~ky € D>®(B) C D*®(A) C D(A¥), so that x € D((—A)*B7~*). Hence
z € (Nj—o D((B — ANy for all n. Since also R(z; B)x € D>(B), we have
R(z; B)x € D((B — A)"+1) as well, and the formula in the lemma is valid
for all z € D*>(B).

We need the following generalization of the second formula in
Theorem 1.15.

Lemma 2. Let A generate the C,-semigroup T'(-; A). Then for t > 0, ¢ >
w(A), and 5 =0,1,2,...,

1 c+iT ) tj
lim / e R(z; AY M adz = j'T(t; Az (x € D(A)).

T—00 271 —ir

Proof of Lemma 2. Since R(z; A)JT! = (_jl!)j R(z; A)Y) | we may integrate by
parts j times to show that the integral appearing in the lemma is equal to

jl

j—=1 ,. et i ctiT
k- 1) . ti
[_emE : (J ! ) th(z;A)J_kCC‘| + / etZR(z;A)x dz. (16)
J° s Je—iT
k=0 c—iT

The “integrated part” has norm

j—1
< ety R (|R(c+ i A R + | R(e — im; AYFa).
k=0
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If x € D(A), write x = R(\; A)y for some A with RA > a. Then since j—k > 1,

cH+it — A

My LY,
. —
“(c—a)iFtet+it—A \c—a RA—a

- | )y — R(c+im; A
||R(c+iT;A)J_kx||:HR(c+iT;A)]_k_1R(>\’ Jy = Rletim; )?/H

as 7 — oo, and similarly for ¢ — i7. Therefore the integrated part in (16)
converges to 0 when 7 — oo. By Theorem 1.15, the integral in (16) converges
to 2miT (t; A)x (for x € D(A)), and the lemma follows.

If x € D*(B) and t > 0, we have by Lemma 1

c+iT
/ e R(z; A)"Y(B — A)"UR(2; B)x dz

—iT

c+iT c+iT
:/ e'*R(z; B) xdz—Z/ e R(z; AYTYB — Allzdz. (17)

—4T

However, for x € D*°(B), we surely have z € D(B), so that the first term on
the right-hand side converges to 2miT (t; B)x, by Theorem 1.15 (when 7 — 00).
We observed above that BJ %z € D> (A) for all 0 < k < j, and therefore
(—A)*Bi~Fz € D*(A), and so (B — A)Ulz € D>*(A) c D(A). Hence, by
Lemma 2, the sum on the right-hand side of (17) converges to

2miT (t; A) Z (B — Ay, (18)
:0

This shows that the remainder L,, in Theorem 1.61 converges (as a “Cauchy
Principal Value”), its “value” is independent of ¢ > a, and is equal to

T(t; B) — Z (B — Ay, m
0

D.2 Analytic Families of Semigroups

In the previous section, we considered a semigroup as a function of its
generator. Suppose now that the generator depends analytically (in some
sense) on a complex parameter. We shall prove presently that the correspond-
ing semigroup depends analytically on the parameter (in the usual sense).
Let {2 be a region in C (that is, an open, connected, nonempty subset
of C). For each z € (2, let A(z) be the generator of the C,-semigroup T'(-; z)
on the Banach space X. In general, the constants of exponential growth a
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and M (such that ||T(t;2)|| < M e for all t > 0) depend on z. The following
standing uniformity hypothesis is made:

Uniformity hypothesis. For each compact subset K of {2, there exist constants
a=a(K)>0and M = M(K) > 1 such that

IT(t; )| < M e (1)

forallt>0and z € K.
We shall be concerned with the following “analyticity properties” of the
family of operators {A(z); z € 2}:

Definition 1.62.

1. Generator analyticity: for all x in a common domain D for all A(z)
(z € ), A(-)x is analytic in (2.

2. Resolvent analyticity: for each subregion A CC {2 (i.e., A has compact
closure A contained in §2), the resolvent R(\; A(+)) is analytic in A for
all X > a’ (for some constant a’ = a’(A) > 0).

3. Semigroup analyticity: T (t; A(+)) is analytic in {2 for each t > 0.

We shall clarify the relations between the above analyticity properties.
The following elementary lemma, which is contained implicitly in the proof of
Theorem 1.54, will be used repeatedly.

Lemma 1.63. Let a < b < co. Let {zs(+); s € (a,b)} be a family of X -valued
functions, analytic in 2 and uniformly bounded on compact subsets of (2,
such that xs(-) — x(-) weakly, pointwise in (2, as s — b. Then x(-) is analytic
in §2.

Proof. For each z* € X*, the family of complex analytic functions {z*x(-);
s € (a,b)} is uniformly bounded on compact subsets of 2, and is therefore
normal (cf. [R1, Theorem 14.6]). There exists therefore a sequence {z*x, (-)}
converging uniformly on compact subsets of {2 to a function f analytic in {2
(cf. [R1, Theorem 10.27]). Since a*z4(-) — z*x(-) pointwise in 2 (as s — b),
it follows that z*z(-) = f. Hence x*x(-) is analytic in {2 for each z* € X*,
and therefore z(+) is analytic in 2 by Theorem 3.10.1 in [HP]. O

Theorem 1.64. Semigroup analyticity and resolvent analyticity are equi-
valent.

Proof.

1. Assume semigroup analyticity. Let A CC 2, set K := A, and let a = a(K)
and M = M(K) asin (1). By (1), R(\; A(z)) exists for A > a, and is given
by the absolutely convergent Laplace transform

R(X\; A(2))z = /000 e NT(t; 2)x dt, (2)

forall A >a,z€ A, and x € X.
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For zw e A, A >a,and z € X,
[R(A; A(2))z — R(A; A(w))z|| < / e M (t; 2)x = T(t; w)a| dt. (3)
0

Since T'(t;-) is analytic, hence continuous in {2, the integrand in (3) con-
verges pointwise to zero as z — w. It is also majorized by

oM ||z]| e~ P~V e L0, 00).

By the Dominated Convergence Theorem, it follows that R(A; A(+))x is
continuous in A (for A > a).

If I' is a triangular path lying together with its interior in A, then by
Fubini’s theorem, for all A > @ and = € X,

/F RO\ A(2))adz = /0 Y /F T(t: 2)a dz dt = 0

(by Cauchy’s theorem, since T'(¢;-)z is analytic in £2). By Morera’s theo-
rem, it follows that R(X; A(-))z is analytic in A, for all A > a and = € X.
By Theorem 3.10.1 in [HP], this proves resolvent analyticity of the family
of generators.

2. Assume resolvent analyticity. Let A CC 2, and let a, M be as in (1).
Set B(-) :== A(-) — al. For each z € A, B(z) generates the C,-semigroup
S(t;z) := e~ "T(t;2) (t > 0), which satisfies

[St2)| <M (t20,z€A). (4)
Hence (cf. Theorem 1.17 with a = 0)
AR, B(z)]"| <M (A>0,z€ A, neN). (5)
Fix t > 0 and z € X. The family of X-valued functions
wu(t) = [(n/OR(/t BO)"s (n €N)

is uniformy bounded in A by M ||z|| (by (5)). Since R(X; B(+)) = R(A +
a; A(+)). the functions x,,(+) are analytic in A for all n > ny (for some ng €
N), by the “resolvent analyticity” assumption, and converge pointwise to
S(t; )z (strongly in X), by Theorem 1.36. By Lemma 1.63, it follows that
S(t; )z is analytic in A. Therefore T'(¢; )z = e*S(t;-)x is analytic in A,
for all z € X and ¢ > 0. By Theorem 3.10.1 in [HP], we conclude that
T'(t;-) is analytic in {2 for each ¢t > 0. ad

Definition 1.65. The common domain D of {A(z); z € 2} is resolvent-
invariant if for each compact K C (2, there exists a constant o' = a”(K) >0
such that D is R(\; A(z))-invariant for all A > " and z € K.
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Theorem 1.66.

1. Assume “semigroup analyticity.” Then “generator analyticity” holds iff
A()zx is uniformly bounded on compact subsets of {2, for each x in a
common domain D.

2. Conversely, “generator analyticity” on a dense resolvent-invariant com-
mon domain implies “semigroup analyticity.”

Proof.

1. Since “generator analyticity” implies trivially uniform boundedness of
A(+)z on compact subsets of 2 (for each z € D), we assume “semigroup
analyticity” and the said uniform boundedness, and we prove “generator
analyticity.” Fix x € D and § > 0, and set

z(z) =t T(t;2)z —2] (0<t<0). (6)

Each function z;(-) is analytic in 2. If K C {2 is compact and a, M are
as in (1), then for all z € K,

t t
lze(2)] = 6! / T(s; 2)A(z)z ds| <t / M e® ds | A(z)z]
0 0
< Me™ sup | A(z)al.
zeK

Thus {z:(-); 0 < ¢t < ¢} is uniformly bounded on compact subsets of 2.
Also x4(-) — A(+)z strongly, pointwise in {2, as t — 0+. By Lemma 1.63,
A(")z is analytic in £2.

2. Assume “generator analyticity” on the dense resolvent-invariant common
domain D. Let A CC {2 be a subregion, set K = A, and let a, M be the
corresponding constants as in (1). Fiz z € A, x € D and A > max (a,a”).
Then y := R(\; A(z))x € D, and for all w € A,

R(A; A(2))z — R(A; A(w))z = R(A; A(w))[A(z) — A(w)]y, (7)
hence
IR(X; A(2))x — R(A; A(w))z]| < M(X —a) " A(2)y — A(w)y|| — 0

as w — z, by continuity of the analytic function A(-)y in (2. Thus
R(X\; A(+))x is continuous in A for each € D. Since D is dense in X
and ||[R(A\; A(w))|| < M(A—a)~! for allw € A, it follows that R(\; A())z
is continuous in A for all x € X.

With notation as before, set v := [A(-)y])'(2). For all w € A, w # z, we
have by (7)
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Iz = w) TR A(2))z — RO\ A(w))a] — R(A; A(2))v]|
< RO A(w)) {(2 — w) THA(2)y — A(w)y] — v}
+ RO A(w))v = R(X; A(2))o]].

The first summand above is
<M\ —a) "t |(z—w) ' A(z)y — A(w)y] — [AC)y) (2)[| = O

as w — z, while the second summand — 0 (as w — z), by the continuity of
R(X A()v at z (proved above). Thus R(A; A(+))x is analytic in A for each
x € D and A > @' := max(a, a”).

For z € X arbitrary, we use the density of D to get a sequence {x,} C D
converging strongly to z. Let r = sup,, ||, ||. Then

IR A())anll < Mr(X —a)™!

on A, and for each A > a, the analytic functions R(\; A(:))x,, converge
to R(\; A(+))z strongly, pointwise in A. By Lemma 1.63, it follows that
R(X\; A(+))x is analytic in A for each A > a’. Thus “resolvent analyticity” holds,
and this is equivalent to the desired “semigroup analyticity,” by Theorem 1.64.

O

We consider an application to Theorem 1.66, which has an evident rele-
vance to differential equations.

Let A be the generator of a C,-semigroup T'(+) on the Banach space X . Let
£2 C C be a region, and suppose {B(z); z € £2} is a family of closed operators
in X satisfying the hypothesis

(H1) T(t)X C D(B(z)) for all z € 2 and ¢t > 0).

It follows from (HI) that B(z)T'(-) is a strongly continuous B(X)-valued
function and ||B(2)7T'(+)|| is a measurable function on (0,00) for each fixed
z € §2. (Cf. comments preceding Theorem 1.38.)

Also, if w is the type of T'(+), then for each € > 0, a > w, and z € {2, there
exist a constant M = M (e, a, z) > 1 such that || B(2)T(t)|| < M (e, a,z)e for
all ¢t > € (cf. discussion preceding Theorem 1.38).

In order to control the growth of ||B(2)T(:)|| on the whole ray [0,0c0),
uniformly on {2, we make the following second hypothesis:

(H2) For each compact K C {2, there exist constants a = a(K) > 0 and
M = M(K) > 0, and a positive function h = hyx € L*(0,1), such that

IB()T ()| < Me® (2 € K;t>1)

and
IB(z)T(#)| <h(t) (z€ K;0<t<1).
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For each fixed z € (2, B(z) satisfies the hypothesis of Theorem 1.38. Therefore,
by Lemma 1 following Theorem 1.38,

D(A) C D(B(2)) (z€ ), (8)
and by Theorem 1.38, the operator
A(z) :== A+ B(2), 9)

with domain D := D(A), generates a Cy,-semigroup T'(+; z). Our last hypoth-
esis on the family {B(z); z € 2} is
(H3) B(-)x is analytic in {2 for each z € D.

Theorem 1.67. Let A(-) be defined as in (9), where A and B(-) satisfy
hypotheses (H1)—(HS3). Then “semigroup analyticity” holds for the family of
semigroups {T'(+; z); z € £2} generated by the operators A(z), z € 2.

In particular, the solution u(+; z) of the Abstract Cauchy Problem

ou(t; z)
ot
is analytic in {2 with respect to the parameter z, for each ¢ > 0.

= A2 u(t;z) u(0;2)=z, z€

Proof. Let K C {2, and let a, M, h be the parameters associated with K as in
(H2). For r > a, set

a(ri2) = / T e BT () d. (10)

(The integral makes sense, since the integrand is a positive measurable
function.)

We break the integral into two integrals, over (0,1) and (1,00), respec-
tively. By (H2), we obtain the estimate

1
q(r;2) <Q(r) :== /0 e "t h(t)dt + M (r —a)"te” ("9, (11)

for all z € K and r > a, where Q(r) is clearly independent of z. By the
Dominated Convergence Theorem, Q(r) — 0 when r — oo. We can then fiz
r =r(K) > a such that Q(r) < 1. For this r, ¢(r; z) < 1 for all z € K, and it
follows from the proof of Theorem 1.38 (cf. the estimate for ||S(-)||, which is
IT(-; z)|| in the present notation) that for all z € K

T(t;z)|| < <M 12
T2 | et <M, (12
where
M = M
1-Q(r)

depends only on K (and is necessarily > 1). Thus the uniformity hypothesis
(1) is satisfied by the family of C,-semigroups {T'(; 2); z € 2}.
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The common domain D := D(A) of the operators A(z), z € §2, is dense
in X, as the domain of a C,-semigroup generator (cf. Theorem 1.2). For each

compact K C (2, with notation as above, it follows from Lemma 1 (following
Theorem 1.38) that for all z € K, A >r, and z € X,

1B(2)R(X; A)z|| =

I e—”B<z>T<t>xdtH < () 2]l < Q) ]l

Since Q(r) < 1, this implies that the series
RO 4) 3 [B(2)R(; A)"
n=0

converges in B(X) when A > r, and its sum is equal to R(\; A(z)) (cf. proof
of Lemma 2, following Theorem 1.38). In particular,

R(\; A(2))X € R(A;A)X =D

for all z € K and A > r. This means that D is “resolvent-invariant” (cf.
Definition 1.65). By (H3), A(-)x is clearly analytic in §2 for each z € D. The
conclusion of the theorem follows now from Theorem 1.66, Part 2. O

An important special case of Theorem 1.67 is the following

Corollary. Let A be the generator of a Cy-semigroup T(+), and let B(+) : 2 —
B(X) be analytic in the region 2 C C. Then “semigroup analyticity” holds
for the family of C,-semigroups {T(-;z2); z € 2} generated by the operators
A(z) == A+ B(z), z € 2.

Proof. We need only to verify that (H2) holds in the present case. By Theo-
rem 1.1, there exist constants a > 0 and M; > 1 such that | T(¢)|| < Me®
for all ¢ > 0. For each compact K C (2 and = € X, by continuity of the
analytic function B(-)z on {2, we have sup,cx || B(z)z| < co. Therefore, by
the Uniform Boundedness Theorem,

M5(K) = sup || B(z)]| < o0.
z€K

Hence
IB(z)T(t)]| < MiMa(K)e™ (t=0),
so that (H2) is satisfied. a

We consider now two families of contraction Cy-semigroups {S(-; 2); z € 2}
and {T'(:; 2); z € £2}, where 2 is a region in C. Suppose the generators A(z)
and B(z) of S(-;z) and T'(+; z) respectively satisfy the following conditions for
each z € (2:
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(1) D(A(z)) € D(B(2)); and
(2) there exist constants a(z) € [0,1) and b(z) > 0 such that

1B(2)z|| < a(z) [[A(2)]| + b(2) || =]
for all z € D(A(z)).

For each z € (2, B(z) is dissipative and A(z)-bounded with A(z)-bound < 1
(cf. Theorem 1.26 and Definition 1.28). By Theorem 1.30, it follows that
C(z) := A(z) + B(z) generates a contraction C,-semigroup U(+;z), which
is given explicitly by the Trotter Product Formula (cf. Theorem 1.37):

Ul(t; z) = Um[S(t/n; 2)T(t/n; z)]" (13)
in the strong operator topology.

Corollary 1.68. Suppose “semigroup analyticity” holds for the families
{8(:52); z € 2} and {T(-;2); z € 2} of contraction C,-semigroups, whose
respective generators A(z) and B(z) satisfy Conditions (1) and (2). Then
“semigroup analyticity” holds for the family of contraction C,-semigroups
{U(;2); 2z € 12} generated by the operators C(z) = A(z) + B(z).

Proof. Observe that the product of B(X)-valued analytic functions in (2 is
analytic in (2. Therefore, for each firedt > 0, x € X, and n € N, the function

T () = [S(t/n; )T (t/n;-)]"®
is analytic in {2. We have on (2:
lzn (I < |

and
limax, () =U(t; )z

pointwise, strongly in X (by (13)). By Lemma 1.63 and Theorem 3.10.1 in
[HP], it follows that U(¢;-) is analytic in {2 for each ¢ > 0. ad



E

Large Parameter

In this section, we shall obtain some results on the asymptotic behavior of a
C,-semigroup T'(+). We consider first the simple cases of analytic semigroups
and of semigroup averages. The more delicate study of stability for general
C,-semigroups concludes this section.

E.1 Analytic Semigroups

We begin with the case of an analytic semigroup. Thus, T'(+) is assumed to
have an analytic extension to some sector

Sp:={2€C; |z| >0, |argz| < 6},

where 0 < 0 < 7.
(As before, we use the same notation T'(-) for the extension. Necessarily,
the semigroup property extends to the sector, i.e.,

Tz+w)=T)T(w) (z,we Sy).

The extension is assumed to be strongly continuous at 0, and is also referred
to as an “analytic semigroup.”)

Let A be the generator of T'(-), and let D*°(A) be its space of C'*°-vectors.
By Theorem 1.8 and its proof,

D>(A) = (] D(A™). (1)

The subspace D>°(A) is dense and T'(z)-invariant for all z € Sy, and for all
n €N,
T()a]™ = AMT()a = T() A" 2)

on Sp. (The extension to complex variable is straightforward.)
S. Kantorovitz, Topics in Operator Semigroups, 87
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Theorem 1.69. Let T'(-) be a C,-semigroup, analytic in a sector Sy, such
that || T(-)|| is bounded in every proper subsector. Let A be its generator, and
0 < o < 6. Denote

M = M(«) :=sup{||T(2)|l; |z| > 0, |arg z| < (o + 0)/2},
and
§ =0(a) :=sin((0 — a)/2).
Then

n!

M
AT (2)x]| < ]| 3)
GEDE
for alln € N, x € D*®(A), and z € S,.

Proof. Fix n € N, z = ae’® € S, and z € D®(A). Let I" be the positively
oriented circle centered at z with radius da. By the choice of ¢, the circle I’
and its interior are contained in the set

{w e C; |w| >0, |[argw| < (a+0)/2} C Se.
By (2) and Cauchy’s formula for the n-th derivative of the analytic function
T()l‘ in Se,
! T
AT (g = " / ( (W ()
r

- 2mi w—z)n
The integrand in (4) has norm < M ||z||/(da)"*! for all w € I', and (3) follows
then from (4). a

Corollary 1.70. Let T(-) be as in Theorem 1.69. Then (with notation as in
the theorem,)
IzAT (2)|| < M/b ()

for all z € S,.

Proof. For each z € S, (0 < a < 6), the operator AT(z) is in B(X). Since
D>(A) is dense in X, (5) follows from the case n =1 in Theorem 1.69. O

The concept of an analytic vector will play a role in Section C of Part II.
An analytic vector for the arbitrary operator A is a vector € D>®(A) :=
,, D(A™) such that

Do/l Ae]| < oo (6)

n

for some ¢t > 0. An immediate consequence of Theorem 1.69 is the following
Corollary 1.71. Let T'(-) be as in Theorem 1.69, and let
D :={T(z)x;z € Sp, x € D*(A)}.

Then D is a set of analytic vectors for A.
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Proof. Let z € Sy. Choose 0 < a < # such that z € S,, and let M and § be
associated with « as in Theorem 1.69. Pick 0 < ¢ < §|z|. For all x € D> (A)
and n € N, we have by (3)

(" /n))[[AMT (z)z|| < M [l (¢/6]2])",
which clearly implies that T'(z)x is an analytic vector for A. ad

Corollary 1.72. Let T(-) be as in Theorem 1.69. Then its generator A has a
dense set of analytic vectors.

Proof. Let ¢ > 0 and y € X. Since D*(A) is dense in X (cf. Theorem 1.8),
there exists € D> (A) such that ||y — z|| < €/2. By the C,-property of T'(-),
there exists h > 0 such that ||z — T'(h)z|| < €¢/2. Then ||y — T'(h)z|| < ¢, and
T'(h)x is an analytic vector for A, by Corollary 1.71. O

Corollary 1.73. Let T(-) be as in Theorem 1.69. Then the following state-
ments are equivalent:

1. x € range(A).

2. T(z)x — 0 strongly as z — oo within any proper subsector of Se.

3. There exists a sequence {z} diverging to oo within a proper subsector of
So, such that T'(zp)x — 0 weakly.

Proof. Since 2 implies 3 trivially, we need only to prove that 1 implies 2 and
3 implies 1.

1 implies 2. Let € > 0, 0 < a < 0, and = € range(A). Let then y € D(A)
be such that ||z — Ay|| < ¢/(2M). With notation as in Theorem 1.69, for all
z € S, such that |z| > (2M ||y||)/(d¢), we have

1T (2)z]|

IN

1T () Ayl + 1T (2)] [l — Ay

M |yl

2 < e
S +e/ €

so that 2 holds.

3 implies 1. Suppose 3 holds for some x ¢ range(A). By the Hahn—Banach
theorem, there exists then #* € X* such that 2*z = 1 and 2*(Ay) = 0 for all
y € D(A). Since T'(2)X C D(A) for all z € S,,

d

dzx*T(z)x =2"AT(z)x =0 (z € Sa).

Hence
2T =2"T0)x=z"z=1 (z€8,).

This contradicts 3. O
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Corollary 1.74. Let T(-) be as in Theorem 1.69. Then the following state-
ments are equivalent:

1. A has dense range.

2.T(z) — 0 in the strong operator topology, as z — oo within any proper
subsector of Sp.

3. There exists a sequence {zy} diverging to oo within some proper subsector
of Sp, such that T(zy) — 0 in the weak operator topology.

Statement 2 (with z — oo on the real axis) is usually referred to as stability
of the semigroup. Statement 1 is equivalent to the spectral condition 0 ¢
Po(A)URo(A), where Po(A) and Ro(A) denote the point spectrum and the
residual spectrum of A, respectively.

E.2 Resolvent Iterates

Let A be any (generally unbounded) operator with nonempty resolvent set

p(A). Tt follows from the resolvent equation (cf. Theorem 1.11) and induction
that (1)
—1)n—

A A" = R(\; A)tn—Y) N). 1

Roway = U R ey 1)

In case A is the generator of a C,-semigroup 7'(-), and a, M are such that

IT(t)]| < M e (cf. Theorem 1.1), it follows from the Laplace integral repre-

sentation of the resolvent (cf. Theorem 1.15) and (1) that

[[(RA—a) R A" < M (RA>a;n €N). (2)

(Conversely, if (2) holds, then A is necessarily closed since its resolvent set is
nonempty (by (2)), and therefore, in case A is densely defined, it generates a
C,-semigroup T'(-) such that || T(t)|| < M e, by Theorem 1.17.)

Motivated by the concept of an “abstract potential” (cf. paragraph
following Theorem 1.15), we consider an arbitrary operator A whose resol-
vent exists and satisfies the growth condition

[(RA —a) R(X; A)|| < M 3)

in a halfplane
II, :={\ € C; R\ > a}.

The following result gives the asymptotic behavior of the resolvent iterates
that replaces (2) in this more general situation.

Theorem 1.75. Let A be a (generally unbounded) operator satisfying (3) in
the halfplane II,. Then

I[(RA = a) R(A; A)]"|| < Men (4)
for allm € N and X\ € I1,.
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Proof. Fix n € Ny n > 2, and A € II,. For any t € (0,1), let I} denote the
positively oriented circle with center A and radius r = ¢(R\ — a). Clearly
I'; and its interior are contained in I1,. Since R(-; A) is analytic in I1,, the
Cauchy formula for the derivatives of analytic functions and (1) imply that

Rmszch_L;i%ﬁiw. (5)

For p € I}, we have
Ru—a>RN\—r—a=(1-1t)(R\—a),
and therefore by (3)

HR@,@ M M
(=)

S Rp—a)yrm = (RA— a)yrHi(1— tyn”

Since I} has length 27t(RA — a), it follows from (5) that

M

I @) RO AN <

(6)

The left-hand side of (6) being independent of ¢, we may choose ¢ € (0,1)
such that the right-hand side of (6) is minimal. The absolute maximum of
(1 — t)t"~1 in the interval [0,1] is attained at ¢t = 1 — (1/n). This choice of ¢
gives the estimate

Mn

[ = (1/n)=t

and (4) follows then from the elementary inequality

I(RA — a) R(A; A" <

[1—(1/n)]"'>1/e (2<neN). O
A “disk analog” of Theorem 1.75 is the following

Theorem 1.76. Let A be a (generally unbounded) operator whose resolvent
exists and satisfies the estimate

[(1—=12]) R(z; A)| < M (7)
for all z in the (open) unit disk (2. Then
(X = [2]) R(z; A)]"|| < Men (®)

for all z € 2 and n € N.



92 E. Large Parameter

Proof. Fixn € Ny;n > 2,z € 2,and t € (0,1). The (positively oriented) circle
I'; with center at z and radius ¢(1 — |z|) and its interior are contained in (2.
Hence (cf. (5))

n __ (_1)n—1
T om

R(z; A) /F (¢ = 2" R(G; A) dC.

For ¢ € I, |R(G; A)| < M/(1 = [¢]) by (7), and
T=[¢l = 1=z + (1 = |z)] = (1 =) (1 = [2]).

Therefore
n M

As in the preceding proof, we choose t = 1 — (1/n) in order to minimize the
right-hand side of the last inequality, hence getting the estimate

Mn/[1 - (1/n)]" ",
which is smaller than Men. O

In some special situations, the O(n) estimate of Theorem 1.76 can be
improved to a O(1) estimate. For example, we have

Theorem 1.77. Let A be a contraction on the Hilbert space X, whose resol-
vent exists and satisfies (7) in 2. Then

11 = |2]) B(z A"l = O(1) - (2] # 1; n € N).

Proof. By a theorem of Gohberg and Krein (cf. [N1, p. 20]), the hypothesis
of Theorem 1.77 implies that A is similar to a unitary operator U, that is,
A = Q7'UQ for a suitable nonsingular operator @ € B(X). Let E be the
resolution of the identity for U. Then for |z| # 1

rar=a [ P o

where I" denotes the unit circle.
Since |z — ¢| > |1 — |z]| for ¢ € I', it follows that

1L = [2) Rz A" < QIR
for all z, |2| # 1, and n € N. a

Theorem 1.76 is valid in the analogous version in which both the hypothesis
and the conclusion relate to the domain 2’ := {z € C; |z| > 1}. The proof
is identical. In particular, if A is a bounded operator on the Banach space
X with spectrum in 2 such that ||(Jz] — 1) R(z; A)|| < M for |z|] > 1, then
|R(z; A)"|| < Men/(|]z]—1)" for alln € Nand z € (2. Suppose f is a function
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analytic with modulus < K in the disk |z| < R, for some R > 1. Since o(A)
is contained in the closed unit disk, the operators f(")(A) are well-defined by
means of the Riesz—Dunford analytic operational calculus. For any 1 < r < R,
we have the formula (cf. [DS I-III, p. 591])

n!

£ () = /_ﬂmwmwwa (9)

2
Using the preceding estimate on the resolvent iterates, we obtain
™ (A)]] < MKe(n + 1)lr/(r — 1)"

Since the left-hand side does not depend on r (as long as 1 < r < R), and
the right-hand side decreases with r, we obtain the best estimate of the above
type by letting » — R—, whence

(n+1)R

(n)
7 < MEe g

(n € N). (10)

These are Cauchy-type estimates for the operational calculus. Formally

Corollary 1.78. Let A be a bounded operator in the Banach space X with
spectrum in the closed unit disk, such that

Izl = DR(z A < M (|z] > 1).

Let f be analytic with |f| < K in the disk |z] < R (where R > 1). Then the
“Cauchy estimates” (10) are valid.

Ezample 1.79. Let X be the Lebesgue space LP(0,1) for any p, 1 < p < oo,
or the space of continuous functions C([0,1]). Let S be the multiplication
operator S : h(t) — th(t), and let V be the classical Volterra operator V :
h(t) — fot h(s)ds. The spectrum of S is the interval [0,1], and [S,V] =
SV — VS = V2. By Corollary 5.23 in [K4], o(S + V) = o(S) = [0,1]. Fix
¢ > 1 and define

A=icl +5S+V.

Then o(A) = ic+ [0, 1], and therefore 2 C p(A). By Corollary 5.21(c) in [K4]
with f(¢) = (z —ic — ¢)™", we have for z ¢ [0,1] + ic

R(z;A)" = R(z —ic; S+ V)" = f(S+V) = f(S)+ f(S)V
= R(z —ic; S)" +nR(z —ic; S)" V. (11)

Clearly
R(z—ic; S)" : h(t) — (z —ic—t)""h(t) (t€[0,1]). (12)

For z € 2 and ¢t € [0,1], we have

|z —ic—t| > |t +ic] —|z| > 1 — |7]
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(since ¢ > 1), and also
|z —ic—t| >c—|z]| >c—1.

Therefore, by (11) and (12),

It Ayl < ==y 142

for all z € 2 and n € N. Thus A satisfies (7) with M =1+ ||[V|/(c— 1), and
since 1 +n||V||/(c — 1) < Mn, we have the estimates (8) of Theorem 1.76
with the factor e omitted. It is not known if the factor e in (8) is sharp (or
if the O(n) estimate of (8) is best possible in general under the hypothesis of
the theorem).

E.3 Mean Stability

Returning to the asymptotic behavior of general C,-semigroups, it turns out
that “averaging” greatly simplifies the situation.

Notation 1.80. Given a set of conditions {1,2,...}, W(1,2,...) denotes the
set of all functions h(t,s) on 0 < s <t < oo satisfying these conditions.

The following conditions will be mainly considered.

1. For all ¢t > 0, h(t,-) > 0 is monotonic on (0, t].

2. K :=sup;- fot h(t,s)ds < oco.

3. limy_oo h(t,) = 0.

4. There exists 6 > 0 such that lim;_, o f05 h(t,s)ds = 0.
5. liminf,_o [ A(t,s)ds > 0.

Conditions 1, 3, and 4 together imply that

lim h(t,7) =0 (7 >9). (1)

t—o0

Indeed, if some ¢ > 7 > § is such that h(t,-) is nondecreasing (resp.,
nonincreasing), then 0 < h(t,7) < h(t,t) (resp., 0 < h(t,7) < h(t,0) <
51t f(f h(t, s)ds), and therefore (1) follows from Conditions 3 and 4.

Such “weight functions” arise for example from monotonic one-variable
functions f : (0,1] — [0, 00) such that

0</0 f(u)du:= ¢ < 00, (2)

by taking
h(t,s) ==t f(s/t) (0<s<t). (3)
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Such a weight function h satisfies Conditions 1-5, and even the stronger Condi-
tion 2’ below instead of Conditions 2 and 5:

2'. For all t > 0, f(f h(t,s)ds = ¢, where ¢ is a positive finite constant.

For example, if we choose f(u) = fuP~! with 8 > 0, the induced weight
functions are the classical “kernels” h(t,s) = (3/t%)s”~! of fractional integra-
tion.

Notation 1.81. Let F : [0,00) — B(X) be a bounded strongly continuous
function. If h € W(1,2), set

(Wl F)a ::/Oth(t,s)F(s)xds (t>0,zeX).

If M :=sup ||F(-)||, the norm of the integrand above is < M ||z|| h(t, s), and
it follows from Conditions 1 and 2 that the integral makes sense and defines
bounded operators WthF with norm < MK for all t > 0.

Definition 1.82. Let F be as in Notation 1.81. We say that F is stable
(W' -mean stable for some h € W(1,2)) if limy_o0 F(t) =0 (lim_oo WIF =
0, respectively) in the strong operator topology (s.o.t.).

Proposition 1.83. Let h € W(1,2,4). Then stability implies W"-mean sta-
bility (for any F as in 1.81).

Proof. Let F (as in Notation 1.81) be stable, and let h € W(1,2,4). If ¢ is as
in Condition 4 for h, § < 7 < t, and z € X, we write

8 T t
Lol
0 6 T
Given € > 0, we may fix 7 > ¢ such that K ||F(s)z| < € for s > 7 (by the
stability of F'). Then the third integral has norm < € for all ¢ > 7. The first

integral has norm < M ||| f(f h(t,s)ds — 0 (as t — o0) by Condition 4.
Finally, since h(t,-) is monotonic in (0, ¢}, the middle integral has norm

(WlHF)z = h(t,s)F(s)x ds.

< M ||z||(t — §) max[h(t,T), h(t,0)] — 0
as t — oo, by (1). a

Theorem 1.84. Let T'(-) be a bounded C,-semigroup, and let A be its genera-
tor. Then the following statements are equivalent:

1. A has dense range.

2. T(+) is W"-mean stable for all weight functions h € W(1,2,3,4).

3. For some weight function hg € W(1,2,5) and some positive sequence {t,,}
diverging to oo, lim,, WtZ"T(-) =0 in the weak operator topology (w.o.t.).
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The theorem follows immediately from the following

Theorem 1.85. Let T'(-) be a bounded C,-semigroup, and let A be its genera-
tor. Then the following statements are equivalent for any given vector x € X:

1. x € range A.

2. limy—, oo [WPT(\)]z = 0 strongly for all h € W(1,2,3,4).

3. lim, [W°T(-)]x = 0 weakly for some hg € W(1,2,5) and some positive
sequence {t,} diverging to co.

Proof. Since 2 implies 3 trivially (because W(1,2,3,4,5) # ), we need only
to prove that 1 implies 2 and 3 implies 1.

1 implies 2. Since |W}T(-)|| < MK (where M := sup||T(")||) for all t > 0
and h € W(1,2), it follows from 1 that it suffices to prove the relation

Jim [T ()] Ay = 0 @

for all y € D(A).
With § as in Condition 4 on h and t > §, write

Ll

9
HJ1||SMHAyH/ h(t, 5) ds. -
0

(WhT ()] Ay = h(t,s)T(s)Ayds = Jy + Jo.

‘We have

Since T'(-)Ay = [T'(-)y]’ for y € D(A), an integration by parts shows that

Jo = h(t, )T (t)y — h(t,0)T(6)y — /5 T(s)ydsh(t,s). (6)

By the monotonicity assumption on h (cf. Condition 1), the Stieltjes integral
in (6) exists and has norm < M ||y|||h(t,t) — h(t,0)|. Therefore, by (5) and

(6),
5
|WET() Ayl < M || Ay] / W, ) ds + 2M [ly]| [h(t,1) + h(t,5)] — 0

as t — oo, by Conditions 3 and 4 on h and (1).

3 implies 1. Assume Statement 3 is valid for some hg and some sequence {t,}
as described, and for some z ¢ range A. By the Hahn—-Banach theorem, there
exists x* € X* such that 2*(Ay) =0 for all y € D(A) and xz*z = 1. Hence for
all y € D(A) and ¢ > 0,

d

*T(t)yy =« AT =
Ty = 2" AT(t)y =0,
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and therefore
2T (-)y = const. = 2" T(0)y = ™y.

Consequently, for all y € D(A) and ¢ > 0,

FIWRTO)ly = (&) / holt, s) ds. (7)

Since D(A) is dense in X, it follows by continuity that (7) is valid for all y € X
and ¢t > 0. Taking y = « and t = t,, in (7), and letting n — oo, we conclude
from Statement 3 that lim,, fg" ho(tn, s)ds = 0, contradicting Condition 5
on ho. O

Remarks 1.86.

1. Statement 1 in Theorem 1.84 may be formulated as the spectral condition
0¢ Po(A)U Ro(A).

2. By Theorem 1.84, for any weight function h € W(1,2,3,4,5), the concept
of W"-mean stability of a bounded C,-semigroup (defined originally with
respect to the strong operator topology) is the same with respect to the
s.o.t. and with respect to the w.o.t.

3. The change of variables u = ¢t — s yields analogous results for “weight
functions” h(t, s) defined for 0 < s < t < oo (that is, undefined for s = t),
satisfying the corresponding “shifted” conditions. This would apply for
example to the usual fractional integrals of T'(+).

The mean operators W" are of “Cesaro type.” We may also consider mean
operators that generalize Abel or Gauss means. The weight functions h :
(0,00)% — [0, 00) are required to satisfy some of the following conditions:

(a) For each t > 0, h(t,-) is nonincreasing.

(b) K :=sup,~q [ h(t,s)ds < cc.

(¢) There exists § > 0 such that lim; f05 h(t,s)ds = 0.
(d) liminf; o0 [;° h(t,s)ds > 0.

The class of weight functions h satisfying Conditions (a),(b), etc. will be
denoted A(a,b,...).
Let h € A(a,c). If § is as in Condition (c), then for all v > ¢

lim h(t,v) = 0 (8)

t—o0

because

5
0 < h(t,v) < h(t,8) < 5—1/ h(t,s)ds — 0
0

as t — oo.
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As before, examples of weight functions h € A(a,b,c,d) are induced
by one-variable nonincreasing functions f : [0,00) — [0,00), by taking
h(t,s) = (1/t)f(s/t). Thus, if f(u) = e~ or f(u) = (2/y/7)e ", we get
the classical Abel and Gauss summability kernels, h(t,s) = (1/t)e=*/* and
h(t, s) = (2/ty/m) e~ (/D7 respectively. Weight functions induced in this man-
ner satisfy even the Condition (b’) below, which is stronger than Conditions
(b) and (d) together:

(b') For all t > 0, [ h(t,s)ds = ¢, where ¢ > 0 denotes a constant.

Let F : [0,00) — B(X) be a bounded strongly continuous function. If h €
A(a,b), the A"-means of F are the well-defined bounded operators given by

(APF)z = /000 h(t,s)F(s)xds (ze€ X;t>0).

By Conditions (a) and (b), ||[APF|| < MK for all t > 0, where M := sup || F||.
We say that F is A"-mean stable if lim;_., A"F = 0 in the strong operator
topology. The analogues of Theorems 1.84 and 1.85 are stated below.

Theorem 1.87. Let T(+) be a bounded C,-semigroup, and let A be its gene-
rator. Then the following statements are equivalent:

1. range A is dense in X.

2. T(-) is A"-mean stable for all h € A(a,b,c).

3. For some weight function hg € A(a,b,d) and for some positive sequence
{tn} diverging to oo, lim,, AZ?T() =0 in the w.o.L.

Theorem 1.88. Let T(-) be a bounded C,-semigroup, and let A be its gene-
rator. Then the following statements are equivalent for a given vector x € X :

1. z € range A.

2. limy oo [ART(\)]z = 0 strongly for all h € A(a,b,c).

3. lim, [A?:T()}x = 0 weakly for some weight function hy € A(a,b,d) and
for some positive sequence {t,} diverging to co.

Proof. Since Theorem 1.88 implies Theorem 1.87, and Statement 3 implies
Statement 1 in Theorem 1.88 in the same manner as in Theorem 1.85 (with
the means A" replacing the means W"), it suffices to prove that 1 implies 2
in Theorem 1.88. As before, this will be achieved by showing that

lim [APT()] Ay =0 (y € D(A)) 0
for all h € A(a,b,c).
Given h € A(a,b,c), y € D(A), and ¢ as in Condition (c), we write

0 d
[APT()] Ay = /0 Wt )T () Ayds + lim [ b(e,s) ) [T(s)lds. (10)

v—00 Js S
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The first summand on the right-hand side has norm

)
< M || Ay / h(t, s) ds.
0

For v > §, the integral over [d,v] in (10) can be written as

o) T (0)y ~ DT @y~ [ T(s)ydeht.s). ()
5
Since h(t,-) is nonincreasing, the norm of (11) is

< M |lyll[p(t, v) + h(t6) + (h(t,8) — h(t, v))]]
< 2M |[y[| n(t, 6).

We then conclude from (10) and (11) that
5
IAYT ()] Ay|| < M || Ay / h(t,s)ds +2M [|ly|| h(t,5) — 0
0

as t — oo, by Condition (c) and (8). O

Let T'(-) and S(-) be bounded C,-semigroups on the Banach space X, and
let A and —B be their respective generators. We consider the operator A on
B(X) defined by

AV = AV - VB

with the domain
D(A):={V e B(X); VD(B) c D(4), AV e B(D(B),X)}. (12)

Since D(B) is dense in X, it follows from (12) that if V € D(A), then AV
extends uniquely as an operator in B(X) (also denoted by AV).
Set
Gt)V =T@)VS(t) (t>0,V e B(X)). (13)

Clearly, G(-) is a semigroup of operators on B(X) such that G(-)V is
continuous in the s.o.t. for each V € B(X). G(-) is called the tensor product of
the given semigroups (cf. [Fre]). A minor modification of the preceding proofs
yields the following result.

Theorem 1.89. Let T(-) and S(-) be bounded C,-semigroups, and let A
and —B be their respective generators. Let Z belong to the B(X)-closure
of range A. Then T(-)ZS(-) is W'-mean stable (A"-mean stable) for all
heW(1,2,3,4) (h € A(a,b,c), respectively).
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Proof. Since |[W"[T()ZS(")]|| < M1 MK || Z|| (where M; and My are bounds
for |T(+)|| and ||S(-)||, respectively), and similarly for the A" means, it suffices
to consider Z in the range of A, say Z = AV with V' € D(A). By Proposition 5
in [Fre], G(-)V is then differentiable in the s.o.t. on [0,00), and its s.o.t.-
derivative is equal to G(-)Z (= T'(-)ZS(+)). The integration by parts argument
in the proofs of Theorems 1.85 and 1.88 yields the result for the W"-means
and the A"-means, respectively. O

Corollary 1.90. Let S(-) and T'(-) be bounded C,-semigroups, and let —B
and B + C' be their respective generators, where C € B(X). Then T'(-)CS(-)
is Wh-mean (A"-mean) stable for all h € W(1,2,3,4) (h € A(a,b,c), respec-
tively).

Proof. Since C € B(X), it follows that I € D(A), and we may take Z :=
Al = (B+C)— B = C in Theorem 1.89. O

Discrete analogs of Theorems 1.85 and 1.88 can be formulated for power
bounded operators, that is, operators T such that

M = sup | T"| < oo. (14)
neN

Notation 1.91. T(1,2,...) denotes the set of all infinite triangular matrices
W = (wnk)1<k<n<oo With the following properties:

1. For each n € N, wy,; > 0 is monotonic with respect to k, k=1,...,n.
2. K :=sup,,cy ¢n (W) < 00, where ¢,(W) 1= >"7'_ | wnp.
3. lim,, wy,1 = lim,, w,, = 0.

4. liminf,, ¢, (W) > 0.

For example, if f : (0,1] — [0,00) is a monotonic function such that
tf(t) — 0 ast — 0+ and fol f(t)dt := ¢ # 0, then the matrix with the entries
wpk = (1/n)f(k/n) (1 <k <n < oo) satisfies Conditions 1-4, and even the
following Condition 2’ (stronger than 2 and 4 together):

2'. lim,, ¢, (W) :=c #£ 0.

¢

The W-means of the power sequence {7} with respect to the “weight

matrix” W € T(---) are defined by
Wa(T) = > wuT*  (n€N).
k=1

The operator T is W-mean stable if W,,(T) — 0 in the s.o.t. The discrete
analogs of Theorems 1.84 and 1.85 are given below.

Theorem 1.92. Let T € B(X) be power bounded. Then the following state-
ments are equivalent for a vector x € X:
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(a) z € range(I = T).

(b) For all W € T (1,

(c) For some W € T
weakly.

Theorem 1.93. Let T € B(X) be power bounded. Then the following state-
ments are equivalent:

2,3), lim, W,,(T)x = 0 strongly.
(1,2,4) and some subsequence {ny}, lim, W, (T)xz =0

(a) I — T has dense range.
(b) T is W-mean stable for all W € T(1,2,3). .
(¢c) For some W € T(1,2,4) and some subsequence {ny}, limy W, (T) = 0
in the w.o.t.
Since Theorem 1.93 clearly follows from Theorem 1.92, the latter is proved
below.
Proof. Since (b) implies (c¢) trivially (because 7 (1,2,3,4) # 0), we need to
prove that (a) implies (b) and (c¢) implies (a).
(a) implies (b). Let W € T(1,2,3) and M := sup,, |T*||. Since |W,,(T)| <
MK for all n € N (by Condition 2), it suffices to prove that
lim, (W, (T)](I —T)y =0 for all y € X.
For n > 2, we have by Abel’s summation formula

W (T)(I —T) = Zn: Wi (TH — THHY)

n
= w11 — wnnTn+l + E (wnk — wnyk_l)Tk.
k+2

By the monotonicity assumption in Condition 1,

n

Z(...)

n
S MZ |wnk - wn,k—1|
k=2

=M Z(wnk - wn,k—l)
k=2

:M\wm — Wn1]|.

Hence
[W(T)(I = T)|| < 2M (wn1 + wnn) — 0
as n — 00, by Condition 3.
(¢) implies (a). Suppose (c¢) holds for the given vector z, but « ¢ range (I —T).
By the Hahn-Banach theorem, there exists #* € X* such that 2*z = 1 and

z*(I —T)y = 0 for all y € X. Then T*z* = z*, and therefore, for any
(triangular) matrix W,

W, (T)*x* = c,(W)z* (n €N).
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Consequently
W (Tx = (W (D] 2" )z = ¢, (W)x*x = ¢, (W).

Taking W = W and n = ny as in (c), we get ¢,, (W) — 0 as k — oo,
contradicting Condition 4. O

For discrete analogues of Theorems 1.87 and 1.88, we consider infinite square
matrices A = (ank)n ken With some of the following properties:

1. For each n € N, 0 < a,; is monotonic with respect to k& € N, and
limk Ank = 0.

2. sup, ¢,(A) = K < oo, where ¢, (A) := > 10| ank-

3. lim, a,; = 0.

4. liminf, ¢, (A) > 0.

For example, if f : (0,00) — [0,00) is a nonincreasing function such that
f(00) =0, tf(t)— 0ast— 04, and [;° f(t)dt = c+# 0, the matrix A with
entries anr = (1/n)f(k/n) satisfies Conditions 14, and even the following
Condition 2’ (stronger than Conditions 2 and 4 together):

2'. Ilim,, ¢, (A) = ¢ # 0.
The classical Abel and Gauss matriges are induced as above from the functions
f(u)=e"and f(u) = (2/y/m)e™ ™", respectively.

In the present context, M(1,2,...) will denote the set of all infinite square
matrices A = (an) satisfying Conditions 1,2,.... If T € B(X) is power

bounded and A € M(1,2), the A-means A, (T) are the well-defined bounded
operators

An(T) =Y amT* (n€N),
k=1

where the series converges in operator-norm, and || A, (T)|| < MK (with M :=
supy, [|T%])). We say that T is A-mean stable if A, (T) — 0 in the s.o.t.

Theorem 1.94. Let T € B(X) be power bounded. Then the following state-
ments are equivalent:

(a) I — T has dense range.

(b) T is A-mean stable for all A € M(1,2,3). 5

(¢c) For some A € M(1,2,4) and some subsequence {ny}, limy Ay, (T) =0 in
the w.o.t.

Theorem 1.95. Let T € B(X) be power bounded. Then the following state-
ments are equivalent for a given vector x € X :

(a) z € range (I —T).
(b) strong — lim,,[A,,(T)]z = 0 for all A € M(1,2,3).
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(c) For some A € M(1,2,4) and some subsequence {ny}, limg[A, (T)]z =0
weakly.
Clearly, Theorem 1.94 follows from Theorem 1.95, whose proof is given
below.
Proof. (a) implies (b). Since ||A,(T)|] < MK for all n € N, it suffices to
prove that lim,, A, (T)(I —T) = 0. For n > 2, Abel’s summation formula and
Conditions 1 and 3 give

|AW(T)I = T)| = ||amT + > (ank — ang—1)T"
k=2
< Many +M Y |ank = an k1]
k=2
=Man + M Z(ank — an,k_l) =2Ma,; — 0
k=2
as n — oQ.

(¢c) implies (a). The argument in the proof of Theorem 1.92 is valid in the
present case. o

E.4 The Asymptotic Space

We turn now to the stability problem for general C\,-semigroups
(cf. Corollary 1.74 for holomorphic semigroups and Definition 1.82). By the
Uniform Boundedness Theorem, the stability of the C,-semigroup 7T'(+) implies
the boundedness of || T(-)||; it suffices therefore to consider the stability
problem for bounded semigroups.

We begin with the special case of a contraction C,-semigroup T'(-), that
is, |T(-)]| < 1. (The general case will be easily reduced to this special case.)

We first construct the so-called asymptotic space of a given C\y-semigroup
of contractions T'(-).

If t > s >0, then for all z € X,

[T ()| = 1Tt — s)T(s)z|| < 1Tt = )| | T(s)zl]| < [T (s)]l,
that is, ||T'(-)z|| is nonincreasing, and therefore
3 lim [ T(E)e]] = |al.. (1)
Clearly |- |, is a seminorm on X, majorized by the given norm; we call it the

asymptotic seminorm (with respect to T'(+)). The kernel K of the seminorm is
a (closed) subspace of X. Let 7 : X — X/K be the quotient map, and define

7zl = |zl (z € X). (2)
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Then || - |4 is a well-defined (i.e., independent on coset representatives) norm
on X/K. We let Y denote the completion of the normed space (X/K, | - ||4)-
The Banach space Y will be called the asymptotic space of T'(-); its norm, also
denoted by || - ||4, is the asymptotic norm (with respect to T'(+)). By definition,
Y # {0} iff the semigroup T'(-) is not stable. This will be our standing
hypothesis in the following leasurely discussion.

The semigroup T'(-) induces a function U(-) on Y in the usual way. First,
“define” U(-) on X/K by

Ut)(mz) :=xT(t)x (re X;t>0). (3)
Then by (1)—(3), for each ¢t > 0 and z € X,
U@ (7)o = [[7T (t)z]la = T (t)z]a
— lim [T(s)T ()] = lim [T(wa] = |zl = o]l
Hence U(t) is a well-defined isometry on X/K, and extends therefore
(uniquely) as an isometry on the completion Y (same notation). Clearly, U(+)

is a semigroup of operators on Y. Given z € X and € > 0, let 6 > 0 be such
that | T(t)x — x| < € for 0 < ¢ < §. Then for such ¢,

1U(t) me = 7lla = [[7[T(t)z = 2llla = [T(t)z - 2[a
ST —zf| <

and the C,-property for U(-) on Y follows. Denote by A, B the generators of
the C,-semigroups T'(-) and U(-) on X and Y (respectively).

Lemma 1.96. Let T(-) be a C,-semigroup of contractions on the Banach
space X, and let U(-) be the induced C,-semigroup of isometries on the
asymptotic space Y of T(-). Let A, B be the generators of T(-), U(-), respec-
tively. Then wD(A) is a dense subspace of [D(B)] (where [D(B)] denotes the
Banach space D(B) with the B-graph norm ||yl == |lylla + ||Bylls), and
B(rz) = n(Ax) for all x € D(A).

Proof. Since | T(:)|| <1 =|U(-)|, the (open) right halfplane C¥ is contained
in the resolvent sets of both A and B. For any A € CT,

R(\;B)mx =7R(M A)x  (x € X), (4)

where R(\; A) and R(\; B) are the resolvent operators for A and B on the
respective spaces X and Y. Indeed, by the Laplace integral representation of
the resolvents (in the respective spaces) and the fact that 7 : X — (X/K,
Il - ||«) is norm-decreasing:

R(\; B)mx = / e MU (t) ma dt
0

= / e MrT () dt = 7r/ e MT () dt = TR()\; A)x.
0 0
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(The validity of (4) is extended to all A € p(A) in the next lemma.) It follows
from (4) that
nD(A) C D(B). (5)

Indeed, for any fixed A € CT, we have by (4)
7D(A) = 7R\, A)X = R(\; B)nX C R(A\; B)Y = D(B).
If x € D(A) (so that mz € D(B), by (5)), we have
Brx = rmAx. (6)

To see this, write z = R()\; A)z for any (fixed) A € C* and the (unique)
associated z € X. Then by (4)

Brx =BrR(\;A)z = BR(\;B) 7z = AR(\; B) 7z — 2
=7 [AR\ A)z — z] = mAR(\; A)z = mAx.
(Of course, (5)—(6) could also be verified directly from the definition of the
generators.)

We now verify that in addition to the inclusion (5), 7D (A) is dense in the
Banach space [D(B)], that is, the space D(B) with the B-graph norm

ye€DB)CY = |lylz = llylla + [1Bylla- (7)

Consider an arbitrary y € D(B). Fix A € CT, and write y = R(\; B)z for a
unique associated z € Y. By definition of Y, there exists a sequence {v,} C X
such that 7v, — z in || - ||4-norm. Define x,, := R(\; A)v,,. Then x,, € D(A),
mxy, € D(B) (by (5)), and by (4) and the fact that R(\; B) is a bounded
operator on (Y, || - ||a), we have

&, = TR(A; A)v, = R(\; B) v, — R(A\;B)z =y (8)
in the || - ||o-norm. Moreover, by (8)
Bmnx, = BR(\; B) v, = AR(X\; B) v, — 7oy,
— AR(\; B)z — z = BR(\; B)z = By

in the || - ||;-norm. Together with (8), this proves that wx,, — y in the B-graph
norm, and we conclude that 7D(A) is dense in [D(B)]. O

Lemma 1.97 (Assumptions and notation as in Lemma 1.96). p(A) C
p(B), and R(\; B)(mz) = nR(\; A)x for all A € p(A) and x € X.

Proof. Let A € p(A). Define the operator R(\) on X/K by R(\) 7wz :=
7R(\; A)x. Then by (1) and (2),
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IR wlla = (RO )]y = Jim [ T()R(: A
= lim | R(A; A) T ()| < [[ROA; Al [z]a = [[RA; A [I7]|a,

ie, R(\) € B(X/K), with operator norm < |[[R(A; A)||. Therefore R(\)
extends uniquely as a bounded operator on Y (same notation), with oper-
ator norm < |R(); A)||. For all z € X, by Lemma 1.96,

R(\) 7z :=nR(\; A)x € nD(A) C D(B), 9)
and
(M —=B)R(\N) 7z = (M — B)rR(\; A)x =7(M — A)R(\; A)x = wz,  (10)

where I denotes the identity operator on the appropriate space.
For x € D(A), 7z € D(B) (by Lemma 1.96), and

R(AN)(M — B)rx = R(A)w(A] — A)x = tR(A A) (M — A)x =mx. (11)

The injection operator and R(\)(AI — B) are both bounded operators from
mD(A) C [D(B)] to Y, and coincide by (11) on the dense subspace mD(A) of
[D(B)] (cf. Lemma 1.96). Therefore R(A)(A — B)y =y for all y € D(B).

On the other hand, for any y € Y, there exist z,, € X such that 7z,, — y in
| - ||o-norm. Hence R(\) wx,, € D(B) (by (9)), R(\) 7z, — R(M\)y in Y (since
R(M\) € B(Y)), and by (10), (A — B) R(\) 7z, = ma,, — y in Y. Since A\ — B
is a closed operator on Y (with domain D(B)), it follows that R(\)y € D(B)
and (M — B)R(\)y = y. In conclusion, we proved that the bounded operator
R(X) on Y satisfies the relations

RA)(M = B)y=y (y<€D(B))
and for all y € Y,
R(N)y € D(B); (M —B)R(Ny =y,

that is, A € p(B). Hence

p(4) C p(B) (12)
(equivalently,
o(B) C 0(A)), (13)
and
R(A;B) = R(A) (A€ p(4)). (14)

Restricting (14) to X, this means that (4) is valid for all A € p(A) (C p(B))
(and not merely for A € C*). O
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E.5 Semigroups of Isometries

We shall need some general facts about C,-semigroups of isometries.

Lemma 1.98. Let U(-) be any C,-semigroup of isometries on the Banach
space Y, and let B be its generator. Then for all A € C and y € D(B),

AL = Byl = [RA[ [[y]]-

Proof. For any A € C, the C,-semigroup s — e **U(s) has the generator
B — X\I. Therefore

d

gl U = e U(s)[B= Ay (y € D(B)).

Integrating over the interval [0,¢] (¢ > 0), we obtain
t
MUty =y + / e~ 5U(3)[B — Ay ds. (1)
0
Taking Y-norms, we get

t
mewSMM+Ae%“W@HB—MMMS

t
=mm+Ae*“wWB—Mww

that is, for &\ # 0,
—RAE _

1
B =Dy

— e
™™ = 1][ly]| <

For R\ < 0, we divide the last inequality by the positive factor e ™ — 1 to
obtain the relation

AL = B)yll = [RA[lyl|  (y € D(B)). (2)
For ®X > 0, (2) is valid in general for the generator B of any contraction

semigroup S(-) on any Banach space Y. Indeed, such X\ are in p(B) and by
the Laplace integral representation of the resolvent,

|R(\; B)z| = H/OOO e MS(t)z dtH
< [T el = a0 1

for all z € Y. If y € D(B), take z = (M — B)y in the last inequality to
get (2). O



108 E. Large Parameter

Lemma 1.99. Let B be any closed operator on a Banach space Y, which
satisfies (2). Then for any A\ € C with R\ # 0, M — B is injective and has
closed range.

Proof. Fix A with R\ # 0. By (2), Al — B is trivially one-to-one. Suppose
zn € (M — B)Y and z, — z. Write z, = (A — B)y,, with y,, € D(B). By (2),

for n,m — oo,
IR Nyn — ymll < M = B)(Yn — ym)|l = |20 — 2mll — 0,

hence 3lim,, ¥, :=y. Now y,, € D(B) = D(A[—B), y,, — y, and (A\[—B)y,, =
zn — 2. Since A — B is closed, it follows that y € D(B) and z = (A — B)y €
(M — B)Y. We thus proved that (A — B) has a closed range. O

Remark. Under the last lemma’s assumptions, the operator
M — B : [D(B)] — ran(A\ — B)

is continuous and bijective between Banach spaces. By the Banach theorem
on inverses, the inverse

(M — B)™! :ran(\ — B) — [D(B)]
is bounded, i.e.,
A= B)"'2|p < K|2| (2 € ran(M — B))
for a suitable constant K > 0. Equivalently, one has the relation

A = Byl = (1/K)llyllz (v € D(B)), 3)

which is stronger than (2), since the graph norm is larger than the given
norm.

Lemma 1.100. Let U(-) be any C,-semigroup of isometries on a nontrivial
Banach space Y, and let B be its generator. Then either

(a) o(B) is the entire closed left halfplane; or
(b) o(B) is a nonempty subset of the imaginary axis. In this case, U(-) extends
as a Cy-group of isometries on' Y .

Proof. Let A (with R\ < 0) be a boundary point of o(B). Let then \,, € p(B)
converge to A\. By Theorem 1.11,

[1R(An; B)| 2 1/[d(An, 0(B))] = 1/|An = Al — 0.

Thus sup,, ||R(An; B)|| = oo, and therefore, by the Uniform Boundedness
Theorem, there exists y € Y such that sup,, ||R(A; B)y|| = co. Consequently,
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there exists a subsequence (say {\,} itself, without loss of generality) such
that ||R(An; B)y|| — oo. Define

Yn = HR()‘naB)yH_lR()‘n;B)y
Then y,, € D(B), ||y.|| = 1, and
(AL = B)ynll < [(And = B)ynll + |(A = An)yn
= [ROw: BT Iyl + 1A = An] — 0.
However, by Lemma 1.98,
I(AML = B)yn|| = [RA] > 0,

contradiction! This shows that there are no boundary points of o(B) in the
open left halfplane. Since o(B) is contained in the closed left halfplane (because
B generates the contraction C,-semigroup U(+)), it follows that either Case
(a) holds, or else o(B) C iR.

In the latter case, the right halfplane is contained in p(—B), and for all
A > 0, we have by Lemma 1.98

AR =B)|| = [[AR(=A; B)|| < 1.

By Corollary 1.18, — B generates a C,-semigroup of contractions, and there-
fore U(-) extends to a C,-group of contractions (cf. paragraph preceding
Theorem 1.39), hence to a C,-group of isometries.

If o(B) = (), R(-; B) is an entire function (with values in the Banach space
B(Y)), and it follows from Lemma 1.98 that

Y cosb| | R(re’”; B)|| < 772, (4)

and therefore the left-hand side of (4) converges to zero uniformly with
respect to 6. By the corollary to Lemma 3.13.1 in [HP], R(-; B) is a poly-
nomial of degree < 1, i.e., a constant, and since |R(\; B)|| < 1/A — 0 for
0 < A — o0, we get the absurd conclusion R(-; B) = 0 (this would imply
that y = (Al — B)R(A\;B)y =0 for all y € Y, i.e., Y = {0}, contrary to our
hypothesis). a

E.6 The ABLV Stability Theorem

We now return to our particular C,-semigroup of isometries U(+) induced by
the nonstable C,-semigroup of contractions 7'(-) on the nontrivial asymptotic
space Y of T(-). If Case (a) in Lemma 1.100 holds, then by (13) in Section E.4
(and the fact that o(A) is contained in the closed left halfplane, since A
generates the C,-semigroup of contractions T'(+)), we conclude that o(A) is
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equal to the closed left halfplane, hence in particular o(A4) NiR = iR. Since
we are looking for sufficient conditions for stability of T'(-), we shall ezclude
the latter possibility by making the following

Hypothesis I. o(A) NiR is countable.

(We write “countable” for the more precise expression “at most count-
able.”)

Thus Case (b) holds. Hence, by (13) in Section E.4, o(B) is a (nonempty,
closed) subset of o(A) N R, and is therefore countable (by Hypothesis I).
However, as a nonempty closed subset of C, it is a (nonempty) complete
metric space, and is therefore of Baire’s Second Category in itself. Since it is
a countable union of singletons (which are closed sets in it), at least one of
these singletons, say {\o}), contains a nonempty (relatively) open set. Thus
there exists an open set V' C C such that ) # V No(B) C {)\o}, hence
V Nno(B)={\}. This means that X\ is an isolated point of o(B).

We wish to use the Riesz projection associated with an isolated point
of the spectrum of a bounded operator (cf. Construction 9.22 in [K17]).
We then shift to the resolvent R(«a;B) for some fixed a@ € p(B), and set
h(A) = (a — A)~!. By Theorem 10.2 in [K17], h is a homeomorphism
of 0(B) U {oo} onto o(R(a;B)). Thus po := h(N\g) is an isolated point
of o(R(a; B)). Let P be the Riesz projection associated with pug for the
bounded operator R(«;B) (cf. Construction 9.22 in [K17]). Then P # 0
reduces R(w; B) and o(R(o; B)|py) = {po}. It follows that o € p(B|py)
and

R(a; Blpy) = R(a; B)|py .

Hence
o(R(a; Blpy)) = {po} # {0},

and therefore R(c; B|py)~! is a bounded operator on PY. Consequently
Blpy = al — R(a; B|py)~! is a bounded operator on PY. In particular,
o(Blpy) # (. But

o(Blpy) C b~ [o(R(a; Blpy))] = {h~ " (10)} = {Xo},
hence o(B|py) = { o}

Lemma 1.101 (Under Hypothesis I, T(-) not stable, and notation as
above). U(t)|py = e*'I and B|py = A\ol.

Proof. V(t) :=U(t)|py, t € R, is a Cy-group of isometries with the bounded
generator B|py. By Theorem 1.5, V(t) = exp(t B|py). By the Spectral
Mapping Theorem, we then have o(V(t)) = exp(to(B|py)) = {exp(tio)}.
Consider the C,-group of isometries W (t) := ¢!V (¢) on PY (recall that
Ao € iR). Fix an arbitrary ¢t € R, and write W := W(t). Since o(W) =
e Mto(V(t)) = {1}, the function f(z) = —i logz is analytic in a neighbor-
hood of o(WW), and therefore S := f(W) is well-defined by means of the
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analytic operational calculus for W. If g(z) := €'*, then since (go f)(z) = z,
we have by the Composite Function Theorem for the analytic operational
calculus (cf. [K17, Theorem 9.21]):

W= (go f)(W)=g(f(W)) = g(5) = . (1)

By the Spectral Mapping Theorem for the analytic operational calculus
(cf. [K17, Theorem 9.20]),

a(S) =a(f(W)) = fle(W)) = {f(1)} = {0}. (2)

For any n € N, consider the operator sin(n.S) (defined by means of the analytic
operational calculus with the entire function sin(nz)). Then by (1) (and the
fact that W (-) is a group of isometries),

Isin(nS)|| = [[(1/20)[e™ — e~ ™| = (1/2)|W" =W "]
< @/2)[IW nt)[| + [[W(=nt)[]] = 1. 3)
By the Spectral Mapping Theorem and (2),
o(sin(nS)) = sin(no(S)) = {0}.

Consider the principal branch of arcsinz. It is analytic at 0, and its power
series expansion in the unit disk, Y a,z*, has positive coefficients with sum
> ap = arcsinl = 7/2. Therefore, by the Composite Function Theorem
and (3),

Z ax[sin(nS)]*

k

< ZakH sin(nS)||* < Zak =m/2
k

n||S|| = || arcsin(sin(nS))|| =

for all n € N. Hence S = 0, and therefore W = I (by (1)). Since ¢t € R was
arbitrary, we proved that W (t) = I for all t € R, that is,

Ut)|py = eI (t €R). (4)
The generator of this group is trivially B|py = Aol. O

Lemma 1.102 (Assumptions as in Lemma 1.101; same notation).
Ao 1s an eigenvalue of A*.

Proof. Since PY # {0}, there exists z* € (PY)*, z* # 0. Define z* by
x*x = 2*[P(rzx)] (v € X). (5)

Clearly 2* € X*. If * = 0, then since z* o P is continuous on Y and 7 X is
dense in Y, it follows from (5) that z*Py = 0 for all y € Y, i.e., z* is the zero
functional on PY', contrary to our choice. Hence x* # 0.



112 E. Large Parameter
For all x € D(A), we have by (5)—(6) in Section E.4, and Lemma 1.101:
x¥Ax = 2" Pr(Ax) = 2*PB(nx) = 2" BP(nx) = 2" (Aol ) P(7x)

= MN2"P(mx) = Nz .

In particular, it follows that the map = € D(A) — z*Ax is continuous, that
is, 2* € D(A*); and furthermore, A*2* = A\oa*. Since 2* # 0, this shows that
Ao is an eigenvalue of A* (and z* is an associated eigenvector). O

Since Ao € iR, Lemma 1.102 yields a (desired!) contradiction if we make
the following

Hypothesis II. Po(A*) NiR = 0.

(Recall that Po(-) denotes the point spectrum.)

When this is the case, the last contradiction disproves our initial assump-
tion that T'(-) is not stable.

Finally, we drop the assumption that T'(-) is a contraction semigroup by
using the equivalent norm

|z| = sup |T'(t)z]| (z € X).
t>0

(Clearly, |lz|| < |x| < M |jz|| for all z € X, where M := sup;~ [|T'(¢)]].)

With respect to the norm |- |, T'() is a C,-semigroup of contractions. Since
the norms are equivalent, the renorming does not change the generator A, its
spectrum, the point spectrum of A*, and the stability status of T'(-). There-
fore our previous conclusion regarding contraction semigroups remains valid
(through the said renorming) for any bounded C,-semigroup. We thus proved
the following result, due to Arendt, Batty, Lyubich, and Vu (the “ABLV sta-
bility theorem”):

Theorem 1.103 (ABLV Stability Theorem). Let T(-) be a bounded
C,-semigroup, and let A be its generator. Assume

I. 0(A) NiR is countable; and
II. Po(A*) NiR = 0.

Then T'(-) is stable.



F

Boundary Values

Recall that the C,-semigroup T'(+) on the Banach space X is said to be analytic
(or holomorphic) in C* if it extends to an analytic B(X )-valued function W)
on CT, and the C,-property is strengthened to the requirement

lim Wi(z)=1 (1)

z€Ct;2—0

in the s.o.t. (cf. Definition 1.53).
Necessarily, the analyticity of W(-) and the semigroup property of its
restriction 7'(+) imply that W (-) satisfies the extended semigroup property

W)W (w)=W(z+w) (z,weCh). (2)

In this section, we are interested in the existence of “boundary values” of the
extension W(-), that is, the existence of the limits

Jim W(s +it) = U() (3)

in the s.o.t., for all ¢ € R.

By the Uniform Boundedness Theorem, a necessary condition for the
existence of boundary values of W(-) is the boundedness of |[W(-)|| on the
“unit rectangle”

Q={z=z2+iy; 0<ax <1, —-1<y<1}

The fact that this condition is also sufficient is part of the statement of
Theorem 1.105 below.

F.1 Regular Semigroups and Boundary Values

We begin with a convenient definition.

Definition 1.104. A regular semigroup is a C,-semigroup T (-) which admits
an analytic extension W(-) to CT, such that ||W(-)|| is bounded on the unit
rectangle Q.

S. Kantorovitz, Topics in Operator Semigroups, 113
Progress in Mathematics 281, DOI 10.1007/978-0-8176-4932-6_6,
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(We shall occasionally say in this case that the extension W (-) is a regular
semigroup.)
We shall also fix the notation (for a given regular semigroup W (-))

b= sup log [W(2)]|. (1)
z€Q

Clearly 0 < b < o0.

Theorem 1.105. Let T'(-) be a regular semigroup, and let A be its generator.
Denote its analytic extension to CT by W(-). Then

(a) the boundary values U(-) defined by (3) exist (in the s.o.t.).

(b) U(+) is a Cy-group (called the “boundary group” associated with the regular
semigroup T(+)); it commutes with T(-) and with W (-).

(c) W(s+1it) =T(s)U(t) for all s >0 and t € R, and satisfies (1).

(A) [|U@#)|| < Nl (t € R), for a suitable constant N > 1.

(e) The generator of U(+) is iA.

Conversely, let T(-) be a C,-semigroup, let A be its generator, and suppose
that 1A generates a Cy-group U(+). Then T(-) is a regular semigroup, U(-) is
the boundary group associated with it, and the (unique) analytic extension of
T(-) to C* is given by (c).

Proof. Statements (a) and (d). Fiz t € R, and let n € NU {0} be such that
n<|t|]<n+1 For 0 < s <1, wehave (s+it)/(n+2) € Q, hence

IW (s +it)|| = H {W <s+it>r+z

o < Pn+2) < CHID — Nl (5)

forall 0 < s <1 andt € R, where N := 2.
Fix z € X. For any h > 0, the strong continuity of W (:) in C* (which
follows from the analyticity of W () in C*) implies that

W(s+it)T'(h)x =W (s+h+it)xr — W(h+it)x (6)

as s — 0+. Let € > 0 be given. By the C,-property of T(-), we may fix h > 0
such that

|z — T(h)z|| < (e/4)ebUH1+2),
For this fixed h, it follows from (6) that there exists ¢ € (0, 1] such that

W (s + it)T(h)z — W(s' +it)T(h)z| < /2 (7)
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for 0 < s,8" < 4. Then for these s, s, we have by (5) and (7)
W (s + it)z — W(s' +it)z||
< W (s+it)T(h)x — W(s' +it)T(h)z||

+ [IW (s + il + W+ it)l]lle - TRl < e

This proves (a). Also U(t) € B(X) and (d) follows from (5) (for all ¢t € R) by

a well-known consequence of the Uniform Boundedness Theorem.
Statements (b) and (c). For x € X, s > 0, and t,¢ € R fixed, we have by

(a), the semigroup property of W(-), and the fact that W (s +it) € B(X):

Ut YW (s +it)r = llin()l+ W (s +it" YW (s +it)x

/lir&_ W(s+it)W(s" +it')z

= W(s+it) llir18+ W (s +it")ye =W(s+it)\Ut)x. (8)
Thus U(t') commutes with W (s 4+ it), hence in particular with T'(s) (case
t=0), forall¢ € R and s > 0.

Also by (8), together with the semigroup property and the strong conti-
nuity of W(-) in CT,

W(s+it)U(tz = /lir&_ W(s+s +i(t+t)e=W(s+i(t+t))x.

Letting s — 0+, it follows from (a) that
UU e =Ut+t)x (tt eR;xeX),

that is, U(+) is a group of operators on X.
For s > 0,t € R, and = € X given, we have

T(s)U(t)x =T(s) llir18+ W(s' +it)x = llir51+ T(s)W(s" +it)x

= /linng W(s+ s +it)x = W(s +it)z,

where we used the strong continuity of W(+) in CT. Thus W (s+it) = T(s)U(t)
for all s >0 and t € R.
Again by strong continuity of W(-) and (c), for any ¢,h > 0 and = € X

U () = T (h)a = W (h + it)e — W (h)e — 0 (9)

when ¢t — 0.
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Given € > 0 and = € X, fix h > 0 such that
lz = T(h)all < (e/2)[1 +€*] 7"

(by the C,-property of T'(+)). For this h, it follows from (9) that we may choose
0 € (0,1] such that
IU@#) = NT(h)x| < e/2

for 0 < t < §. Then for these values of ¢, we have by (5)
U (t) = Ll < |[U) = NT(h)zll + (1 + e*) e = T(h)z| < e.

Thus U(+) has the C,-property. Finally, for any z € X and s+ it € CT, we
have by Theorem 1.1:

W (s +it)e —z|| < [|T()[U@)z — 2| + [T (s)z — |
< Me”|U(t)x — | + [|T(s)z — xf| — 0

as s+it — 0 (in CT), by the C,-property of T'(-) and U(-). Thus W (-) satisfies
(1), and the proof of (b) and (c) is complete.

Statement (e). Denote by B the generator of the C,-group U(-). Let x €
D(A). By the analyticity of W(-) in C*, (¢), Theorem 1.2, and the Cauchy—
Riemann equation, we have for all s > 0 and t € R:

0 .
= 5 (W (s + it)z]

0 U)[T(s)x].

0
i W(s+it)x Zat

ot
Taking this identity at ¢ = 0, we conclude that T'(s)x € D(B) and
BT(s)x =iT(s)Ax (s> 0). (10)

When s — 0+, T'(s)z — z, and by (10), BT (s)x — iAx. Since B is closed, it
follows that 2 € D(B) and Bx = iAz. Hence iA C B.
On the other hand, if z € D(B), we get similarly

—iT(s)U (t) Bz = —igt (W (s +it)a] = ;S [W (s + it)a]
)
= 5, L) [U()z]

for all s > 0 and ¢ € R. Equivalently,

R=HT (s + h)U(t)x — T (s)U(t)x] — —iT(s)U(t)Bx
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as h — 0+, that is, as h — 0+,
RYT(R) — 1) T(s)U(t)x — —iT(s)U(t)Bx (s >0, t € R).
Thus T'(s)U(t)x € D(A) and
AT (s)U(t)x] = —iT(s)U(t)Bx. (11)

In particular (for t = 0), T(s)x € D(A) and AT (s)x = —iT(s)Bx for all
s> 0. As s — 0+, T(s)x — = and AT (s)xr — —iBz. Since A is closed, it
follows that € D(A) and Ax = —iBz, and we conclude that B C ¢A. Hence
B =iA.

Converse statement. By Theorem 1.1 applied to the C,-semigroups {T'(s);
s> 0}, {U(t); t > 0}, and {U(—t); t > 0}, there exist constants a,b > 0 and
M, N > 1 such that

IT(s)|| < Me®; |U®)|| < Netl (s >0;t eR). (12)

(Presently, the constants N, b are not related to the preceding constants with
the same notation.)

We define W (-) on C* by relation (c).

Fiz x € D(A), and consider the X-valued function

g(s+it) :=W(s+it)Ax =T(s)U(t)Az (s> 0,t€R). (13)

Since ¢A is by hypothesis the generator of the C,-group U(+), we also have
(by Theorem 1.2)

g(s+it) =T(s)AU(t)z (s> 0,t € R).

Observe that g is strongly continuous in C*, because for all s,s" > 0 and
t,t' € R,

lg(s +it) — g(s" +it")|| < [I[T'(s) = T(sHU () Al
+HIT(HUE) — U )] Ax];

when s’ +it’ — s+ it, the first term on the right-hand side has limit 0 by the
strong continuity of 7'(-), and by (12), the second term is < M e ||[U(t) —
U(t")] Az|| — 0, by the strong continuity of U(-) (cf. Theorem 1.1).

Next, it follows from the definition of W () and Theorem 1.2 that U(t)x €
D(iA) = D(A) for all t € R and

gSW(s +it)x =T(s)AU (t)x

= —iT(s)(iAU(t)x = —i 0

8tW(S +it)z (14)

for all s +it € CT.



118 F. Boundary Values

Thus, for each x € D(A) and z* € X*, the complex-valued function
x*W (-)x satisfies the Cauchy—Riemann equation and has continuous partial
derivatives (by our observation on the function g) in C*. Therefore, by (the
classical) Theorem 11.2 in [R1], *W (-)z is analytic in C* (for all z € D(A)
and X* € X*).

Fiz x* € X* and z € X, x # 0. Since D(A) is dense in X, we may choose
xn, € D(A) such that x, — x strongly in X and |z, | < 2||z| for all n € N.
For any compact subset H of C*, we have by (12)

| W (s + it)an| < 2M N e 1|27 || |||

<2M N e ||2%|| ||| (15)

for all s + it € H, where 0 = o(H) = sup,eyg Rz, and 7 = 7(H) =
sup,c gy |Sz|. Since z, € D(A), it follows that {z*W(-)z, } is a family of ana-
Iytic functions in C*, uniformly bounded on each compact subset of CT. It is
therefore a normal family (cf. Theorem 14.6 in [R1]). Let then {a*W(-)zy, }
be a subsequence converging uniformly on compact subsets of CT. The limit
function, z*W (-)x, is then analytic in C* (cf. Theorem 10.27 in [R1]). Since
this is true for all z € X and 2* € X*, it follows from Theorem 3.10.1 in [HP)]
that the operator-valued function W (-) is analytic in C*. For all s > 0, we
have W(s) = T'(s)U(0) = T(s), so that W(-) is indeed an analytic extension
of T() to C*, and by (12)

sup [W(z)[| < sup [ T(s)|| sup [[U(t)]| < M N e < oc.

z€Q 0<s<1 [t <1
Hence T(-) ia a regular semigroup, W(-) is its (unique) analytic exten-
sion to C*, and the associated boundary group is clearly U(-) (because
limg o4+ W(s + it)r = lims_ o+ T(s)[U(t)x] = U(t)x, by the C,-property
of T(+)). O

The “converse” part of Theorem 1.104 can be restated as a solution of the
extension problem of a C,-group U(-) to an analytic semigroup in C*, whose
boundary group is the given group U(-):

Theorem 1.106. Let U(-) be a C,-group, and let iA be its generator. Then
U(+) is the boundary group associated with a regular semigroup if and only if
A generates a C,-semigroup, T(+).

When this is the case, T'(+) is the unique regular semigroup with associated
boundary group U(-), and the unique analytic extension of U(:) to C* is
W(s+it)=T(s)U(t), s >0,t €R.

F.2 The Generator of a Regular Semigroup

We shall apply Theorem 1.105 to obtain various characterizations of the gene-
rator of a regular semigroup.
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Corollary 1.107. Let A be an operator on the Banach space X with domain

D(A). Then A generates a reqular semigroup if and only if the following con-

ditions (a)—(c) are satisfied:

(a) D(A) is dense in X;

(b) the resolvent set of A contains the rays (a,00) and %i(b,00) for some
a,b>0;

(c) one has

sup ||[(s — a)R(s; A)I"|| < o0

s>a;neN

and

sup [|[(t — b)R(it; A)]"|| < oc.
t>b, neN

Proof. If A generates a regular semigroup 7'(-), then by Theorem 1.105, ¢A
generates a C,-group (the boundary group associated with T'(+)); equivalently,
iA and —iA generate C,-semigroups. Therefore Conditions (a)—(c) follow from
the necessary part of the Hille-Yosida theorem (Theorem 1.17) and the rela-
tion

R(\; +iA) = FiR(FiX; A) (1)

(whenever either side makes sense).

Conversely, suppose A satisfies Conditions (a)—(c). By (a), (b), and the first
condition in (c), it follows from the Hille-Yosida theorem that A generates a
C,-semigroup. By (1), the second condition in (c¢) may be written in the form

sup ||[(t = b)R(£t; i A)]"|| < oo.
t>b; neN

Together with (a) and (b), this implies that the operator iA generates a
C,-group (cf. Theorem 1.39). By Theorem 1.105, we conclude that A generates
a regular semigroup. a

Corollary 1.108. Let T(-) be a C,-semigroup of contractions, and let A be
its generator. Then T(-) extends to an analytic semigroup of contractions in
C™* if and only if iA generates a C,-group of contractions.

Proof. If T(-) extends to an analytic semigroup of contractions in C*, it is
trivially regular, and therefore i A generates the associated boundary group (by
Theorem 1.105), which is necessarily a C,-group of contractions. Conversely,
if iA generates a C,-group of contractions U(-), then by Theorem 1.105, T'(+)
is regular, and its analytic extension in CT is W (s + it) = T(s)U(t), which
consists clearly of contractions. O

Remark 1.109. In Theorem 1.54, we considered the more general case of
extending T'(-) as an analytic semigroup of contractions in an arbitrary sector

Sp:={z=re r>0,-0<¢<0},
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where 0 < 6 < 7/2. The criterion in that theorem is that el A generate
a Cy-semigroup for all o € (—6,0). Here, in the special case § = 7/2, the
criterion obtained in Corollary 1.108 involves only the endpoint values o =
+7/2 (namely, that +iA generate C,-semigroups of contractions).

Corollary 1.110. The operator A with domain D(A) in the Banach space X
generates an analytic contraction semigroup if and only if the following two
conditions are satisfied:

(a) D(A) is dense in X;
(b) sR(s; A) and tR(%it; A) exist and are contractions for all s,t > 0.

Proof. This follows from Corollaries 1.18 and 1.108, and Relation (1). a

Corollary 1.111. Let A generate a regular semigroup on the Banach space
X. Then A+ B generates a reqular semigroup for any B € B(X).

Proof. By Theorem 1.38 and the necessity part of Theorem 1.105, the opera-
tors A+ B and i(A 4+ B) (= (iA) + (iB)) generate a C,-semigroup and a
C,-group, respectively. Therefore A + B generates a regular semigroup, by
the “converse” part of Theorem 1.105. O

Recall that the numerical range of an operator B is the set
v(B) :={a2*Bz; v € D(B), z* € X", ||z|| = [|Jz"|| = "z = 1}.
(Cf. Definition 1.24.)

Corollary 1.112. Let A generate an analytic C,-semigroup of contractions
in CT. Let B be an operator satisfying the following two conditions:

(a“) V(B) C (_0070]:'
(b) D(A) C D(B) and there exist constants 0 < a <1 and b > 0 such that

[Bz| < al|Az|| +bllz]| (z € D(A)).
Then A+ B generates an analytic C,-semigroup of contractions in C*.

Proof. By Theorem 1.30, Conditions (a) and (b) imply that A + B gene-
rates a C,-semigroup of contractions. By Corollary 1.108, iA and —iA gene-
rate C,-semigroups of contractions. Condition (a) implies that Rv(+iB) =
FSv(B) = {0}, and therefore the operators +iB are trivially dissipative.
They are also +iA-bounded with £iA-bound < 1 (by Condition (b)) (cf.
Definitions 1.25 and 1.28 for the terminology). Consequently, by Theorem
1.30, the operators i(A + B) and —i(A + B) generate C,-semigroups of con-
tractions. We now conclude from Corollary 1.108 that A + B generates an
analytic C,-semigroup of contractions. o
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Corollary 1.113. Let T(-) be a regular semigroup. Let W (-) be its analytic
extension to C*, and denote K := supq [[W(-)|| (< 00). Then

IT(s)ll < KS2|T)I° (s > 0).

Proof. By Theorem 1.105, W (s + it) = T(s)U(t), where U(-) denotes the
associated boundary group of T(-), and |U(t)|| < N el (where b := log K,
and by the proof of Part (a), we may choose N = e = K?).

Consider the operator-valued strongly continuous function

B(2) = 7 W (2)
on Ct (where ®(it) := e~*’U(t)). It is analytic in CT, and
12(s +it)]| = "= NT(s)| U] < K2 exp(b[s® — 2 + [t])IT(s)]
< K?exp(b[s” + 1/4)|T(s)] (2)

(because —t2 + [t| = |t|(1 — |t|) < 1/4). By (2), @ is bounded in each vertical
strip {s +it;k — 1 < s <k, t € R}. Also for each n =0,1,2,... and t € R,

12(n + it)|| < K*exp(b[n® + 1/4])[|T(1)]™. (3)
If s € (k—1,k], write s = p(k — 1)+ (1 —p)k = k — p with p € [0,1). By the
“Three Lines Theorem” for operator-valued functions (cf. Theorem VI1.10.3 in
[DS T-111)), it follows from (3) that
19(s +it)]| < K2t exp(blp(k — 1)* + (1 = p)k*)[| T(1)]|°
< K2 exp(b[s* + 1/2)|T(D)]* (4)

(because p(k—1)?+ (1 —p)k? = (k—p)? +p(1—p) = s> +p(1 —p) < s +1/4,
and b > 0). Taking ¢ = 0, it follows from (2) and (4) that for all s > 0

52 52 S
PNT ()]l < K52 || T (1)) o

F.3 Examples of Regular Semigroups

We shall discuss now some classical examples of regular semigroups. The same
method is essentially used in all examples, but we preferred to avoid general
statements, and to proceed in a rather leasurely manner, allowing for some
amount of repetition.
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Example 1.114. The Gauss—Weierstrass semigroup.
For t > 0 and z € R", let

fua) = (40) " 2 exp - ). 1)

where |z| denotes the Euclidean norm of z = (x1,...,x,) € R™

1/2

n
|| == Z x?
j=1

Clearly k; belongs to the Schwartz space S := S(R™) of rapidly decreasing
functions, and it is well-known that its Fourier transform is

ki(u) = e~ thl? (u e R™) (2)

(cf. [K17, Section 1.3.12]).
In particular, since k; > 0,

ell := [[Kell o (rny = ke (0) = 1. (3)

If s,t > 0, it follows from (2) that the Fourier transform of the convolution
k¢ * ks is equal to

o) ks (u) = exp[—(t + ) [ul*] = kiys (w),
and therefore, by the uniqueness property of the Fourier transform,
ks ks =kips  (t, 8 >0). (4)
Define the operator T'(t) on LP := LP(R™) (1 < p < c0) by
Tt)f=kexf (t>0;f€LP) (5)
T0)=1

(where I denotes the identity operator on LP).
We have

1T fllp < [kellall fllo = 1155

that is, T'(t) is a contraction operator on LP for all ¢t > 0.
If f € S and s,t > 0, the associativity of convolution on S and (4) imply
that
TOT(8)f = ke x (ks * ) = (ke x k) x f =kirsx f=T(+3)f.

Since S is dense in LP and the operators T'(¢)T'(s) and T'(t + s) are in B(LP),
it follows that T'() satisfies the semigroup relation on LP.
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For simplicity, we shall restrict now our discussion to the case p = 2,
unless stated otherwise.

Since F : f € S — (2r) "/2f € S preserves the L? norm (cf. for example
[K17, Section I1.3.1, Relation (19)]), we have by (2), for all f € S and ¢t > 0,

1T f — fll2 = [lke % f = fll2 = @m) "2k f = fll2
= (2m) 2| (e 1" — 1) f(w)lo.

The functions in the last norm sign are dominated by 2|f| € & ¢ L? and
converge to 0 as t — 0. By the Dominated Convergence Theorem, we conclude
that T(t)f — f in L?*norm for all f € S. Since S is dense in L? and ||T'(t) —
I|| L2y < 2, it follows that T'(t) — I in the s.o.t. on L?, when t — 0+.

Thus T(-) is a Cy-semigroup on L? (the so-called Gauss—Weierstrass semi-
group).

Consider now the “kernel” k, (with the positive parameter ¢ replaced by
the complex parameter z € CT):

k(o) = (1) e - jj;) |

2 2

where the branch of z/2 is chosen such that z1/

Since

is positive for z positive.

Rz
_ —n/2 _ 2
()] = Gamlel) 2 exp (= 7 o).

k. € S for each fixed z € CT, and therefore, for each fixed u € R™, the integral

F.(z):= /n e T (x) da

converges absolutely (u - 2 denotes the inner product on R™). It follows that
F, is analytic in C* (for each fixed u € R™), and coincides with the analytic

function e=="* for z € (0, 00) (by (2)). Hence

ky(u) = ez’ (ueR"; z € CT). (6)

Define
W)f:=k.xf (2€CT; felL?. (7)

Since k. € L' (with ||k, = (@)nm), W (z) is well-defined (on any LP), and

2|

n/2
W< () Il (erizech, ®

The absolute convergence of the convolution integral defining [W(z) f](z) (for
each fixed z € R™) implies (by applying for example the Fubini and Morera
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theorems) that W(-) is an analytic B(L?)-valued function extending T'(-) to
C™. The general LP-estimate (8) is too weak to yield a “regularity” conclusion.
Restricting the discussion as before to the case p = 2, we have by (6) and
Parseval’s formula (for f € S)

W (2)fll2 = |k * fll2 = |F (ks * £)ll2 = k= (FF)ll2

= e~ (FN@)ll2 < lle™ || F fll2 = [ £]2-

Since S is dense in L? and W (z) € B(L?), it follows that |[W(2)f|l2 < || f]l2
for all f € L. Thus W () is an analytic contraction semigroup on L2, which
extends T(-) to CT. In particular, T'(-) is regular, and its associated boundary
group U(+) is a Co-group of contractions, hence of isometries, hence a unitary
group on the Hilbert space L? (cf. Theorem 1.105). If A is the generator of
T(-), then iA is the generator of the unitary group U(-), and therefore, by
Stone’s theorem, A is selfadjoint.
Let A denote the Laplacian

If f € S, then by (2)

(FE T f — f)(u) =t e — 1)(Ff)(w).

When ¢ — 0+, the right-hand side converges pointwise to (—|ul?)(Ff)(u),
and is dominated by |u|?|(Ff)(u)] € S C L?. By dominated convergence, it
converges to the above limit in L?-norm. Applying the operator 7~ € B(L?),
we conclude that

IO f = f] = F =[P (FH(w)] = Af
in L?-norm. This shows that S C D(A), and

Af = Af (fed). 9)

Since S is dense in L? and T(-)-invariant (if f € S, then T'(t)f :=k;x f € S
because k; € S and S is closed under convolution), it follows from Theorem 1.7
that S is a core for A.
The domain D(A) is determined easily by using the L? Fourier transform
F, that is, the unique extension of F : S — S as a unitary operator on L?2.
Set
Dy :={f € L? [u*(Ff)(u) € L*}.

Let f € Dy and t > 0. Arguing as before, we have

F N T@)f — f)(w) =t e 1 —1)(Ff)(w).
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The right-hand side converges pointwise almost everywhere to —|u|?(F f)(u),
and is dominated by |u|?|(Ff)(u)| € L% By the Dominated Convergence
Theorem, it converges in L? to its said pointwise limit. Since F~! € B(L?),
it follows that

T f = f1 = FH=[ul(Ff)(w)]

in L? norm. This shows that Dy C D(A) and Af is given by the last expression
for f € Dy. (Note that S C Dy trivially, and the expression obtained here for
Af coincides with the former expression Af = Af for f € S.)

On the other hand, if f € D(A), then t=1[T(t)f— f] — Af in L?. Applying
F € B(L?), it follows that g;(u) := ¢~ [e~u* —1)(F f)(u) — F(Af)(u) in L2.
Therefore there exists a sequence t,, — 0+ such that g, — F(Af) pointwise
almost everywhere. However, trivially, g;, (u) — —|u|?*(Ff)(u) (a.e.) as n —
oo. Therefore F(Af)(u) = —|u|?(Ff)(u) a.e. In particular |u|?(Ff)(u) € L?,
hence f € Dy, and we conclude that D(A) = Dy.

(By Theorem 1.2, the Gauss—Weierstrass semigroup 7'(-) and its associated
boundary unitary group U(-) provide the solutions in L? of the Cauchy prob-
lem for the “heat equation” g’; = Au, t > 0, and for the (free) “Schroedinger

» 90U — i Au, t € R, respectively.)

equation” o,

Example 1.115. The Cauchy—Poisson semigroup.
We consider now the Cauchy—Poisson kernel

ki(x) = ()~ (t > 0; x € R). (10)

1+ (z/t)?
Clearly k; € L' := L'(R), with Ll-norm |k||; = 1. Also
ke(u)=e ' (t>0; ueR) (11)

(cf. [K17, Section 1.3.14]).

The operator T'(t) defined on L? := LP(R) by the convolution T'(t)f :=
ki x f (for t > 0) is a contraction (since ||k¢||1 = 1).

By (11), if s, > 0, kt * ks has the Fourier transform k. (u)ks(u) =
e~ (tto)lul — l%t+s (u), and it follows from the uniqueness property of the Fourier
transform that k; x ks = ki1s. Therefore, by associativity of the convolution
(say, on S := S(R)), T(t+ s)f = T(t)T(s)f for all f in the dense subspace
Sof LP (if 1 < p < o0). Since both T'(t)T(s) and T(t + s) are in B(L?), we
conclude that T'(-), defined as above for ¢t > 0 and defined as the identity at
t =0, is a contraction semigroup on LP for 1 < p < oco.

Considering next a complex parameter z € CT, the kernel

1

k. (x) = (WZ)_ll 4 (2/)2)?

(z €R) (12)

is continuous on R (the denominator in (12) can vanish only if z is pure
imaginary, which is contrary to our assumption that z € C*), and is O(1/2?)
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for || — oco. Therefore k. € L', and consequently, the operators W (z) defined
on LP by W(z)f = k. = f are bounded operators with norm < ||k.[|;. Also
the absolute convergence of the Fourier integral defining k. (u) (for each fixed
u € R) implies that k. (u) is an analytic function of z in C*. By (11), it agrees
with the analytic function e*/*! for z € (0, 00). It follows that

k.(u) =e ¥l (z € CH;ueR). (13)

Since k, € L4 for any ¢ > 1, the convolution integral k. * f converges absolutely
for any f € LP (where p,q are conjugate exponents and z € C*), and since
k.(z) is an analytic function of z in C* for each fixed z € R, it follows that
W (-) is an analytic B(LP)-valued function in C* (1 < p < 00)), which extends
the semigroup T'(+).

As in Example 1.114, we shall restrict the following discussion to the case
p = 2. We verify the C,-property of T'(-) by using (11) and Parseval’s identity:
fort >0and f €S

T (@) = 1fllz = @m) 2 |lke f = fllo = 1™ = 1)(Ff)(@)]2-

The functions in the last L?-norm sign are dominated by 2|Ff| € L? and
converge to 0 as t — 0; therefore their L?-norms converge to 0. Since || T(t) —
I|| €2 and S is dense in L?, we conclude that T'(t) — I in the s.o.t. on L2,
i.e., T(-) is a C,-semigroup (of contractions) in L?; this is the Cauchy—Poisson
semigroup (in L?).

We show now that the analytic extension W (-) of T'(+) is contraction-valued
on L2 Indeed, for all z € C* and f € S, we have by (13) and Parseval’s
identity

W () flla = @m) "2 k. flla = lleU(FF)(u)]l2

< supe | Ff]lo = || f]l2.
u€eR

Since W (z) € B(L?), the inequality ||[W(2)f|l2 < ||f]|2 extends to all f € L?
by the density of S in L2.

In particular, T'(+) is a regular semigroup.

Let A be its generator. Define

Dy :={f € L?; |ul(Ff)(u) € L*},

where F' denotes as before the L? Fourier transform. (Note that if f € Dy (cf.
Example 1), then

/R lul (FF)(w)? du = (u?(Ff)(u), (Ff)(u)) < oo,

since F'f and u?(F f)(u) are both in L?. Thus Dy C Ds.)
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If f € Dy, it makes sense to define

Bf == F~ [~|ul(Ff)(u)]. (14)

By (11),
' P T() - 1)) =t e~ 1)(F ) (w). (15)

The right-hand side of (15) converges pointwise to —|u|(F f)(u) = F(Bf)(u),
and is dominated by |u| |(F f)(u)| € L?; therefore, by the Dominated Conver-
gence Theorem, it converges to F(Bf)(u) in L?>norm. Since F~1 € B(L?),
we conclude that D1 C D(A) and Af = Bf for f € D;. Actually, we see that
D(A) = D; by the argument we used in Example 1.114. (If f € D(A), since
F € B(L?), it follows from (15) that the right-hand side of (15) converges
in L? to F(Af) as t — 0+; there exists therefore a sequence t,, — 0+ for
which the convergence is poinwise a.e. Since the pointwise a.e. limit is clearly
—|u|(F f)(u), it follows that |u|(Ff)(u) = —F(Af)(u) € L?, i.e., f € Dy, and
we conclude that D(A) = D;.)

As in Example 1.114, the generator A is selfadjoint, and its square coin-
cides with the generator of the Gauss—Weierstrass semigroup (with equality
of domains!).

Ezample 1.116 (The Gamma Semigroup).
In this example, we are concerned with convolution operators with the
Gamma kernel ky(xz) (¢ > 0; x € R), where ki (x) = 0 for 2 <0,

ky(x) = D(t) " tat~te 0 (16)

for > 0, and b is a positive constant.
One has (cf. [K17, Section 1.3.15])

ky(u) = (b—iu)"t (ueR). (17)

We shall be concerned with the convolution operators k; * f with f € LP :=
LP(R™), where the later space is identified with the subspace of all f € LP(R)
vanishing (a.e.) on (—o0,0]. Clearly k; € L' with ||kl = b='. Therefore the
operators

TW): fE€LP —kxf (t>0)

belong to B(LP) with operator norm < b~*. By (17), ks ks = keps, hence
ki x ks = kios for t,s > 0 (by the uniqueness property of the L' Fourier
transform), and therefore T'(t)T(s)f = T(t + s)f for all f € S vanishing
on (—o0,0] (by the associative law for the convolution). Since T'(¢)7T'(s) and
T(t 4+ s) belong to B(LP), and the functions f as above are dense in L?, it
follows that T'(-) is a semigroup of operators on LP for any p € [1, 00).

Using the same argument as in the former examples, one shows that
T(-) can be extended as an analytic B(LP)-valued function W(.) on CT,
defined by

W) f=k.*f (f€lLP;zeCh), (18)
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where k, is defined by (16) with ¢ replaced by z € C*. This follows from the
fact that k, € L' for z € Ct, because

I'(R=2)

bR < o
1'(2)]

”szl =

We may also apply the argument of the preceding examples to show that k.
is given by (17) with ¢ replaced by z, that is,

kz(u) — (b _ iu)_z — (b2 +u2)—z/2e—iz arctan(u/b) (u e R). (19)

In particular, R
kzlloo = b~ R2e/DIS2L (5 € CH). (20)

In case p = 2, the C,-property follows as in the previous examples from the
Parseval identity and (20) for z € (0, 00):

T F = flla = [1Flke  f = fllla = (ke = DE )2
= [[[(b = i) ™" = (Ff)(w)]l2.

The functions in the last norm sign converge pointwise a.e. to 0 when ¢t — 0+,
and for 0 < ¢t <1, they are

<O '+ 1)|FfI<K|Ff| € L?,

where K = 1+ max(1,1/b). By the Dominated Convergence Theorem, they
converge to 0 in L?-norm, hence T'(t)f — f in L? when t — 0+.

For arbitrary p € [1, 00), we may verify the C,-property as follows. We first
show that T'(1) has dense range in LP. Indeed, let ¢ be the conjugate exponent
of p, and suppose g € LY is such that (T'(1)f,g) = 0 for all f € LP. We must
show that g = 0 a.e. We have

0= /oo /z e PV f(y) dy g(x) dz
0 0

:/000 (/,, 7 g() dm) e f(y) dy

for all f € LP, and therefore
eby/ e "g(x)dr =0
y

a.e. on RT. Thus the above integral vanishes a.e., and therefore, for h > 0
small enough,

y+h
(1/2h)/ e "g(x)dz =0

—h
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for almost all y € R*. Since the integrand clearly belongs to L!, it follows
that the left-hand side converges for almost all y (when h — 0+) to e~*g(y).
Consequently g(y) =0 a.e.

Let f € L? (1 < p < o0). Since T'(+)f is the restriction of the analytic
function W (-) f to R, it is (strongly) continuous on R*. Therefore, as t — 0+,
THITN)f]=TQA+1t)f — T(1)f, that is, [T'(t) — I]g — 0 strongly for all g
in the range of T'(1). Since this range is dense in LP and ||T'(t) — I|| < K for
0 <t <1 (K as above), it follows that T'(t)f — f strongly for all f € LP.
Thus, for any p € [1,00), T(:) is a Co-semigroup.

Finally, we prove the regularity of T'(-) (for any 1 < p < oc!) by applying
the Mihlin Multiplier Theorem (cf. [K17, Corollary I1.8.7]). Using the notation
of this reference, we set

|F k=l = | F k:llc + [[M D F ks || oo,
where D : f — f" and M : f(u) — uf(u) (whenever defined). We have

(M Dk.)(u) = iuz(b—iu) ">,

hence
. u? 1/2
‘(MDkz)(u)‘ = ‘Z‘ <b2 n u2) (b2 + uz)—%Z/Qegz arctan(u/b)
< 2| (b7 + u?)~RE 2T/ DIS2,
Hence

| M Dk |so < |2| b~ R2e(m/2IS21,
Together with (20), this gives

| F k.|l < (2m) Y207 R (1 + |2])e(™/ D121,

By Corollary I1.8.7 in [K17], there exists a constant C},, depending only on p,
1 < p < oo, such that

W (2)llBwry < Cp IF ksl < (2m) 20077 (1 4 |2])e/2 1921,
Hence
up W (2)||perry < (2m)"Y2Cpe™?(1 + V2) max(1,1/b) < cc.
We conclude that, for any p € (1,00), the Gamma semigroup T(-) is regular.
The associated boundary group U(-) can be shown to satisfy the estimate
IT®5zr) < C ™21+ 1),

uniformly with respect to the parameter b; the factor C(1+ [t|) can be omitted
in case p = 2 (cf. [K17, Section I1.9.1, Relation (12)]).
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In the above analysis of the Gamma semigroup, it was essential that the
parameter b be positive. If b = 0, the operators T'(¢), t > 0 (and W(z),
z € C%) are unbounded on LP(R*); however, they may be considered on
L?(0,N) for any 0 < N < oo, on which they are bounded operators; W (-) is an
analytic semigroup on LP(0, N), the so-called Riemann—Liouville semigroup
of “fractional integration”:

WA =G [ -0 )y
(feLP(O,N); zeCT;2€[0,N); 1 <p<o0).If1<p< oo, W()is regular;

its boundary group U(-) is the group of “fractional integrals of pure imaginary
order” (cf. [K17, Corollary 11.9.3]).



G

Pre-Semigroups

We consider the following elementary properties of a C,-semigroup S(-):
Property 1. S(-) : [0,00) — B(X) is strongly continuous and S(0) is injective.
Property 2. S(t — u)S(u) is independent of u, for all 0 < u < ¢t.

Property 3. There exists a > 0 such that e=%*S(#)x is bounded and uniformly
continuous on [0, c0), for each z € X.

Property 1 is contained in Theorem 1.1 (together with the trivial injectivity
of S(0) = I). Property 2 follows from the semigroup identity. Property 3
follows from Theorem 1.1 and the estimate

le=* M S(t + h)a — e~ S(t)z]
< e SO e S(h)z — || < Mlle”*"S(h)z - x|

Definition 1.117. A pre-semigroup is a function S(-) with the properties 1
and 2. If Property 3 is also satisfied, the pre-semigroup is said to be exponen-
tially tamed.

Let S(-) be a pre-semigroup. By Property 2, equating the values of
S(t — u)S(u) with the value at u = ¢, we see that

St —u)S(u) =S(0)S(t) (t>u>0). (1)
Writing ¢ = u + s in (1), the identity is equivalent to
S(s)S(u) = S(0)S(u+s) (s,u>0). (1)

In particular, the values of S(-) commute.

S. Kantorovitz, Topics in Operator Semigroups, 131
Progress in Mathematics 281, DOI 10.1007/978-0-8176-4932-6_7,
© Birkhéuser Boston, a part of Springer Science + Business Media, LLC 2010
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Definition 1.118. The generator A of the pre-semigroup S(-) has domain
D(A) consisting of all x € X for which the strong right derivative at 0,
[S(-)x])'(0), exists and belongs to S(0)X, and

Az = S(0)"[S(")2)'(0) (z € D(A)).
Note that if T'(-) is a Cp-semigroup with generator A, and C' € B(X) is

injective and commutes with 7'(+), then S(-) := CT(-) is a pre-semigroup with
S(0) = C and with generator A.

G.1 The Abstract Cauchy Problem

The generator A of a pre-semigroup is not necessarily densely defined, so that
its associated ACP is more general than the one considered in Theorem 1.2.
The following result is an adequate extension.

Theorem 1.119. Let A generate the pre-semigroup S(-). Then:

1. A commutes with S(t) for all t > 0.
2. A is closed with S(0)X C D(A).
3. For each x € D(A), u := S(-)x is of class C* and solves the Abstract
Cauchy Problem
' = Au;  u(0) = S(0)x (ACP)
on [0, 00).
Proof. Fort > 0, h > 0, and x € D(A),
S(h)[S(#)x] —S(0)[S(t)z] = SE)[S(h)x—S(0)x] = S(0)S(t+h)x—S(0)S(t)z.

Dividing by h and letting h — 0, we get that the strong right derivative at
0 of S(-)[S(t)z] exists, equals the strong right derivative of S(0)S(-)x at ¢,
and equals S(t)S(0)Az = S(0)S(t)Ax € S(0)X. Therefore S(t)x € D(A) and
A[S(t)x] := S(0)71[S(0)S(t)Az] = S(t)Az. This proves Statement 1.

Also for 0 < h <t (with ¢ fixed), letting K := supg_,<; ||S(u)||(< oo by
the Uniform Boundedness Theorem and Property 1), we have

IR S(0)S(t — h)x — S(0)S(t)x] + S(0)S () Az||
< [PTHS(0)S(t — h) = S(0)S#)]S(h)z + S(0)S(t) Ax|
+ SO ISE —h) = S@] A~ S (h)x — 2] — S(0) Az]|
+ SO 15()[S(0)Az] — S(t — h)[S(0)Axz]|.
The first term on the right of the inequality equals
1S(0){=h"1[S(0)S(t + h) = S(0)S(t)] + S(t) Az} — O

when h — 0, as observed before.
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The second term on the right is
< 2K [[S(O)[ [|h~H[S(h)x — 2] — S(0)Az|| — 0

by definition of A.

The third term on the right — 0 by continuity of S(-)[S(0)Ax].

Thus we proved that S(0)S(-)x is differentiable on [0,00) for each = €
D(A), and

[S(0)S(-)z]'(t) = 5(0)S() Az (t = 0;2 € D(A)). (2)

Integrating from 0 to ¢ and using the boundedness and injectivity of S(0), we
obtain

Stz — S(0)z = /0 S(s) Az ds = /0 AS(s)zds (v € D(A).  (3)

For h,t > 0 and for all z € X, we have

h=YS(h) — S(0)] /Ot S(s)xds = S(0)h~! Uot S(s+ h)xds — /Ot S(s)x ds}

= 5(0) [h_l /tt+h S(s)rds —h™! /Oh S(s)x ds]

— S(0)[S(t)z — S(0)a] € S(0)X,

showing that fg S(s)xds € D(A) and
t
A / S(s)zds = S(t)x — S(O0)z (z € X). (@)
0
In particular, for all z € X,

t
S(0)z = lim t_l/ S(s)xds € D(A).
t—0+ 0

We show now that A is closed. If 2, € D(A), x,, — z, and Ax,, — y, then
with K as before (for t fixed) and L = sup,, ||Az,]||, we have ||S(s)Ax,| <
KL for all n and s € [0,t], and S(s)Ax,, — S(s)y pointwise. By dominated
convergence and (3),

n

S(t) ~ S(O0) = lim[S(t)a, — S(0)a,] = lim /0 S(s) Ay ds = /O S(s)y ds.

Dividing by t and letting t — 0+, we obtain that the right-hand side converges
to S(0)y € S(0)X, so that x € D(A) and Az = y, as wanted.

We read also from (3) that S(-)z is of class C! and solves (ACP) on [0, c0)
for each z € D(A). ad
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A partial converse of Theorem 1.119 is the following

Theorem 1.120. Let S(-) have Property 1 and commute with A, and either
D(A) is dense or p(A) is nonempty. If S(-)x solves (ACP) for each x € D(A),
then S(-) is a pre-semigroup generated by an extension of A.

Proof. For x € D(A) and 0 < u <,

isu—msmmz-Asa—wsmn+sa—wAawx=m
and Property 2 follows on D(A), hence on X in case D(A) is dense, because
S(t —u)S(u) € B(X).

In case p(A) is nonempty, fix A € p(A). Since R(\; A)x € D(A) for all
x € X, and since R(A; A) commutes with S(-) (because A commutes with
S(+)), we have

R\ A)S(t —u)S(u)x = St —u)S(u)R(\; A)x
= S(0)S(t)R(N; A)z = R(N; A)S(0)S(t)x,
and therefore S(t — u)S(u) = S(0)S(t), i.e., Property 2 is satisfied.

Let then A’ be the generator of S(-). By hypothesis, [S(-)z]'(0)
A[S(0)x] = S(0)Az € S(0)X for all x € D(A), that is, A C A" O

A generalization of Theorem 1.120 is the following
Theorem 1.121. Let A, B be (unbounded) operators such that

(i) 0 € p(B);
(ii) D(B) € D(A); and
(iii) B commutes with R(\; A) for some A > 0.

Then (ACP) for A has a unique C*-solution on [0,00) for each x € D(B) if
and only if an extension of A generates a pre-semigroup S(-) (with S(0) =
(M — A)R(0; B)) that commutes with A.

Proof. Suppose S(-) is a pre-semigroup with S(0) as stated, commuting with
A and generated by an extension A’ of A. First, S(t)D(A) = S(t)R(N\; A)X =
RN\ A)S(t)X C D(A) for all ¢. For = S(0)y with y € D(A) C D(4'), we
have by Theorem 1.119

[SC)yl" = A'[S()y] = A[S()y],

ie., [S(-)S(0)~tx) = A[S(-)S(0)~ ] and of course [S(-)S(0)~'z](0) = =, that
is, S(-)S(0)~ 'z solves (ACP) for x € S(0)D(A) = D(B), since

S(0)D(A) = S(0)R(\; A)X = R(\; A)S(0)X = R(0; B)X = D(B).
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If v : [0,00) — D(A) is any solution of (ACP) with x = S(0)y € S(0)D(A)
then [ [S(t—s)v(s)] = —S(t—s)A'v(s)+S(t—s)Av(s) = 0 since v(s) € D(A)
Equatlng therefore the values of the constant function s — S(t — s)v(s) at
s = 0and s = t, we get S(0)v(t) = S(t)S(0)y, hence v(t) = S(t)y =
S(t)S(0)~tx, meaning that (ACP) has a unique solution for each z €
S(0)D(A).

Conversely, assume (ACP) with initial value € D(B) has the unique
C*-solution u(-;z) on [0, 00). If v := R(\; A)u(+; x), then

= R(\; A)u(52) = RO\ A)Au(-x) = Av,
and
v(0) = R(A\; A)x = R(\; A)R(0; B)y = R(0; B)R(\; A)y € D(B).
By the uniqueness assumption,

RN Au(sz) = u(s R(A; A)x)  (z € D(B)). (5)
We define now for all x € X
S()x = (A — A)u( R(0; B)w) = u(s R(0; B)z) — o' (5 R(0; B)z).  (6)

Since R(0; B)x € D(B), and u(-;y) has values in D(A) for any y € D(B),
the operator S(t) is everywhere defined on X, and is linear by the uniqueness
hypothesis (for each ¢ > 0). By (6), S(-)z is continuous for each x € X.
By (5) with R(0; B)z(e D(B)) replacing x,
R(A\; A)S(t)x = u(t; R(0; B)x) = (M — A)R(\; A)u(t; R(0; B)x)
= (M — A)u(t; R(\; A)R(0; B)x)
= (M — A)u(t; R(0; B)R(\; A)x)
= S(t)R(A; Az,
and it follows that S(¢) commutes with A for all ¢.
Consider now U(-)z := u(-; R(0; B)x).
The operator U(-) : X — C([0,b]; X) (:= the Banach space of all
X-valued C*-functions on [0,b] with the usual norm) is shown to be closed.

Indeed, if z,, — z in X, and U(-)z, — v in C'([0,b]; X), then for each
t €10,0],

AU (t)zn] = Au(t; R(0; B)zn) = [u(-; R(0; B)zn)]'(t)
= [U()zn] () = ' (D).
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Since A is closed, v(t) € D(A) and Av(t) = v'(t). Also
v(0) = im U(0)x,, = lim u(0; R(0; B)xy,)

= lim R(0; B)z,, = R(0; B)z.

By uniqueness, it follows that v = u(-; R(0; B)x) = U(-)z, that is, U(-) is
closed, hence bounded, by the Closed Graph Theorem. Let M denote its
norm. Then for 0 <t <b,

IS@)ll = |(M = AU @Oz < MU @] + [[[U()=] @]
<A+ DMzl (z € X).

Since b is arbitrary, this shows that S(-) is B(X)-valued. We saw that it
satisfies Property 1 with S(0) = (M — A)R(0; B)z clearly injective, and it
commutes with A. For x € D(A), write x = R(\; A)y; then by (5),

S()z = (M — A)u(; R(0; B)R(A; A)y) = u(-; R(0; B)y)

solves (ACP) (with the initial value S(0)x = R(0; B)y).
By Theorem 1.120, we conclude that S(-) is a pre-semigroup generated by
an extension of A. O

Taking B = —(\ — A)"™! (for some nonnegative integer n) with domain
D(B) = D(A™1) € D(A), the pre-semigroup S(-) generated by an extension
of A satisfies S(0) = (AI — A)(A\] — A)™"~1 = R(\; A)". We thus have the
following

Corollary 1.122. Let A € p(A). Then (ACP) for A has a unique C*-solution
on [0,00) for each x € D(A™Y) if and only if an extension of A generates a
pre-semigroup S(-) with S(0) = R(\; A)™, which commutes with A.

G.2 The Exponentially Tamed Case

We consider next an exponentially tamed pre-semigroup S(-), that is, all three
properties 1, 2, 3 are satisfied by S(-).
By the injectivity of S(0) and the Uniform Boundedness Theorem,

0 < [|S(0)]| € M :=supe || S(t)|| < oo.
>0

Definition 1.123. Let S(-) be a pre-semigroup with Property 3. Set
Y ={z € X;5(0) e S(t)x € Cy([0, 00); X)},

where Cy(--+) denotes the Banach space of all X -valued bounded uniformly
continuous functions on [0,00), normed by | f||u = sup,> || f(t)]]-
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For x € Y, set
llly = [[S(0)~ e S (t)]|-

Clearly || - ||y > || -]l on Y, and Y := (Y, || - |ly) is a normed space.
We denote by [S(0)X] the Banach space S(0)X with the norm

lzllo = MI|S(0)~ =]

The next result identifies Y as a Banach subspace of the Hille—Yosida space
Z for the generator A of the exponentially tamed pre-semigroup S(-) (cf.
Theorem 1.23).

Theorem 1.124. Let A generate an exponentially tamed pre-semigroup S(-),
and let Y be the space defined in Definition 1.123. Then Y is a Banach sub-
space of X containing [S(0)X] as a Banach subspace, and Ay (the part of A
in'Y') generates a C,-semigroup T(-) in'Y satisfying ||T(t)||pry) < e*.

Proof. Let {x,} be Cauchy in Y. Since || - ||y > || -, it is Cauchy in
X. Let then £ = limx,, in X. By definition of the Y-norm, the sequence
{S(0)~te=S(t)x, } is Cauchy in Cj = Cp([0,00); X). Let u € Cj be its
Cp-limit. The boundedness of S(0) implies that e~ S(t)z = S(0)u(t) € S(0)X
for all ¢, so that S(0)~le™*S(t)z = u(t) € Cp, ie, z € Y, and clearly
|[xn — x||ly — 0. Thus Y is indeed a Banach subspace of X.

If # = S(0)y € S(0)X, then S(0)~te~*S(t)x = e~ *S(t)y € Cy by Prop-
erty 3, so that S(0)X C Y. Also

lzlly < lle™ " S®)yllu < M Iyl = [|zlo-

Hence [S(0)X] is a Banach subspace of Y.

If € Y, then for each fixed s > 0, S(0)"le¥S(t)S(s)z =
e %St + s)x € Cp (as a function of ¢), so that S(s)Y C Y. We may then
define T(+) := S(0)71S() on Y. Then for x € Y,

|T(t)z||y = sup [|S(0)~"e**S(s)5(0)~'S(t)x||
= e sup ||S(0)_1e_a(s+t)5(s + )z < e|x||y.

This shows that 7'(-) is B(Y')-valued and ||T'(t)||py) < e*.

The semigroup property of T'(-) follows trivially from (1').

We shall verify the C,-property of T'(-) by using the uniform continuity
of S(0)~te=S(t)x for z € Y. Given € > 0, there exists § > 0 such that for
0< h<yd,

15(0)"tem M S (¢ 4 h)x — S(0) " te™ S (t)x]|, < e.
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Therefore
1S(0)~ e~ ST (h)x — ]|

< e™)5(0) e TS (¢ + h)z — S(0)LeT S (1)

+ (e = 1D)||S(0) " tem S (t)x|| < ee + (e —1)|z]y.
Taking the supremum over all ¢ > 0, and letting then h — 0, we obtain

limsup |T(h)z — z]y <e,
h—0+
and the arbitrariness of e gives the C,-property of T'(-) in Y.
Let then A’ be the generator of T'(-) in Y. For x € D(A’) CY and h > 0,
RYS(h)x — S(0)x] = S(0)h T (h)x — 2] — S(0)A'z € S(0)X,

where the limit (as h — 0) is in Y, hence in X. Therefore z € D(A) and
Az = A’z € Y, by definition. This shows that z € D(Ay) and Ayx = Az,
i.e., A C Ay.

The Laplace transform L(A)x of S(-)z is well-defined for A > a, and cal-
culations identical with those in the proof of Theorem 1.15 show that

LI — A)z = S(0)z  (z € D(A)).

If (M — A)x = 0, it follows that S(0)x = 0, hence z = 0, i.e., (Al — A) is
injective on D(A), and therefore (A — Ay ) is injective (for A > a). Also, by
Theorem 1.15, R(\; A’) € B(Y), so that in particular A\I — A’ is surjective
(for those X), and we saw above that A\I — A" C AI — Ay. It follows that
D(A") = D(Ay). O



Part 11

Integral Representations



A

The Semi-Simplicity Space

Motivated by the spectral integral representation of bounded C,-groups of
operators in Hilbert space (cf. Corollary 1.42) and its Banach space version
on the semi-simplicity space (cf. Theorem 1.49 and Corollary 1.50), we shall
construct the semi-simplicity space for operators A for which iA is not neces-
sarily the generator of a Cy,-group, provided that the spectrum of A lies on the
real line, or at least excludes some ray. We shall then prove the existence of a
spectral integral representation of the part of A in its semi-simplicity space,
and the maximality of the latter with respect to this property.

A.1 The Real Spectrum Case

In this section, we generalize Theorem 1.49 to operators A with real spectrum,
for which iA is not assumed to generate a C,-group.
Consider the Poissonian of A,

1
P(t,s) = 5 |R(t —is; A) — R(t +is; A)] (t € R;s > 0).
i
Let || - |1 denote the L'(R)-norm (with respect to the Lebesgue measure).

Definition 2.1. The semi-simplicity space for A is the set of all x € X such
that

1 limyy| oo R(t +iu; A)x = 0 for all t € R; and
2. sup s [|z*P(:, s)z|l1 < oo for all * € X*.

Note that Condition 1 is valid for all x € X when i A generates a C,-group;
indeed, since R(t + iu; A) = iR(—u + it;iA), we have in that case ||R(t +
iu; A)|| = O(1/|u|) for 0 # u € R.

Lemma 2.2. If x € X satisfies Condition 2, then

lz]| 4 := sup{||z* P(., $)x|[1;s > O, ||a*|| = 1} < oc.

S. Kantorovitz, Topics in Operator Semigroups, 141
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Proof. First, for s > 0 and z € X fixed, assume that 2*P(.,s)z € L'(R) for
all z* € X*, and consider then the linear map

Vi:ia® — a*P(-, s)x

of X* into L'(R).
If 27 — 2* in X* and Viz — f in L' (as n — o0), then by Fatou’s
lemma,

/ |f(t) — 2" P(t, s)x| dt = / liminf |f(t) — ) P(t, s)x| dt
R R "

< liminf/|f(t) — Vx| dt =0,

ie., Vix* = f, so that V is closed, hence bounded, by the Closed Graph
Theorem.

When Condition 2 is satisfied by z, the family of bounded operators
{Vs; s > 0} satisfies

sup [|[Viz®|1 < oo (2" € X7).

>0
By the Uniform Boundedness Theorem, sup,. [|Vs|| < oo, which means pre-
cisely that ||z|l4 < oc. O

Theorem 2.3. Let A be an operator with real spectrum acting in the reflexive
Banach space X, and let Z be its semi-simplicity space, normed by || - || a-
Then Z is a Banach subspace of X, invariant for any U € B(X) commuting
with A, and there exists a spectral measure on Z, E(-), such that

1. for each § € B(R), E(§) commutes with every U € B(X) which commutes
with A;
2. D(Az) ={z € Z; [y uE(du)x exists and belongs to Z}, and

Ax :/uE(du)x (x € D(Ag));
R
3. for all nonreal ( € C and x € Z,
1
R((A)x = / E(du)zx.
= [ L Baw
Moreover, Z is “maximal-unique” in the following sense: if W is a Banach

subspace of X and F(-) is a spectral measure on W with Property 3, then
W C Z and F(6) = E(6)|w for all § € B(R).

Note that the “existence” of the integral in Statement 2 is in the sense of
Section 1.48, i.e., as the strong limit in X

b
/uE(du)x = liril/ uE(du)z.
R a, a
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Proof. For fixed x € Z and z* € X*, the function z*P(¢, s)z is an analytic
function of ¢ + is in C*, hence (complex) harmonic there, and satisfies

sup [|2* P (-, s)xl[1 < [[@]|allz"] < oo
s>0

(by Lemma 2.2).
Therefore there exists a unique regular complex Borel measure u(-; 2, x*)
on B(R) such that
(s 2, 27)]] < [laflallz] (1)

and
2" P(t,s)x = /p(t —u, s)p(dusz,x*)  (t € R,s > 0), (2)
R

where p(t, s) := 2) s the Poisson kernel for the upper halfplane (cf. [SW],

7r(t2j—s
pp. 49-53). The uniqueness of the Poisson integral representation implies that
for each 6 € B(R), p(d;-,-) is a bilinear form; hence, by (1) and the reflexivity

of X, there exists a unique linear transformation

E$):Z—-X
such that
w(;z, ") =2"E@0)x (xe€Z 2" e X") (3)
and
I1E@)z| < [lzfla (z € 2). (4)

It follows from (3) and Pettis’ theorem that E(-)z is a regular countably
additive X-valued measure on B(R), and we may rewrite (2) in the form

[R(t—is; A) — R(t +is: A)Jw — /R

[ ! ! E(du)z  (5)

t—is—u_t—i-is—u

forallt e R,s >0, and z € Z.
For x € Z fixed, consider the function

F(C)x::ACqu(du)x (e C—-R).

By (4), F(-)z is well-defined, analytic in C — R, and it follows from (1) that

[Ea[p
[ F(¢)x]l < N

In particular, F(t +is)z — 0 as |s| — oco. By (5),
F(t—is)x — F(t+is)r = R(t —is; A)x — R(t +1is; A)x (6)

forallt e R,s >0, and z € Z.
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Set G(-)xr = F(-)r — R(-; A)xz. This is an analytic function in C — R,
satisfying G(¢)z = G({)x in its domain. Therefore, for each z* € X*, the
functions *G(¢)x and z*G({)z (= z*G(¢)x) are both analytic in C—R. Hence
x*G(-)x is constant there, and since it vanishes as |[$¢| — oo (by Condition 1

in Definition 2.1, and by our previous observation about F(-)x), it follows that
G()x=0foralz e Z, ie.,

R(G; Ay = / U Blawe (1)

rRC—u

forall (e C—Rand x € Z.

We shall verify now that (7) (i.e., Statement 3 of our theorem) implies all
the other statements of Theorem 2.3.

Let U € B(X) commute with A. Then U commutes with R((; A) for all
nonreal (. If x € Z, then R(t + iu; A)Uxz = UR(t + iu; A)x — 0 as |u| — oo,
for all ¢ € R. Also, with notations as in the proof of Lemma 2.2, we have for
fixed z € Z,

2" P(-, s)Ux|[1 = ||z UP(, s)ally = [[(U2")P(-, s)z|x
= [VsU ™z [y < VL[l U727 < (VLU [l
<Ol allz"]],
so that
[Uz[[a <[[U[[lz]la (z€ 2). (8)
Thus Z is U-invariant, and by (7),

/ ! E(du)Uz = R(¢; A)Uz = UR((; A)x
RG—U

= / ! UE(du)x
rRC—u
for all nonreal ( and = € Z.

By the uniqueness property of the Stieltjes transform (cf. [W]), it follows
that E(0)Ux = UE(0)z for all z € Z and ¢ € B(R) (which proves Statement 1
of the theorem).

In particular, taking U = R(X; A) for A € p(A), we obtain

RN A)ER)z = ER)R(\; A)x

= lim /]R ¢ E uE(du)R()\; A)r =lim (R(¢; A)R(\; A)x

J(—o0

¢
C—A\

= lim

[R(M\; A) — R(¢; A)|lxz = R(\; A),
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since € Z (cf. Condition 1 in Definition 2.1). Hence
ERz=z (x€2). 9)
By (4), this shows in particular that
[zl < llzlla (z € 2). (10)

Therefore, if {z,} C Z is || - || a-Cauchy, it is also || - ||-Cauchy (and of course,
| - |l a-bounded, say by the constant K). Let « = lim,, x,, in X. Then by (7)
and (1),

feulla _ K

| R(t + s Ay || < < K
i

and therefore ||R(t + iu; A)z|| < K . Thus z satisfies Condition 1 in Defini-
tion 2.1.

For each 2* € X* and s > 0, 2*P(-, 8)x,, —n 2*P(+, $)x pointwise, so that
by Fatou’s lemma,

la*P(-, 8)x||1 < limninf | P(-, 8)xn1
< liminf [z [ 4 |27 < K|,

and we conclude that z € Z.

Also, given ¢ > 0, let n, be such that ||z, — z,||a < € for all n,m > n,.
Then ||z*P(-,s)(xn, — xm)|1 < € for all unit vectors z* € X*,s > 0, and
n,m > n,. Letting m — oo, Fatou’s lemma implies that |z, — x|/ 4 < € for all
n > Ny, i.e., &, — « in the || - || 4-norm. We then conclude that (Z, || -||4) is a
Banach subspace of X.

Forx € Z and A € p(A), we have by (7), the invariance of Z under R(A; A),
and the Resolvent Identity

/C1<ﬂmeﬂn=R@Amﬁﬁﬂ
RC—u

1
= [RO:A) — R A

-2 A/{ N _U}EMMx
::ACiu[Aquumﬁ,

for all nonreal . By the uniqueness property of the Stieltjes transform,

E() AAx—/A_u VE(du)z, (11)
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for all x € Z, X € p(A4), and § € B(R) (where x5 denotes the characteristic
function of ¢).
Since R(A; A) commutes with E(9), it follows from (11) that for z € Z,

R\ A)E(§)x = /5 ) i uE(du)x —0

when |S\| — oo.
Also for all unit vectors z* € X*, we have by (11) and (1)

["P(-; s)E()z[r = 2" E(6)P(:, s)z(l1

s/ x*/(t—u; 24 g2 E(du)x| dt

/ /t—u 2, g2 |7 Eal(du)

= |27 Bx|(d) < [lu(; 2, 27| < [l a-

Hence E(6)Z C Z and
IE@)zla <llzlla (v € Z, e BR)). (12)

This shows that E(0) € B(Z), with operator norm < 1.
By (11) and (7), since E(§)x € Z for x € Z,

/A_u VE(du)z :R()\§A)E(5)$Z/RAiUE(du)E(é)x.

The uniqueness property of the Stieltjes transform implies that
E(0)E()x = / o (W)xs () E(du)z = E(o N 6)a
R

for all 0,6 € B(R) and = € Z. We have thus shown that E is a spectral
measure on Z.
We prove now Statement 2 in the theorem. The argument yielding (4) in
the proof of Theorem 1.49 shows that
D(Az) =R\ A)Z (13)

for any A € C — R.
Let © € D(Az). Write then x = R(X\; A)y for a fixed nonreal A and a
suitable y € Z. For —oo < a < b < oo, we have by (11)

/a " LB (du)r = / LB (du)R(x Ay

b
(" ("
= [\ By — [ By
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as a — —oo and b — oco. Thus [, uF(du)z exists. Writing ,* = /\iu -1,
the last relation shows that
1
/ uE(du)x = )\/ E(du)y — E(R)y
R R A—u
= AR\ Ay —y=ARNA)y=Ar e Z (14)

(since x € D(Az)). Thus D(Az) C Zi, where Z; denotes the set on the
right-hand side of Statement 2. On the other hand, if x € Z7, denote z =
Jg uE(du)x; we have z € Z, and for nonreal A, we obtain from (11)

b
RN A)z=1lim | uR(\A)E(du)x

a, a

b u u

=li E = E
((%1) A (du)x /R)\—u (du)x

= )\/ 1 E(du)x —xz = AR(\; A)x — x.
R A

—u
Hence
x =R\ A) M —z]€ RINA)Z = D(Ay),

so that D(Az) = Z1. By (14), Az = [, uFE(du)z for all z € D(Az).

Finally, let W and F' be as in the statement of the theorem. For x € W,
Statement 3 (with F replacing E) implies Condition 1 in Definition 2.1. Also,
for all z* € X*,

S 1
*P(- = * F(d dt
o PCastel =" [ o [ aFlaus

s dt . .
S/w/uﬂM+§@“%M—wam,

so that Condition 2 in Definition 2.1 is satisfied as well, i.e., x € Z. Thus
W C Z, and the uniqueness property of the Stieltjes transform implies that
F()x=E()x for x € W. a

The discussion preceding Corollary 1.50 yields the following

Corollary 2.4. Let A be an operator with real spectrum, acting in the reflexive
Banach space X, and let Z be its semi-simplicity space. Then Z = X if and
only if A is a scalar-type spectral operator. When this is the case, E is the
resolution of the identity for A.

We consider now the operational calculus 7 induced by the spectral mea-
sure on Z, E, as defined in the paragraphs following Definition 1.48. (In the
following, the space Z is normed by | - || 4.)
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Theorem 2.5. The map T is a norm-decreasing algebra homomorphism of
B(R) into B(Z). Moreover, for each h € B(R), 7(h) maps D(Az) into itself,
and
Ar(h)x = 7(h)Az = / uh(u)E(du)x (x € D(Az)). (15)
R
(Note that the “improper” integral appearing in (15) is 7(uh(u)), defined as
usual for functions in Bj,.(R).)

Proof. For x € Z and h € B(R), we have by (11)

R()\;A)T(h)xz/h(u)R()\;A)E(du)x:/R;L(_ULE(du)x. (16)

R
Therefore
1l oo ||| 4

IROs Ayrya] < 1S

(AeC—-R).

In particular, 7(h)x satisfies Condition 1 in Definition 2.1.
By (16), for all z* € X*,

o PCs)r(hah = la® | bl w. )b Blduall
< [ [ nwlpte - w9l Esl(@u) de

< ||h||oo//p(t—u,s) dt|z* Bz |(du)
= [hllo|z” Ex|(R) < [[Alloo|lz[lallz",

where |z* Ex| denotes the total variation measure of z*Ex = u(-; x, 2*).
Thus 7(h)z satisfies Condition 2 in Definition 2.1, and we conclude that
T(h)x € Z for all x € Z and h € B(R), and moreover

[r(h)zla < |hllcllzlla (b €B(R),z € Z). (17)

This establishes that 7 is norm-decreasing from B(R) into B(Z). Since E is a
spectral measure on Z, it follows that 7 is multiplicative on the simple Borel
functions, hence on B(R) as well.

Let © € D(Az). Then x = R(X\; A)y for some nonreal A and y € Z.
Therefore, for any h € B(R),

7(h)x = R(\; A)T(h)y € R(A\; A)Z = D(Ay),
ie, 7(h)D(Az) C D(Ayz).

In particular, for h,x,y as before, by multiplicativity of 7 on B(R), the
limit
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b b
(liril) uE(du)T(h)x = (liril) uh(u)E(du)x

exists in X and belongs to Z, and equals A7(h)z (by Theorem 2.3). Finally,
we observe that the bounded operator AR(\; A) = AR(X\; A) — I commutes
with F, hence with 7(h), and therefore

Ar(h)x = AR(\; A)T(h)y = 7(h)AR(X\; A)y = 7(h) Ax. O
Taking in particular the functions h;(u) = e®* (t,u € R), let
T(t)=7(h:) (t€R).

Then T'(+) is a group of contractions in Z, which map D(Az) into itself. It is
continuous with respect to the X-norm (as follows at once by dominated
convergence), but not necessarily with respect to the Z-norm.

Consider the continuous functions on R

67.tu

k=" "1 (tuz0)

and k:(0) = 1 (for t # 0). We have |k¢(u)] < 1 and ki(u) — 1 as ¢t — 0 (for
all u € R). For # € D(Ay), we apply (15) and the Dominated Convergence
Theorem for vector measures:

t T () — 2] = z/ uky(u)E(du)x = iT(kt) Az

=i [ ki(u)E(du)Ax — iAx

as t — 0 (limit in X). Also
sTHT(t+ 8)x — T(t)x] = s T (s)T(t)x — T(t)x] — iAT(t)z

as s — 0 (limit in X), since T'(t)z € D(Az) for x € D(Az), by Theorem 2.5.
We formalize the above discussion in

Corollary 2.6. T(-) is a group of contractions in Z, continuous in the X-
topology on Z, and leaving D(Az) invariant. Moreover, in that topology, the
generator of T() coincides with iA on D(Agz), and u := T(-)x solves the
Abstract Cauchy Problem on R:

v =iAu, u(0)==x
for x € D(Ayg).

The basic properties of the operational calculus 7 on Bj,.(R) are collected
in the following
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Theorem 2.7.

(i) 7(Ah) = AT(R) (0 # X € C,h € Bioe(R));
(ii) D(r(h) +7(g)) = D(r(h +g)) N D(7(g)), and

T(h+g)x =7(h)x + 7(9)x

for all x € D(7(h) +7(g)) and h, g € Bjoe(R);
(iii) E(0)D(7(h)) € D(r(h)), and

T(h)E(0)x = E(8)T(h)x = 7(hxs)x (xz € D(r(h))),

for all compact 6 C R and h € Bjoe(R);
(iv) D(r(h)7(9)) = D(7(hg)) N D(7(g)), and

7(h)7(9)z = 7(hg)x
for all x € D(T(h)T(g)) and h,g € Bjoe(R).

Proof. (i) is trivial.
In the following, h, g will denote arbitrary functions in Bj,.(R).
Proof of (ii). Let x € D(7(h) + 7(g)) :== D(7(h)) N D(7(g)). Then

b
tip / h(u)E(du)z

exists in X and belongs to Z, and similarly for g. Therefore lim,; of the
sum of the two integrals (i.e., of f;(h + g)(u)E(du)x) exists and belongs to
Z. Thus z € D(r(h + g)) and 7(h + g)x = 7(h)x + 7(g9)x. On the other
hand, if = € D(7(h + g)) N D(7(g)), then writing f: h(u)E(du)r = f:(h +
g)(u)E(du)x—fab g(u)E(du)z, we see that x € D(7(h)), so we have the wanted
equality of domains.

Proof of (iit). Let 6 C R be compact, h € Bj,.(R), and x € D(7(h)). In par-
ticular, € Z, and therefore F(d)x € Z. Since 7 is multiplicative on B(R),
we have

b
/ h(w) E(du) EG)z = 7(hXja)T ()2 = 7(hX(asns)

- / ()Xo () E(du) .
R

In the last integral, the integrand is majorized by the bounded function |h|ys,
and converges pointwise to hxs when a — —oo and b — co. By dominated
convergence for vector measures, it follows that lim,; of that integral exists
in X and equals 7(hxs)r € Z (since hxs € B(R)). Hence E(d)z € D(7(h))
and 7(h)E(0)x = 7(hxs)z.
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We also have 7(h)x € Z, because x € D(7(h)). By (11), it follows that for
AeC—-R

1 ot
/R s E@r(h)e = RO A)r(R)e = RO A) lim / h(u)E(du)z

= lim b h(w)E(du)R(X\; A)x

ab J,

Y (%) _ [ W)
= lim 5 uE(du)x = /R 5\ uE(du)x

a

Hence

E@)r(h)r = / h(u)xs(w) E(du)z = 7(hxs)z,

by the uniqueness property of the Stieltjes transform. This completes the proof
of ().

Proof of (iv). Let « € D(7(h)7(g)), i.e., x € D(7(g)) and 7(g9)x € D(r(h)).
By the multiplicativity of 7 on B(R) and by (iii),

b
| gt Bldne = i v

= 7(hX(a,0])7(9X[a,0))7 = T(hX[a.5)) E([a, b)) 7(9)2
= 7(hX[a,p)T(9)7 — T(h)T(9)x
when a — —oo and b — oo, since 7(g)x € D(7(h)). Hence x € D(7(hg)) and
T(hg)x = 7(h)7(g9)x.
In particular, D(7(h)7(g)) C D(7(hg)) N D(7(g)).
On the other hand, if = belongs to the right-hand side of the last relation,

we have in particular 7(g)z € Z. Therefore, by the multiplicativity of 7 on
B(R) and by (iii), we have

T(hX(an)T(9)7 = T(hxF, 4)T(9)2
= 7(hX[a,0)) E([a, b])7(9)2 = 7(hX[a,0)) T(9X[a,t))®
= 7(hgX[a,p))r — T(hg)z € Z
as a — —oo and b — oo, because x € D(7(hg)). Hence 7(g)x € D(v(h)). O

We show next that 7 operates in the desired way on polynomials.
If p(u) = >y aul with n > 1 and a,, # 0, we define as usual

p(Az) = ZakAk = ZakAk
0 0
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restricted to

D(p(Az)) = D(A%) == {z € D(Ay™"); Ay~ 'z € D(Az)}.
Theorem 2.8.

D(p(Az)) = =y D(T(u?));
2. p(Az)x = 7(p)x for all x € D(p(Az)).

Proof. We first prove the following
Lemma. Forn=1,2,... and any X\ € p(A),

(i) D(AL) = {x € D(A"); Az € Z,k=0,1,...,n};
(i) D(A%) = R(\; A)"Z.

Proof of Lemma. (i) is easily verified by induction. The validity of (ii) for
n = 1 was observed before. Assume (ii) for n — 1 (where n > 2). Since Z is
R(\; A)-invariant,

R(NA)'Z C RO\ A)™1Z = DALY,
by the induction hypothesis.

Let z € R(\; A)"Z; then € D(A%™Y), and writing z = R(\; A)"y with
y € Z, we have

A" e = [ARO A)"TTR(N A)y = AR(NG A) — 1" IR(A; A)y
=R\ ANRNA) —I" 'y e D(A)N Z.
Hence € D(A") and
A"z = [AR(\ A)"y = AR\ A) — Iy € Z.

By (i), this shows that z € D(A%).

On the other hand, if x € D(A%), then by (i), z € D(A") and A*x € Z for
k=0,...,n. Thereforey := (\[—A)"x € Z,and z = R(\; A)"y € R(\; A)"Z
(for A € p(A)), and (ii) follows for n. O

Back to the proof of the theorem, let x € D(A%) and fix A € p(A). By the
lemma, write z = R(\ A)"y with y € Z. Applying (11) (in the proof of
Theorem 2.3) repeatedly, we obtain

E(du)z = E(du) R(\; A)F[R(X; A)" M) = (A = u) FE(du)[R(A; A)" "y

for k=1,...,n, since R()\, A)n_ky €Z.
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Hence, for —oo < a < b < o0,

/ab u"E(du)z = /ab (A ﬁ u)k E(du)[R(X; A)" %y

- / (A : u)kEwu)[R(A;A)"-ky] (18)

as a — —oo and b — oo, since [u/(A — u)]¥ is a bounded function of u on R.

Thus [, u*E(du)z exists (in X) and equals the integral in (18), which
belongs to Z for k =1,...,n, by Theorem 2.5. This proves the inclusion C in
Statement 1 of the theorem.

Next, let = belong to the set on the right-hand side of Statement 1. For
each k£ =0,...,n, denote

zk:/ﬂ{ukE(du)x (e Z).

By (11), we have for k =1,...,n,

b b
R(X; A)zy, = lim u*R(\; A)B(du)z = lim [ u*! E(du)x

a,b

a a

P A

:l(lgilau ()\_u—l)E(du)x
b

= HmAR(A; 4) 1 / LB (du)z = RO A) — Tz 1.

a

Therefore
Zk—1 = R()\; A)()\Zk_l — Zk) S D(A) NnZ,

and
Azk_l = [)\R()\; A) — I]()\Zk_l — Zk) = )\R()\; A)Zk — [)\R()\; A) — I}Zk = Zk,
fork=1,...,n.

Since zg = z, it follows from the above recursion that = € D(A™) and

Akx = 2, € Z for k < n, ie., x € D(A%) by Part (i) of the lemma. This
proves Statement 1 of the theorem, and also the relation

Ay = / u*E(du)z  (x € D(AY), k=1,2,...), (19)
R

which clearly implies Statement 2. O
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A.2 The Case RT C p(—A)

We generalize the construction of the semi-simplicity space to operators —A
with spectrum in a halfplane, say, in the closed left halfplane, to fix the ideas.
Actually, all we need for our construction is that RT := (0, 00) be contained
in the resolvent set of —A. While the Poisson integral representation was the
key to the preceding construction, the present one will be based on a theorem
of Widder on the Stieltjes integral representation of functions.
Let then
R(t) := R(t; —A) (t>0),

and

S := AR(I — AR).

The function S(t) = tR(t)[I — tR(t)] is a well-defined B(X)-valued function
on Rt, and for all k =1,2,..., the powers S* are of class C*.
In the following discussion, the L*(R*, 9)-norm is denoted by || - |-
The Beta function is

I(s)I()

Bls:8) = ps 41y

(s,t € RT).

Definition 2.9. Let —A be an operator with (0,00) C p(—A), and let S be
the operator function defined above. The semi-simplicity space for —A is the
set Z of all x € X such that

sup ||x*Ska1 < o0
keN B(k7k)

for all x* € X*.

Using the Closed Graph Theorem, Fatou’s lemma, and the Uniform
Boundedness Theorem as in the proof of Lemma 2.2, we obtain

Lemma 2.10. For all x € Z,

l*S* ]|

= ] * =1 .
follz = sup { 10 el e Mo = 1 < o0

Lemma 2.11. The space Z := (Z,]|-||z) is a Banach subspace of X , invariant
for any U € B(X) commuting with A, and ||U|| g2y < |U|lB(x)-

Proof. The proof is analogous to the one we gave for the real-spectrum case
(see proof of Theorem 2.3). O

(In the following, Z stands for the Banach subspace (Z, || - ||z).)
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Theorem 2.12. Let —A be an operator in the reflexive Banach space X,
whose resolvent set contains the axis R, and let Z be its semi-simplicity
space. Then there exists a spectral measure on Z,

E:B(R") — B(Z),
such that

1. for each § € B(RT), E(§) commutes with every U € B(X) which com-
mutes with A;
2. (i) D(Az) = {z € Z;limp_ o fob sE(ds)x exists in X and belongs to Z},
and
(ii) Az = fooc sE(ds)x (z € D(Az)),
where the last integral is defined as the limit in (i);

3.R(t)x = [J° Hl_sE(ds)x (x € Z,t > 0). Moreover, Z is “mazimal-

unique” relative to Property 3, in the sense of Theorem 2.3.
Proof. Let L be the Widder formal differential operators
Ly = ce M*1D*= 1% (ke N),
where
M:f(t) = tf(t); D:f—f

are respectively the “multiplication” and the differentiation operators acting
on functions of ¢ € R™. The constants ¢, are given by ¢; = 1 and

(~1)h?

rh—)rk+1) *F=22

Cp =

By Leibnitz’ rule,
k i ‘ ‘
Lk: _ C;g Zr(k +j)_1 < ')Mk?-‘rj—let-‘rj—l,
=0 J
where ¢f =1 and ¢}, = (=1)*"1B(k — 1,k + 1)~ ! for k > 2. Since
DFHI=Y (" Re) = (=1)* 71D (k + j)a* RM g,
we have

k
k .

Lyx*R(t)x = it~ 2" (tR)" Z <]) (—tR)Yx = it o Sk (t)x,

=0

where ¢/ =1 and ¢} = B(k — 1,k + 1)1 for k > 2. Therefore, for z € Z and

e X*,

/0 | (2" Ra)| dt = cila*S*z |1 < ||z]|z]|="], (1)
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trivially for k = 1, and because

B(k, k) k-1 <1
Bk—1,k+1) k&
for k£ > 1.
We now rely on the following complex version of Widder’s theorem (cf.
[W], Theorem 16, p. 361): O

Let f be a C™ complex function on RT, such that

K::sup/ |L f|dt < oo.
keN Jo

Then the limit ¢ = lim;_o4 tf(t) exists, and there exists a unique complex
regular Borel measure p on RY such that ||p|| < 2K + |c| and

ﬂozéw“w$ (t € RY).

t+s

Taking f = 2*Rx with z € Z and «* € X* fixed, we have K < ||z z||z*| < o0
by (1). Thus lim;_o4 *tR(t)x exists for each z* € X*. By (a consequence
of) the Uniform Boundedness Theorem,

sup |[tR(t)z| < oo
0<t<1

for all z € Z. Consider the family of operators {tR(t);0 <t <1} C B(Z,X)
(cf. Lemma 2.11). By the Uniform Boundedness Theorem, it follows from the
last relation that

Ho:= sup [[tR(t)| Bz x) < oo
0<t<1

Then for each x € Z and x* € X*, the constant ¢ in Widder’s theorem for
“our” f satisfies the inequality

lel = le(z,27)] := | lim 2"tR(t)a] < Ho ||z z]|z"]. (2)

Let H := Hp+ 2. By Widder’s theorem and relations (1) and (2), there exists
a unique complex regular Borel measure p(-; x, 2*) such that

[u(sz,2™)|| < H ||z z]|2"|
and

ﬁR@x:/‘“W$“x) (t e RY),
0 t+s

for all x € Z and z* € X*.
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This implies in particular that
[tR(t)z]| < H||z]z (t € RT). (2)

The uniqueness of the Stieltjes transform implies that for each fixed § € B(R™)
and z € Z, p(d;x,-) is a continuous linear functional on X*, so that, by
reflexivity of X, there exists a unique function E(-)z : B(RT) — X (for each
fixed x € Z) such that

u(sz,x*) =a"E()x (a2 € X7).
Necessarily, E(d) is a linear operator with domain Z, and
1E@)z|| < H 2]z (6 € BRT),z € 2).

By Pettis’ theorem, FE(-)x is a strongly countably additive vector measure (in
X), and
>~ E(d
R(t)z = )z 2 0.0e 7).
0 t+ s

This is Property 3, which corresponds to (7) in the proof of Theorem 2.3.
As in the latter case, we shall see that it implies that F is a spectral measure
on Z satisfying Properties 1 and 2 of our theorem.

Property 1 is an immediate consequence of the uniqueness property of the
Stieltjes transform. Taking then, in particular, U = R(u) for u > 0 fixed, we
obtain for z € Z
<t
R(w)ERT)z = E(RT)R(u)xr = lim

A f t+SE(ds)R(u)x

=limtR(¢t)R(u)x = lim ! R(u)z — lim LR(t) = R(u)z,
t t t—u t t—u
by the resolvent equation and (2'). Since R(u) is one-to-one, it follows that
ERT) =1|z.
For t,u > 0,t # u, and z € Z, we have by Property 3, the resolvent
equation, and the fact that R(u)z € Z,

/0 © U B(ds)R(u)r = R(OR(u)z

t+s
1 °° 1 1
= / [ - ]E(ds)x
t—u Jo u+s t+s

:/Oootis [uisE(dS)x].

By the uniqueness of the Stieltjes transform,

E(ds)R(u)x = " —1i- SE(ds):r, (3)
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and inductively,

1
ko _
E(ds)R(u)"z = (u+ S)kE(ds)x,
for all £k € N,u > 0, and x € Z. Therefore
1
E(ds)p(R(u))x =p (u N s) E(ds)x

for all polynomials p. In particular,

E(ds)S* (u)z = ot [1— “ rE(ds)x

(u+s)k u+s
us)k
= (u(—i- Z)zk E(ds)x,

for all w > 0,k € N, and = € Z. Property 1 for U = S*(u) implies then that

us k
2 SH W) E(d)z = / (us)

: (u—i—s)%x E(ds)x.

By Tonelli’s theorem, for all z € Z, z* € X*, and § € B(R™), we have

este@a < [ 7 O e Bl

= [ L e EOm@s) = Bl 210)
< B(k, k) H ||| z[|="],
therefore E(§)x € Z and ||E(§)z||z < H ||z||z, that is, E(d) € B(Z) and
1E(0)Bz) < H (3 € BRT)). (4)

Using Property 3 with the vector E(0)z € Z (whenever x € Z), Property 1
(with U = R(u) for any u > 0), and relation (3), it follows that

R(u)E(0)x = /000 " —1i- SE(ds)E(§)x
= E(0)R(u)x = /000 " i ng(s)E(ds)x,

and therefore, by the uniqueness of the Stieltjes transform,

B(0)E(6)x = /O T o (5)xs(5)E(ds)z = B(o 1 )z

for all 0,6 € B(R™). In conclusion, F is a spectral measure on Z.
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Since D(Az) = R(t)Z for any t > 0, write any given x € D(Az) as
x = R(t)y for a fixed t > 0 and a suitable y € Z. Then as b — o0

/Ob sE(ds)x = /0” t j_ sE(dS)y — /OOO . i sE(ds)y
= /0oo [1 - tis} E(ds)y = [I — tR(t)]y(€ 2)

= AR(t)y = Ax.

If Z, denotes the set on the right-hand side of Property 2(i), we obtained
that D(Az) C Z; and Property 2(ii) is valid on D(Az). On the other hand,
if x € Z3, denote the limit in Property 2(i) by z € Z. Then for any ¢ > 0,

b b
. . s
R(t)z = lim sR(t)E(ds)x = hgn/o - sE(ds):r

b—oo Jq

= /OC s E(ds)x =z — tR(t)x.
0

t+s

Therefore x = R(t)[z + tz] € R(t)Z = D(Ayz), so that D(Ayz) =
Suppose now that W is a Banach subspace of X and F is a spectral
measure on W with Property 3 of E. Fix z € W. Differentiating repeatedly,

we obtain .
o0 1
k
= F
R*(t)x /0 (t N s> (ds)x

forall k =1,2,... and ¢t > 0. Therefore

sy [“o(, ] ) Plass (5)

t+s

for all polynomials p and ¢ > 0. In particular,
[eS) ¢ ¢ k
MungR@u—ﬁwmkz/ { P— ]}Fuwn
0

t+s t+s
[e'e] (ts)k
= /0 (t+3)2kF(ds)x.

Therefore, for all x* € X* and k € N, we have by Tonelli’'s theorem

* Qk t
”xf%1<3kk /'/ %wﬂm@ﬂ

R ko du
= B(k, k)™ ! “Fa|(ds) = |[«°F .
(o™ [ [ el Fal(ds) = o P < o0
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Hence x € Z, i.e., W C Z (topologically!). Also, for all x € W C Z, we have

t+s t+s

R(t)ac:/ooo ! F(als):c:/oOC ! E(ds)r (t>0),

and therefore F(0)z = E(§)z for all § € B(R™), by the uniqueness property
of the Stieltjes transform. |
As before, the important special case Z = X gives the following result.

Theorem 2.13. Let —A be an operator with RY C p(—A), acting in the re-
flexive Banach space X, and let Z be its semi-simplicity space. Then the fol-
lowing statements are equivalent:

(a) Z = X.
(b) K :=sup =1 [|z][z < oo
(¢) A is spectral of scalar type, with spectrum in [0, 00).

Proof. Since || - || < || - ||z, the equivalence of (a) and (b) follows from the
Closed Graph Theorem.

Assume now (a). Then E is a spectral measure in the usual sense, and
Property 2 of Theorem 2.12 just states that A is a scalar-type spectral opera-
tor with resolution of the identity F, and then necessarily o(A) C [0, 00)
(cf. [DS I-I11])).

We show finally that (c) implies (a) (even without the reflexivity hypo-
thesis). Let E be the resolution of the identity of the scalar-type operator
A with spectrum in [0,00). Then F is a spectral measure on X satisfying
Property 3 of the theorem (on X). By the maximality property of Z (which
is valid without the reflexivity hypothesis), we have necessarily X = Z. O

The operational calculus results contained in Theorems 2.5, 2.7, and 2.8,
and in Corollary 2.6 (with the obvious modification), are generalized in a
routine way to the present situation (i.e., with the assumption R™ C p(—A)).



B

The Laplace—Stieltjes Space

Observe that Theorem 2.12 applies in particular to the case where —A gene-
rates a C,-semigroup of contractions, T'(+). In that case, by (5) in the preceding
subsection (for the spectral measure on Z, E(-)), we have for all x € Z and

t>0
r()] = [T P

7 g

as n — 0o, by the Lebesgue Dominated Convergence Theorem for vector
measures (convergence in X!). By Theorem 1.36, it follows that

T(t)x = /000 e “E(ds)x (v € Z,t>0),

that is, T'(-)z is the Laplace—Stieltjes transform of the vector measure E(-)x
(in X!) for all z € Z.

We shall consider in this section the more general question of construct-
ing a maximal Banach subspace W of X on which a given family of closed
operators in X is the Laplace—Stieltjes transform of an adequate “vector mea-
sure on W.” The result will be applied in particular to semigroups of closed
operators. A variant of the construction will produce the so-called integrated
Laplace space for a given family of closed operators.

B.1 The Laplace—Stieltjes Space

Denote by L the Laplace transform,

o= [ T et g(s)ds (¢ > 0),

0
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acting on a space of functions to be specified as we proceed. We may choose
for example the space
O 1= C(RY)

of all complex C°*°-functions with compact support in RT.
Let K(X) denote the set of all closed operators acting on X.

Definition 2.14. Let F : [0,00) — K(X) be such that F(0) = I. The
Laplace—Stieltjes space for F is the set W of all x in the “common domain”
of F,
D:= () D(F(s)),
>0
such that F(-)x is strongly continuous on [0,00), and

lzllw = sup{H/O 6(s)F(s)zds| ;6 € C°, | L mo = 1}

18 finite.

Theorem 2.15. Let W be the Laplace—Stieltjes space for F', normed by || - ||w -
Then W is a Banach subspace of X, and in case X 1is reflexive, there ex-
ists a uniquely determined function E on B([0,00)) into the closed unit ball
B(W,X)1 of B(IW, X), such that

(i) for each x € W, E(-)x is a regular countably additive X -valued measure,
and
(ii) F(t)x = [,° e " E(ds)z for allt >0 and x € W.
(ili) If T € B(X) leaves the common domain D invariant and commutes with
F(s)lp for all s > 0, then T € B(W) (with |T||pw) < ||IT|lzx)) and
TE() = E(0)T on W, for all § € B([0,00)).

Moreover,the pair (W, E) is mazimal-unique in the following sense: if
(Y, E’) is a pair with the properties (i) and (ii) of (W, E), then (Y,E') C
(W, E), meaning that Y is continuously embedded in W and E'(6) = E(J)|y
for all 6 € B([0,0)).

The proof depends on a general “duality lemma” (that has many other
applications as well). It gives a simple criterion for belonging to the range of
the adjoint T of an arbitrary densely defined operator 7.

Lemma 2.16. Let £, F be normed spaces, and let T : £ — F be a densely
defined linear operator. Let u* € £* and M > 0 be given. Then there ezists
v* € D(T™) with ||v*|| < M such that v* = T*v* if and only if

u*ul < M||Tul| (uwe D(T)). (1)
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Proof. If u* = T*v* with v* € D(T*) such that ||[v*|| < M, then for all
ue D(T),
[uul = [(T*0")(u)| = v* (Tw)]
ST wll < M [ Tull.
Conversely, if (1) is satisfied, define
m:ran(T) — C
by
7(Tu) =u"u (ue D(T)).
If u,u' € D(T) are such that Tw = T/, then by (1),

' u —w| = o (u — )| < M||T(u—u)| =0,

so that 7 is well-defined. It is linear and bounded on ran(T'), with norm
< M (by (1)). By the Hahn-Banach theorem, there exists v* € F* such that
[lv*|| < M and
U*‘ran(T) =T
Thus
v*(Tu) =u*u (u€ D(T)).

This shows that v* € D(T*) and T*v* = u*. O
Note that for T' € B(E,F), Condition (1) needs to be required only for all

u in a dense subset of £.
We apply the lemma to the Laplace—Stieltjes transform:

Lemma 2.17. A function h : [0,00) is the Laplace-Stieltjes transform h(t) =
IS e u(ds) of a regular complex Borel measure p1 on [0, 00) with total vari-
ation norm ||p|| < M if and only if it is continuous and

/0 " hne() dt‘ < M|I£6]o

for all p € C(RT)).

Proof. If I is the Laplace—Stieltjes transform of some complex Borel measure
pwith [|p]| < M, it is certainly continuous, so that the integrals [~ h(t)$(t) dt
make sense for all ¢ € C2°, and by Fubini’s theorem

/OOO h(t)o(t) dt' -

/0 " (£6)(s)u(ds)

< lull1£8lloc < ML) oo-
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For the converse, apply Lemma 2.16 to the operator
L L([0,00)) — Co([0,00)),

where C([0,00)) denotes the space of all complex continuous functions on
[0, 00) vanishing at co. Its adjoint space is the space M ([0, 00)) of all regular
complex Borel measures on [0, 00) with the total variation norm, and

L M([0,00)) — L*(]0, 00))

is the Laplace—Stieltjes transform (by Fubini’s theorem). If the given contin-
uous function A satisfies our lemma’s condition, then since

[LAllco < @11 := [|@l L1 ([0,00))

we have necessarily ||h]|o < M, ie., h € (L')*, and by Lemma 2.16, there
exists u € M([0,00)) with ||u|| < M such that h = L*u (everywhere, by
continuity of both sides). O

Lemma 2.18. The Laplace-Stieltjes space W for F is a Banach subspace of
X, and if T € B(X) leaves D invariant and commutes with each F(s)|p, then
T € B(W) (with B(W)-norm < ||T|).

Proof. Clearly, W is a linear manifold in X, and || - ||w is a semi-norm on W.
If x € W, then

Aw¢@F@wﬁH<WﬁﬂwmeH$wWw) @)

for all ¢ € C2°, hence necessarily

iglgllF(t)xll < lellw (zeW). 3)

In particular, since z = F(0)z, ||z|| < ||z|lw, and therefore the space W with
the norm || - [ is a normed subspace of X. We prove its completeness. Let
{z,} be Cauchy in W (hence in X), and let « be its X-limit. For € > 0 given,
let n, € N be such that ||, — zx|lw < € for all n,m > n,. Then for all
¢ € C and n,m > n,,

[E@)(@n —zm)[ <€ (n,m > no;t 20),
that is, {F(¢t)z,} is uniformly Cauchy in X on [0,00). Let then g¢(¢t) :=
lim,, F'(t)x, (limit in X, uniformly in ¢ € [0,00)). Since z,, € D(F(t)) and
xn, — x in X, it follows that € D(F(t)) and F(t)x = g(t) for each t > 0,

Amameum—%wﬁH<¢ﬁwm<e¢m. (1)

Hence
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because F'(t) is a closed operator. Thus F(-)x,, — F(-)z uniformly on [0, c0),
so that F(-)x is continuous on [0, c0) and

/ (O F () dt — / T oFWedt (6 € C)
0 0

strongly in X. Letting n — oo in (4), we obtain

Hence ||z — xm||lw < € for all m > n,; therefore x — z,,, € W (and so z =
(x—xm)+xm € W), and || — 2z ||lw — 0 when m — oco. Thus W is complete.

If T is as in the statement of the lemma, then for each x € W, we have
Tx € D,F(-)Tx = T[F(-)z] is continuous, and for all ¢ € C°,

/ ¢@F@@—@mﬁHg¢me (m > no; ¢ € C).
0

Am¢@F@ﬂ¢ﬁH=HTAm¢@F@xﬁH

< Tl scollelwll £l o

Proof of Theorem 2.15. For each x € W and z* € X*, *F(-)z is a complex
continuous function on [0, 00) satisfying

/0 ¢(t)[x" F (t)x] dt‘ < lzllwll£olloc 2™ (¢ € CF)-
By Lemma 2.17, there exists a unique p = u(+; z,2*) € M([0,00)) such that

a5, 27) | < o[l ()

and -
' F(t)x = / e Su(ds; x, x*) (6)
0

for all t > 0,2 € W, and * € X*. The uniqueness of the representation (6)
implies the bilinearity of u(d;-,-) for each fixed § € B([0,0)), and since X is
reflexive, it follows from (5) that there exists a unique E(§) € B(W, X); such
that

w(0;x,x*) = 2" E(d)x (7)

for all z € W,z* € X*, and § € B([0,0)).

Statements (i),(ii),(iii) of the theorem follow now from (7), Pettis’ theorem,
(6), and Lemma 2.18.

Let (Y, E’) be as in the statement of the theorem. Property (ii) for Y
contains implicitly the fact that Y is contained in the common domain D of
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F(). Alsoif z € Y, F(-)z is X-continuous on [0, 00) (as the Laplace—Stieltjes

transform of the vector measure E’(-)z), and by Lemma 2.17,

lallw = sup {\ | o0 F sl = 1,6 € 02, 0] = 1}

< sup{|la”E'()z[f; 27| = 1} = Ky < oo,

that is, x € W. Since K, < K]||z|y for a suitable finite constant K, the

inclusion Y C W is topological. The fact E'(-) = E(-)|y follows from the

uniqueness property of the Laplace—Stieltjes transform of regular measures.
O

B.2 Semigroups of Closed Operators

We shall now apply Theorem 2.15 to semigroups of closed operators.

Definition 2.19. The family {T(t);t > 0} of closed operators is called a semi-
group of closed operators if T(0) =1, and T(s)T(t)x =T(s+ t)x for all x in
the common domain D of T(-).

Theorem 2.20. Let T(-) be a semigroup of closed operators on the reflexive
Banach space X with common domain D, and let W be its Laplace—Stieltjes
space. Then there exists a uniquely determined spectral measure on W,

E: B([0,00)) — B(W),

such that -
T(t)x = / e BE(ds)r (t>0;z€W).
0

Moreover, E(-) commutes with every operator U € B(X) such that UD C D
and UT (-)x =T(-)Ux for all x € D. Setting

T(h)x = /000 h(s)E(ds)z

for h € ([0,00]) and x € W, the resulting map
7: ([0, 00]) = B(W)
is a morm-decreasing algebra homomorphism.

Proof. Let E be associated with the family F'(-) = T'(-) as in Theorem 2.15.
Let © € W. Then for each s > 0, T'(-)T'(s)x = T'(-+ s)x is strongly continuous
on [0,00), and for all ¢ € C° := C(R™), denoting ¢s(u) := ¢(u — s), we
have
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[T owromes dtH . H [ s

< lzllwl£oslloo < ll]lw | £| oo,

since (Los)(t) = e~ *(Lp)(t), so that [|Losco < [[LP]loo. Thus T'(s)z € W,
and || T(s)z||lw < ||=|lw. This shows that T'(-) is a semigroup of contractions
on the Banach subspace W of X (continuous with respect to the X-norm!).

By Theorem 2.15, for x € W and ¢t > 0,

T(t) /000 e M E(du)x = T(t)T(s)x

=T(t+ s)xr = / e e B (du)z.
0
By linearity, this shows that
T(t)r(h)e = / e~ h(w) E(du), (1)
0

for all z € W and h(u) = >°7_, ¢je”*" with ¢; € C and s; > 0. These
finite linear combinations are dense in C, := Cj([0,00)), the space of all
bounded continuous complex functions on [0, 00). If h € Cj, pick a sequence
hi of such combinations such that hy — h uniformly on [0,00). Then for
each t > 0, 7(hg)x € D(T(t)), 7(hg)x —k 7(h)z, and by (1), T(t)7(h)x =
IS e M hi(u)E(du)z — [;° e "h(u)E(du)z. Since T(t) is closed, it follows
that 7(h)x € D(T'(t)) and (1) is valid for all h € Cj. This is easily extended
to h € B([0,00)). Indeed, since the vector measure E(-)z is regular (for each
x € W), there exists a sequence {hy} C C} such that ||hk|ec = ||h]|ec and
hy — h pointwise almost everywhere with respect to E(-)z. By the Lebesgue
Dominated Convergence Theorem for vector measures (cf. [DS I-II1], p. 328),
T(hg)x — 7(h)x in X, 7(hg)z € D(T(t)) (for each t > 0), and by (1) for
hi, T()7(hi)z — [;° e "™h(u)E(du)x. Since T(t) is closed, it follows that
T(h)x € D(T(t)) and (1) is valid for h.
Thus 7(h)x € D, and by (1), we have for all ¢ € C2°,

/Ooo S()T (8)[r(h)z] dtH _ ‘

(Cf. (5) in the preceding subsection.)
Therefore

/000 o(t) /OOO et h(u) B (du) dtH

< hlloollzllw 1 £6 oo

/0 " (£6) (w)h(u) E(du)z

Ir(h)zllw < [[hllscllzllw (€ W, h € B([0,00)), (2)

i.e., 7 is a norm-decreasing (linear) map of B([0, co) into B(W).
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Taking h = xs, we have E(§) € B(W)1, and by (1), for z € W, etc.,

/ - e " E(du)[E(8)x] = T(t)[E(8)a] = / h e " x5 (u) E(du).
0 0

By the uniqueness property of the Laplace—Stieltjes transform of regular mea-
sures, it follows that

E(du)E(d)x = xs(u)E(du)z,

and therefore
E(o)E(d)x = E(ocNd)x

for all 0,6 € B(]0,00)) and € W. Thus E is a spectral measure on W, and
7 is necessarily multiplicative on B([0,c0)), since it is multiplicative on the
simple Borel functions, and satisfies (2) on B([0, 00)).

In view of Theorem 2.15, this completes the proof of Theorem 2.20. a

In the special case of a C,-semigroup 7'(-) of bounded operators, with
generator —A such that RT C p(—A) (for example, in case of a uniformly
bounded C,-semigroup), the semi-simplicity space Z for —A is well-defined, as
well as the Laplace-Stieltjes space W for T'(-). As expected, we have

Theorem 2.21. Let —A generate the contractions C,-semigroup T(-) on the
reflexive Banach space X. Let Z and W be the semi-simplicity space for —A
and the Laplace=Stieltjes space for T(-), respectively. Then Z = W, topologi-
cally.

Proof. The observations at the beginning of the section and the maximality
of W show that Z C W.
On the other hand, if x € W, then by Theorem 2.20

R(t)xz/ e_tST(s)xds:/ e_ts/ e " E(du)x ds
0 0 0

o0 o0 1
= / / e~ ds B(du)x = / E(du)x,
0 0 0 t+u

where the change of integration order is easily justified by the Tonelli and
Fubini theorems. By the multiplicativity of the map 7 induced by FE, the
spectral measure on W (cf. Theorem 2.20), we get for all k € N,

SH(t)z = {LR(D)[1 — tR(0)]}a = /0 m{tt {1 ! HkE(du)x

+u | t+u
Rt fu)Q}kE(d“’””

I
S—
3
/N
~+ &
N
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—
—
4
<
N
b
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Therefore, for all unit vectors z* € X*,

pestates [T (2) () s
=[] s e Bl
0 0

= B(k,k)|z*E()z| < Bk, k)||z|w,

where we used (5) and (7) in the proof of Theorem 2.15.

Hence
*Sk
|lz||z := sup {xH, Z(k’z)l;k eN, |z%| = 1} < |lzllw < oo,
that is, W C Z.
We thus proved that Z = W, and since both are Banach spaces and
Iz < - |lw, it follows that the norms are equivalent (by a well-known
theorem of Banach). a

B.3 The Integrated Laplace Space

We consider now a “variation” of the construction of the Laplace—Stieltjes
space for a family F(-) as given in Definition 2.14. In that construction, the
constraint on ¢ € O := C®(RT) was ||L¢|l.c = 1. Since ¢ has compact
support in RT = (0,00), L¢ € L (R, dt) (with the usual Lebesgue measure
dt), and

1L L+, ary < 1Bl L1+, dsys) < 00

It then makes sense to replace the norm || - ||o by the norm

-1l =1 e @+, 4

in the constraint on ¢ (in Definition 2.14). The result will be an integrated
Laplace integral representation for the given family F' on an adequate “maxi-
mal” Banach subspace.

Definition 2.22. Let {F(t);t > 0} be a family of closed operators with com-
mon domain D. The integrated Laplace space for F(-) is the setY of allxz € D
such that F(-)z is X -continuous on RY, and

lally = sup {nx, / ¢><t>F<t>wdtH .6 € 0, | Lolls = 1}

18 finite.
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Theorem 2.23. Let Y be the integrated Laplace space for the family F(-) of
closed operators on the (arbitrary) Banach space X. Then Y is a Banach
subspace of X, invariant for every T € B(X) commuting with F(t)|p for all
t >0 (and | T||gyy < T B(x)), and there exists a uniquely determined map

S5(:) : [0,00) = B(Y, X)
with the following properties:

1.5(0)=0
2 HS() =S| <[t —ulzlly (t,u>0;2€Y);
Mz =t [ e Suadu (t>0zeY).

Moreover, the pair (Y,S) is “mazimal-unique” in the usual sense.

Proof. The basic properties of Y are verified in precisely the same way as the
corresponding properties of the Laplace—Stieltjes space W.
Denote by Lip, the space of all complex functions f on [0,00) such that
f(0) =0 and
|f(t) — fu)| < M|t —u| (t,u=>0).

The smallest possible constant M above is called the Lipshitz constant for the
Lipshitz function f.
The remainder of the proof depends on the following

Lemma. Let h : RTY — C and K > 0 be given. Then there exists f € Lip,
with Lipshitz constant < K such that h(t)/t is the Laplace transform of f on
RY if and only if h is continuous and

dt’ < K|Lo] (1)

for all o € C°.

Proof of Lemma. I h(t)/t = (Lf)(t) for all t > 0, where f € Lip, has Lipshitz
constant < K, then h is clearly continuous, and f is locally absolutely con-
tinuous, its derivative (which exists a.e.) satisfies || f/||oc < K, and

f() = (TF)(t) = / F(s)ds (t>0).

For any ¢ € C2°, integration by parts and Fubini’s theorem give

/0 S(OR(L) dt = /0 /0 te= (T ) (u) du o(t) di

[ [ e rmdiena= [Teows wa
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Thus

dt' < I el Lol < K 1261

for all ¢ € CZ°.
Conversely, suppose h is continuous on RT and satisfies (1).
For any ¢ € C2° := C(R™),

lesl < [ [ et duloldt/e = 10, an
That is, the operator
L: LY(dt/t) .= LY(R*, dt/t) — L'(dt) :== L*(R™, dt) (2)
is a contraction.
We identify [L(dt/t)
(

h on R* such that th
supremum norm of th(t

* with the space of all complex measurable functions

]
t) € L* := L>®(RT, dt), normed by the essential
with the duahty given by

)
/ t)dt = / S(O[th(1)](dt /1),

By Fubini’s theorem, for all ¢ € L'(dt/t) and ¢ € L,

o) = | " (L6)()(s) ds = / (L) (0)o(t) de

0 0

(The use of Fubini’s theorem is justified because

L[ e tewiioededs < polllollsam <)
This shows that the operator £ defined in (2) has the adjoint
L* = L:L>®(dt) — [L*(dt/t)]*.

y (1) for h,

/Ooo[th(t)}w(t)/t] dt| < K [|£o]lx < K ||| 11 at/e)

for all ¢ € C2°, and therefore [[th(t)]|o < K. This means that h € [L'(dt/t)]*,
and (1) is precisely Condition (1) in Lemma 2.16 for the operator ' = L.
There exists therefore ¢ € L (dt) with ||[¢]|e < K, such that h = L*¢(=
L)) (everywhere on RT, by continuity of both sides). Now f := J¢ € Lip,,
with Lipshitz constant ||¢||~ < K, and an integration by parts shows that

h(t) =t [y e f(s)ds. a
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Proof of Theorem 2.23. Fix x € Y and z* € X*. The function h := 2*F(-)x
satisfies the criterion in the lemma with K = ||z||y ||z*||. There exists therefore
a unique function f = f(-;x,2*) € Lip,, such that

2 F(t)x = t/ e f(uyx,2*)du (> 0) (3)
0
and
|f (2, 27) = fu;z,27)| <t —ulllzlly =" (& w=0). (4)
In particular (for u = 0),
|f (a2 < [t lzllylz*] (=02 €Y,z € X7).

The uniqueness of the representation (3) implies that f(¢;-, ) is a bounded bi-
linear form (for each fixed t), and there exists therefore a uniquely determined
operator S(t) € B(Y, X**) such that

fltz,2") =[St)z](z") (xeY,z"e X", t>0), (5)
and by (4),
15()z = S(u)z|[x-~ < |t —ul [|l]ly (6)

forallt,u >0and z €Y.
For t = 0, the left side of (5) vanishes for all z, 2*, and therefore S(0) = 0.
By (6), the integral [, e~"S(u)zdu (with ¢ > 0 and 2 € Y) converges
strongly in X**, and we may then rewrite (3) in the form

K[F(t)z] = t/ooo e "S(w)rdu (z€Y,t>0), (7)

where x denotes the canonical embedding of X into X**.
Let m denote the canonical homomorphism

T X - X kX,

Since 7 is continuous and 7wk = 0, we obtain
0 = mr[F(t)] = t / e Mr[S(u)z]du (¢ > 0).
0

The uniqueness of the Laplace transforms implies that 7[S(u)z] = 0, i.e.,
S(u)z € kKX for all w > 0 and =z € Y. Identifying as usual kKX with X, we
may restate (6) and (7) as Statements 2 and 3 of the theorem.

The maximal-uniqueness is an immediate consequence of the necessity part
of the lemma and the uniqueness of the Laplace transform. ]
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Note that Statements 1 and 2 in Theorem 2.23 mean that S(-) is of class
Lipo1 as a B(Y, X)-valued function (where the second subscript 1 indicates
that the Lipshitz constant is < 1), that is,

15() = SWllpyx) <t —ul (t,u=0). (®)

In particular, the Laplace transform LS exists in the B(Y,X)-norm on
(0,00), and by Statement 3 of the theorem, F(-) is B(Y, X)-valued and
F(t) = t(L£S)(t) for all t > 0. We express this relation between F(-) and
S(-) by saying that F(-) is the integrated Laplace transform of the B(Y, X)-
valued Lipo 1 -function S(-).

Corollary 2.24. Let F'(-) be a family of closed operators on (0,00), operating
on the arbitrary Banach space X, and let Y := (Y, | - ||y) be its integrated
Laplace space. Then the following statements are equivalent.

)Y =X.
(ii) K = supy, =1 2]y < oo
(iil) F\(-) is the integrated Laplace transform of a B(X)-valued Lipy k-function.

(As before, the second subscript K of Lip indicates that the Lipschitz
constant is < K.)

B.4 Integrated Semigroups

In view of the characterization of semigroup generators given in Lemma 5 in
the proof of Theorem 1.38, it is interesting to consider (in the context and
notation of the preceding subsection) the special family F(t) = R(t; A), for
a given operator A. This will give us the concept of an integrated semigroup,
and more generally, the concept of an n-times integrated semigroup.

Definition 2.25. The operator A on the Banach space X, with (0,00) C
p(A), is said to generate an integrated semigroup of bounded type < K if
R(+; A) is the integrated Laplace transform of a B(X)-valued Lipy, g -function
S(+) on [0, 00).

The (uniquely determined) function S(-) is called the integrated semigroup
generated by A.

By Corollary 2.24, we have

Corollary 2.26. An operator A with (0,00) C p(A), acting in a Banach space
X, is the generator of an integrated semigroup of bounded type < K if and

only if

/0 T o(OR(: A) dtH < K |16,

for all ¢ € C°(RT).
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(Recall that || - ||; denotes the L*(R*, dt)-norm.)

The more general case where (a,00) C p(A) for some a > 0 and S(-) is
of exponential type < a is easily reduced to the case above by translation.
We omit the details.

If n € Nis given, the operator A (with (0, 00) C p(A)) generates an n-times
integrated semigroup of bounded type < K if R(t; A) = t"(LS)(t) on (0,00),
for S as in Definition 2.25, i.e., if t~(»"DR(t; A) is the integrated Laplace
transform of such a function S. These objects have been studied recently,
and have been found to be useful in the analysis of the Abstract Cauchy
Problem. We refer to the bibliography for additional information. We state
only the following immediate consequence of Corollary 2.24 and of the above
observation.

Corollary 2.27. The operator A with (0,00) C p(A) generates an n-times
integrated semigroup of bounded type < K if and only if

< K|£ol

[ oorea,”,
0

for all ¢ € C°(RT).

There is a simple relation between exponentially bounded n-times inte-
grated semigroups and pre-semigroups. In order to simplify the statement, we
consider only the case n = 1 and we assume that [0,00) C p(4) (making a
translation as needed).

Theorem 2.28. Let A be such that [0,00) C p(A). Then A generates the
integrated semigroup S(-) (of bounded type < K) if and only if it generates
the pre-semigroup A= + S(-) (of class Lipa-1 x ).

(The first subscript of Lip indicates the value at 0 of the functions in the
class.)

Proof. The characterization in Lemma 5 (in the proof of Theorem 1.38) carries
over to pre-semigroups in the following form:

The operator A (with [0,00) C p(A)) generates the pre-semigroup W (-) of
class Lipo-1 if and only if

A_lR(t;A)xzf e "W (u)x du
0

forallt >0,z € X.

Writing briefly LW for the above Laplace transform (understood in the
strong operator topology), since LA™! = t=!A~1 the above condition is
equivalent to

ATtV R(t; A)] = L(—AT P+ W)(t) (¢t > 0),
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that is,
AT +tR(t; A)] = tL(— A7 + W)(1),
ie.,
R(t; A) =t(LS)(t) (t>0),
where S := —A" 1+ W. O

Remark. The construction of the semi-simplicity space for A presented in
Section A of Part II depends on the assumption that the resolvent set of A
contains at least a half-line. In the following examples, we consider two densely
defined closed operators with empty resolvent set, whose domains, renormed
with a larger norm (the graph norm!), are Banach subspaces on which they
are spectral of scalar type. We use the notation of the examples at the end of
Section F, Part L.

Consider F with maximal domain on L' := L!(R")
D(F)={fel" FfeL'}.

By Proposition 6.1.1 in [DLK1], F is closed, densely defined, and has empty
resolvent set. Let [D(F)] denote the Banach space D(F) with the graph norm

117 == [fll+ 1 Fflle f e DF).

Then F is an isometry of [D(F)] onto itself (with the inverse F~! = JF,
where (Jf)(z) = f(—=x)), and is a scalar-type spectral operator on [D(F)],

with spectrum {i*; k = 0,..., 3}, and with the spectral integral representation
3
F= AP(dN) = i Py,
o(F) k—0

where the spectral projections Py of the resolution of the identity for F (on
[D(F)]) are given by

3
Py = (1/4)Y (—iy*F.
=0
(Cf. Proposition 6.1.5 in [DLK1].)

Similarly, the Hilbert transform H with maximal domain in L' := L}(R)

DH)={feL'; Hf € L'},

is closable and has empty resolvent set. Its closure H is an isometry of the
Banach subspace [D(H )] onto itself, with the inverse —H, and is a scalar-type
spectral operator (on [D(H)]!), whose spectral integral representation is

H =iP;+ (=i)P-,
where the spectral projections of the resolution of the identity are given by
P, = (1/2)(I —iH); P_;:=(1/2)(I +iH).
(Cf. Propositions 6.2.1 and 6.2.2 in [DLK1].)
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Families of Unbounded Symmetric Operators

In this section, Stone’s integral representation theorem is generalized to
certain “local” families of unbounded symmetric operators. We present first the
Klein-Landau solution for local symmetric semigroups, based on a theorem
of Widder on the characterization of Laplace transforms of positive measures
on R. This result has been extended by D.S. Shucker [Sh] to local symmetric
semigroups on R™. A nice application to the Klein—Landau theorem is a trans-
parent proof of Nelson’s “Analytic Vectors Theorem,” which is presented in
the next subsection. We then consider local symmetric cosine families C(-) of
(unbounded) operators. In the “bounded below” case, the method of Frohlich
[Fr] for local semigroups is adapted to obtain a positive selfadjoint operator
A such that

C(t)z = cosh(tAY2)g = / cosh(ts'/2) E(ds)a
0

“locally” for all z in a dense linear manifold D in X. This spectral integral
local representation is then generalized to an arbitrary local symmetric cosine
family; we prove the existence of a selfadjoint operator A such that

C(t)z = cosh[t(AT)/?|z + cos[t(A™)Y?]x

locally for all z € D, with the obvious integral representation meaning in
terms of the resolution of the identity E for A.

C.1 Local Symmetric Semigroups

Let A =1[0,¢|(c > 0), and let {T'(¢);t € A} be a family of unbounded operators
acting in a Hilbert space X, with T(0) = I and D(T'(t)) := D:(t € A).

Condition 1 (The domains condition). Dy C D, for s > t, and the linear
manifold

S. Kantorovitz, Topics in Operator Semigroups, 177
Progress in Mathematics 281, DOI 10.1007/978-0-8176-4932-6_10,
© Birkhéuser Boston, a part of Springer Science + Business Media, LLC 2010
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D = U{Dt;O <t<c}
is dense in X.

)

Condition 2 (The “semigroup condition,” with domains taken into account).

For t,s,t +s € A, T(s)Dyys C Dy, and
THT(s)=T({t+s) on Diys.

Condition 3 (The weak continuity condition). For each 0 < s € A and z € Dy,
(T'(-)x, ) is continuous on [0, s].

A family T'(-) of operators satisfying the above conditions will be called a
local semigroup (on A). It is symmetric if each T(t) is a symmetric operator
(t € A), that is,

(T(t)x,y) = (x, T(t)y) (x,y € Dy, t € A).

Theorem 2.29 (Frohlich, Klein, and Landau). Let T(-) be a symmetric
local semigroup on A. Then there exists a unique selfadjoint operator H such
that for all 0 < s € A, Dy C D(e ) and T(t) = e~ on D, for all
te€0,s/2].

Proof. Fiz 0 < s € Aand x € Dy, and consider the continuous function

f@) =T @)z,z) (te]l0,s]).

For any n € N, if t1,...,t, € [0, s] are such that t; +¢; € [0, s], then z €
Dy, T(t;)x € Ds_y, C Dy, (since s —t; > t;), and T'(t;)T(t;)x = T(t; + t;)z.
Therefore, by the symmetry hypothesis,

fti+t5) = (T(ti)z, T(t))x).

If now ¢q,...,¢c, € C, then

2
> 0.

D cicifti+1) = Z cicj(T'(ti)z, T(t;)x) =

i,7=1

Z CiT(ti){L‘

By a theorem of Widder [W1], this positivity property of the continuous func-
tion f on [0, s] implies the existence of a unique regular positive Borel mea-
sure a = a(-;x) on R such that for each t € [0, 5], hy(u) := e € Li(a) :=
L'(R,«) and

f(t):/Re_t“a(du). (1)

For nnm € N, ¢1,...,¢n5d1,...,d, complex, and si,...,8,;t1,...,t, real
such that s; +¢; € [0, s], the preceding calculation shows that
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Z cid T(t;)x)

=Y cid;if(si+15)

]

- Zcz‘dj/e_(s'i+tj)u0[(du)
i R

Ms

Ecz Sz

<.
Il
-

:/R(Zcie_s'i”>Zdje—tjua(du). (2)

Let Y be the closed linear span of {T'(t)x;t € [0,s/2]}, and let U(T(t)x) :=

et (e L% (a) := L*(R, ), since e 2 € Li(a) for t € [0,5/2]). If g € L?*(a)

is orthogonal to all the functions e~ with ¢ € [0,5/2], then the function
= Jpe” a(du), which is analytic in the strip

S:={zeC;Rz e (0,s/2)}

and continuous in its closure S, must vanish identically. Hence

/Re_"“g(u)a(du) =0

for all real r. By the uniqueness property of the Fourier—Stieltjes transform,
it follows that g(u)a(du) = 0, and therefore [, gg a(du) = 0, i.e., g is the zero
element of L?(«). Thus {e~";t € [0,s/2]} is fundamental in L?(«), and it
follows from (2) that U extends linearly to a unitary operator from Y onto
L? (o).

For each z € S, the function h,(u) := e ** is in L?*(a) (by Widder’s
theorem). Moreover, the L?(a)-valued function z — h, is continuous in S.
Indeed, let z,w € S, and denote Rz = ¢, Rw = r. Then

|e—zu o e—wu‘Q < (e—tu 4 e—ru)2

€—2tu+e—2ru+2e—(t+r)u < 4(25(’&),

where ¢ is the L!(a)-function defined by ¢(u) = 0 for u > 0 and ¢(u) = e =%
for uw < 0 (recall that 2t,2r, ¢ +r < s and Widder’s theorem!). It then follows
by dominated convergence that

1Pz = hul|Z2(0) — O

when w — z.
For each g € L%*(a), (h.,9) fR a(du) is the Laplace—Stieltjes
transform of the measure g da; it converges absolutely in S since e7™ € L?(«)
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for t € [0, s/2], and is therefore analytic in S. Hence the L?(«)-valued function
h. is analytic in S.
Define
v(2):=Uth(€Y) (2€08). (3)

Then, as a Y-valued function, z() is continuous in S, analytic in S, and
z(t) =T(t)z (t€][0,5/2]). (4)

Now, given x € D, there exists 0 < s € A such that x € Ds. Let z(-) be the
function constructed above in the corresponding strip S, and define

V(r)z :=z@ir) (reR). (5)

By (4) and the analyticity of x(-), V(+) is well-defined on D. For r,7" € R, we
have

(V(r)x, V(r')x) = (x(ir), z(ir")) = (hir, i)
_ / ==V, (). (6)
R

Thus, by (1),
IV (r)z]* = «(R) = f(0) = ||« (7)

for allr € Rand « € D, i.e., each V(r) is a norm-preserving mapping from D
to X. We verify its linearity as follows. If x,y € D and A, u € C, there exists
0 < s € A such that x,y € Ds. Then by (4), for all ¢ € [0,5/2],

Az +py)(t) = T () Az + py) = AT (t)x + pT'(t)y = Ax(t) + py(t),

and therefore, by analyticity of z(-) and y(-) in S and their continuity in
S, the same relation is valid with ¢ replaced by ir, i.e., V(r)(A\z + py) =
AV (r)z + pV (r)y for all real r.

Thus V (r) is an isometric linear mapping defined on the dense linear mani-
fold D. It extends uniquely as a linear isometry on X (same notation). The
function » € R — V(r)z = z(ir) is continuous for each z € D (as observed
above), and V (r) is isometric on X; therefore V(-)x is continuous on R for all
e X.

Let x € Dy andlet ¢,t' € A be such that t+t’ € A. The semigroup property
T(t+t)x = T(¢t)T(t')x implies, by uniqueness of the analytic continuation
onto the imaginary axis, that V(r)V(r')z = V(r + r')z for all r,7" € R and
x € Dy, hence for all x € X, by density of D. Thus V() : R — B(X) is a group
of operators. In particular, the isometries V() are onto, i.e., V(-) is a (strongly
continuous) unitary group. By Stone’s theorem, we have V(r) = e~ with
H selfadjoint. Let E be the resolution of the identity for H. For all » € R and
x € Dy, we have by (6)
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/e‘"“(E(du)x,x) =(V(r)z,z) = / e a(du; ),
R R
and therefore (E(-)x,x) = a(-; ), by the uniqueness property of the Fourier—
Stieltjes transform.

Since e=** € L%(a) for z € S, we have x € D(e~*H). The vector functions
e *Hx and x(2) are both analytic in S and continuous in S; on the imaginary
axis, we have e~y = V(r)z = x(ir), so that e *Hzx = x(2) for all z € S.
In particular, by (4),

T(t)x =e "My (t€][0,5/2],z € Dy). (8)

If also H' is a selfadjoint operator satisfying (8), then the analytic continuation
employed in the construction gives e™"Hz = e~ g for all real r and all
x € D, hence for all x € X, and therefore H = H’ by the uniqueness in

Stone’s theorem. O

The result of Theorem 2.29 is generalized in [Sh] to n-parameter local
semigroups of unbounded symmetric operators, and is shown to be equivalent
to the n-dimensional version of Widder’s theorem.

C.2 Nelson’s Analytic Vectors Theorem

We shall apply Theorem 2.29 to give a “natural” proof of Nelson’s “analytic
vectors theorem.”

Definition 2.30. Let A be an (unbounded) operator on X . An analytic vector
for A is a vector x € D*(A) such that, for some t > 0 (depending on x),

(oo} n

t
Z '||A”x|| < 00.
n!

n=0

Theorem 2.31 (Nelson’s Analytic Vectors Theorem). Let A be a closed
symmetric operator on a Hilbert space X, that possesses a dense set D of
analytic vectors. Then A is selfadjoint.

Proof. For t > 0, let

tn
Dy = {x €D>(A; Y ATl < oo} .

These are linear manifolds such that Dy, C D, for s > ¢ and Ut>0 Dy =D is
dense, by hypothesis. Define T'(0) = I and

(oo} n

t
T(t)x = A'x
o n!

for x € Dy, t > 0 (the series converges in X for such x).
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If v € Dt-i—sv
ok
S I = S /k ZO (5 )emstrmiasel
t
—y . 9" | 4z < oo. (1)
k

Thus ), j; [|[A"(A™x)|| < oo, that is, A"z € D, for all m =0,1,2,..., and
since A is closed, one verifies by induction that T'(s)z € D(A™), and

m,. m _ Sn n—+m
T(s)A™x = A™T(s)x = E nl ArTMg, (2)
Therefore

< 0

t’nl m
S AT (s)el| =

m

2 n
t Z S Am,—l—nx
n!
n

m!

by (1), i.e., T(s)x € Dy, and by (2) and absolute convergence,
_ m " e
5o = Z m)! Z n! A *
" k
=5 U e = e
- !

(for all t,s > 0 and « € Dyyy).
For s > 0 and x € Dy, we have for all ¢t € [0, ]

n

(T(t)a,x) =)

n

(A, ),

where the series converges absolutely; in particular, (T'(-)z,z) is continuous
on [0, s].
By symmetry of A, we clearly have (T'(t)x,y) = (x,T(t)y) for all z,y € D;.
We conclude that {T'(t);t > 0} is a symmetric local semigroup. Let H be
the selfadjoint operator associated with it as in Theorem 2.29. If = € D, then
x € Dy for some s > 0, and

ey =Ttz = Z‘A"x (3)

for all t € [0,s/2].
In particular e"* 2 € D,_;, c D (for t € [0,5/2]), and it follows that D
is invariant for the C,-(semi)group e~ 1. Since D is also dense in X by
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hypothesis, Theorem 1.7 implies that D is a core for the generator H, if
D c D(H).
However, for x € D, we have by (3)

Hz:= lim t e "z — 2] = Az,
t—0+

ie., z € D(H) and Hx = Axz. Thus indeed D C D(H), Hx = Ax for all
x € D, and D is a core for H. Since A is closed, we then have

H=H|p=Alp C A=A,
and since A is symmetric and H is selfadjoint, it follows that
ACA*CH"=H,
i.e., A= H, so that A is indeed selfadjoint. O

If A is not assumed to be closed, the theorem applies to its closure A, which is
closed and symmetric, and every analytic vector for A is certainly an analytic
vector for A. We then have

Corollary 2.32. Let A be a symmetric operator with a dense set of analytic
vectors. Then A is essentially selfadjoint.

C.3 Local Bounded Below Cosine Families

Semigroups of operators are associated with the ACP
u = Au  u(0) = .
The “second-order ACP”
w'=Au u(0)=2z, u'(0)=0

in Banach space is associated in a similar way to so-called “cosine operator
functions” (cf. [G]).

Definition 2.33. A cosine operator function on the Banach space X is a
function C(-) : R — B(X) such that C(0) = I and “D’Alembert’s identity”

Ct+s)+C(t—s)=2Ct)C(s) (t,s€R)
is satisfied.
The “local version” of Definition 2.33 is the following

Definition 2.34. Let D be a dense linear manifold in X . A local cosine family
of operators on D is a family {C(t);t € R} of operators on the Banach space
X, such that for each x € D there exists € = ¢(x) > 0 so that
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(i) z € D(C(t)) and C(-)x is strongly continuous for |t| < €;
(i) C(0)x = x, and for |t|,|s|, |t + s|, |t — s| <€, C(s)z € D(C(t)), and

Ct+ s)x+Ct — s)x =2C(t)C(s)x.

A result parallel to Theorem 2.29 for symmetric local cosine families of opera-
tors in Hilbert space is stated below, first for the special case when all the
operators C(t) are bounded below, that is,

(C(t)z,2) > |z]|* (z € D(C(t)),t €R). (1)

Condition (1) implies in particular that all the operators C(t) are symme-
tric. The general case of a symmetric local cosine family is dealt with in
Theorem 2.37.

Since no parallel to Widder’s theorem [W1] is known for the cosine trans-
form, the proof will proceed by an adaptation of Frohlich’s alternative proof
of Theorem 2.29.

Theorem 2.35. Let D be a dense linear manifold in the (complex) Hilbert
space X, and let C(-) be a local cosine family of bounded below operators
on D. Then there exists a unique positive selfadjoint operator A such that

C(t)z = cosh(tAY?)z
for all x € D and |t| < e(x).

Note that the family {cosh(tA'/?);t € R} is a cosine family of bounded
below selfadjoint operators that extends the local family C(-).

Proof. Since C(t) is symmetric for each t, it is closable, and its closure C(¢)
clearly satisfies (i), (ii), and (1). We may then assume that C(-) is a local
cosine family of closed bounded below operators on D, replacing C(t) by C(t)
if needed (by (i), the conclusion of the theorem remains unchanged).

Fix a sequence {h,} of nonnegative C°°-functions on R, such that
hn(t) =0 for [t| > 1/n and [ h,(t)dt = 1.

Let € D, and fiz n(x) > 1/[e(x)]. Denote

Xy = /Rhn(s)C(s)xds (n > n(z)), (2)

where the integral is a well-defined strong integral, by (i) in Definition 2.34.
Clearly x, — z strongly. Since D is dense by hypothesis, it follows that
the set
Dy :={xn;x € D,n > n(x)}

is dense in X.
Fiz n > n(x). If [t] < e,(x) := e(x) — 1/n (note that 1/n < 1/n(x) <
e(z)), Condition (ii) implies that C(s)x € D(C(t)) for all s with |s| < 1/n.
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Also C(t)C(s)x = (1/2)[C(t + s)x + C(t — s)x] is strongly continuous for
|s|] < 1/n (because |t + s|, |t — s| < e(x)). Since C(t) is closed, it follows from
Theorem 3.3.2 in [HP] that
z, € D(C(1))

and
Clt)an = /R I (5)C()C () ds ()

(lt| < €n(x)). Let u > 0 be such that |t +ul, [t — u| < e,(x) (for a given ¢ such
that [t| < e,(z)). By (3)

[C(t+u)+ C(t —u) —2C(t)]|z,

_ /R o (8)[C(¢ + 1) + C(t — w) — 20(8)]C(s) ds

- / I (5)C(S)]. . ] ds = / I (5)C()[2C(H)C () — 2C (1)) ds
R R

- /R o (5)C(H)[2C(5)C(w) — 2C(s)]ar ds

. /R hon(8)C(D)[C s + u) + C(s — u) — 2C(s)] ds

- /R s (0 — 1) + o (0 + 1) — 2 (V)] C(H)C ()2 .

In the last integral, integration extends over an interval where |¢|, |v], [t + v],
[t —v] < e(z), so that Conditions (i),(ii) imply that C'(¢t)C(v)x is strongly
continuous there (as a function of v), and therefore

lim uw™2[C(t +u) + C(t — u) — 2C(t)]z, = / R (0)C)C(v)xdv  (4)
0 R

strongly (for || < €, (z)). Let
Dy ={C{t)xn;x € D,n>n(x),0 <t <ey(x)}.

Since Dy C D1, D; is dense in X, and as before, if y € D, there exists
€/(y) > 0 such that y € D(C(t)) for |t| < €'(y). By (1),

2u(Cw)y —y,9) >0 (Ju| <€(y)) (5)
Writing y = C(t)x,, for some n > n(z) and some ¢ € [0, €,(x)), we have
2u™2[C(u)y — y] = u2[2C(u)C(t)z, — 2C(t)x,]
=u?[C(t+u) + C(t —u) — 20(t)]zy. (6)
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By (4), the last expression has a (strong) limit as u — 0, which we denote
Apy. The operator Ay is linear on the dense domain Dy, and positive (by (5)
and (6)), i.e.,

(Aoy,y) 20 (y € Dy).
Let A be the Friedrichs selfadjoint extension of Ay (cf. Theorem XII.5.2 in
[DS I-I11]), and let E be its resolution of the identity. Denote E,, = E([0,m])
and A, = E,, A= [" sE(ds) for m € N. Note that A, is a bounded positive
(selfadjoint) operator. Let x,, € Dy; for |t| < e,(x),

d2
dt?

by (4) and the definition of Ay.
From the spectral representation, cosh(tAM Q)Em:rn is also a solution of

Emc(t)xn = Em,AOxn = Am,xn

v = Ay, v(0)=Enz,, v'(0)=0.
By the uniqueness of the solution, we have
EpC (), = cosh(tAY ) Eyx, = cosh(tAY?)E,,z,,

for |t| < en(z).
When m — oo, E,,C(t)x,, — C(t)x, (for each |t| < €,(x)); in particular,
Exn — Tn. Also
cosh(tAl/Z)men = EnC(t)x, — C(t)xn,

(when m — o).
Since cosh(tA'/?) is closed, it follows that z,, € D(cosh(tA'/?)) and

cosh(tA?)z, = C(t)an (7)

for x,, € Dy and |t| < €, ().
Now let n — oco. Then z,, — z, and by (3),

Clt)mn = (1/2) / ho($)[C(t 4+ 8) + C(t — 8)|wds — C(t)z
R
for |t| < e(z).
Since cosh(tA'/?) is closed, it follows from (7) that x is in its domain, and

C(t)z = cosh(tAY?)z (8)

for all x € D and [t] < e(x).

The uniqueness of A is proved as follows. If B is also a positive self-
adjoint operator satisfying the identity in the theorem, and if £ and F are
the resolutions of the identity for A and B, respectively, then

cosh(tAY?)z = cosh(tBY?*)z  (z € D, |t| < e(x)).
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Since | cosh z| < cosh(Rz), the above identity (written in term of the corres-
ponding spectral integrals) extends analytically to ¢ complex in the strip
IRt| < e(z). In particular, for ¢ € iR, we have cos(sA'/?)z = cos(sBY/?)x for
all z € D, hence for all x € X by density (since the operators are bounded),
and for all s € R. Thus

/OO cos(sul/?) E(du)x = /OO cos(su'/?) F(du)x
0 0

for all x € X and s € R. By the uniqueness property of the cosine transform,
it follows that E = F', and therefore A = B. O

C.4 Local Symmetric Cosine Families

We consider next the general case of a local cosine family of symmetric opera-
tors, without the bounded below hypothesis. The spectral integral representa-
tion will involve both the hyperbolic cosine and the cosine functions.

The following notation will be used. If A is a selfadjoint operator, and E
is its resolution of the identity, the positive part AT and the negative part A~
of A are the positive operators defined by

At = /OoouE(du); A ::-/_OOCUE(du)

with the usual domains.

The cartesian product X2 := {[z,y];2z,y € X} is considered as a Hilbert
space with the inner product ([z,y], [2/,v']) = (z,2") + (y,¥').

If T is an operator on X with domain D(T'), we let

T[z,y] := [Tz, -Ty] ([z,y] € D(T)?).
Lemma 2.36. If T is symmetric, then T has a selfadjoint extension.

Proof. Let J[z,y] := [y, —z]. Then J is unitary, J? = —I (where I is the
identity operator on X?2), and JD(T) = D(T). One verifies that

T — il = J(T +il)J.

Therefore
[ran(T — iI)]* = Jran(T +4I)]*.

This implies that T (which is obviously symmetric) has equal deficiency indices
(n— = n4), and has therefore a selfadjoint extension (cf. [DS I-III], Chap-
ter XII). O
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Theorem 2.37. Let D be a dense linear manifold in the (complex) Hilbert
space X, and let C(-) be a local cosine family of symmetric operators on D.
Then there exists a selfadjoint operator A on X such that

C(t)z = cosh[t(AT)/?|z + cos[t(A™)Y?]x
for all x € D and |t] < e(x).

Proof. As in the proof of Theorem 2.35, we may assume that each C(t) is
closed. With notation as in the proof of that theorem, we obtain the operator
Ap defined on D; (up to that point, the bounded below hypothesis was not
used). Since

(Clu)y —y,y) = (y,Clu)y —y) (y € D1, |ul <€(y)),

it follows from (4) and (6) in C.3 that Ag, with the dense domain Dy, is symme-
tric. Let A be a selfadjoint extension of the operator A associated with Ag
(cf. Lemma 2.36), and let E be its resolution of the identity. Consider the
projections E := F([0,m]) and the bounded positive selfadjoint operators
Al = E!A form e N.

For z,, € Dy, let

am(t) = Ep[C(H)zn, 0] (|t] < en(2)).

nm

Since [C(t)zn,0] € D? = D(Ag), Ag C A, and the projection E; commutes
with A, it follows from (4) in C.3 and the definition of Ay that

1) = B A0C(1)2.0] = B Aol C(0)2,.,0
= BL A0 = ELAESC()2.0 = ALk ()

for |t| < e, ().
One verifies easily that [ &,](0) = 0. By uniqueness of the solution of
the second-order ACP, we then have for all |t| < ¢, (z):

i (1) = cosh[t(AL)2]€1, (0)

— coshl. .. ] B, &5, (0) = coshlt(A)/2]gf,, 0). (1)
When m — oo,

am (t) = E([0,00))[C(t)an, 0] := & (2)

nm

for |t| < €,(z). In particular, &, (0) — £(0), and cosh[t(AH)/2]&H (0) —
&T(t) by (1). Since cosh|...] is closed (it is selfadjoint!), it follows that &1 (0)
belongs to its domain, and

cosh[t(AT) 216 (0) = &5 (1) (t] < en(2)). (2)
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Similarly, letting E,~ = E([-m.0]), etc., we find that
cosh[t(=AT)VZIE0(0) = &7 (t) (] < en(2)), (2)

where &.7(t) := E((—o0, 0])[C(t)xn, 0].
Adding (2) and (2 ) we obtain

[C(t)2n, 0] = cosh[t(AT) /26 (0) + cos[t(AT)/?]¢; (0) 3)

for |t| < e, ().

Let P denote the orthogonal projection of X? onto X (identified with
its embedding in X? as {[z,0];z € X}). Then P commutes with Ag, hence
with A, and so A := PA is a selfadjoint operator on X with resolution of the
identity PE(-) = E(-)P. We have

cosh[t(AT)/2]¢H (0) = / "~ cosh(tul/2) E(du) [, 0]
0

_ / ~ cosh(tu!/2)[E(du) P][zn, 0] = cosh[t(A* )],
0

and similarly for the second term in (3) (we have identified [z,,,0] with ).
Thus
C(t)zn = cosh[t(AT)?)z,, + cos[t(A™)/?|a, (4)

for all [t] < e, (z).

Recall now that for each © € D, z, — z and C(t)z, — C(t)z when
n — oo (for |t| < e(x)). Since the operator on the right-hand side of (4) is
closed, it follows that x belongs to its domain and the identity in Theorem 2.37
is verified. O

The following concept corresponds to that of analytic vectors in the context
of cosine families.

Definition 2.38. A semi-analytic vector for A is a vector x € D (A) such
that

> t2n

> (20)! A"z < oo

n=0

for some t > 0 (depending on x).

If A is a closed positive operator, we may imitate the proof of
Theorem 2.31, applying Theorem 2.35 to the local cosine family of bounded

below operators
2n

sz(?n

n=0

to obtain the following result:
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Theorem 2.39 (Nussbaum’s Semi-Analytic Vectors Theorem). Let A
be a closed positive operator with a dense set of semi-analytic vectors. Then
A is selfadjoint.

The details of the proof are left as an exercise. Note that if A is not assumed
to be closed, the conclusion is that A is essentially selfadjoint.



Part III

A Taste of Applications



Prelude

Applications of semigroups cover an immense range, in areas such as Partial
Differential Equations, Probability Theory, Stochastic Processes, Mathemati-
cal Physics, etc. There are excellent books exposing these subjects, some of
which are listed in the bibliography. We thought that going seriously in this
direction would take us too much afield, with a great amount of needed pre-
requisites, with wasteful overlapping with other well-known textbooks and
monographs, and with a divergence from the original purpose of this book as
a sort of synthesis between semigroup theory and spectral theory. Our purpose
therefore in this “part” is to give a mere glimpse at some results obtained by
using methods of the theory of semigroups, chosen by two criteria: the tools
of semigroup theory are essentially used in their derivation, and the author
was involved in their establishment.

In Section A, the results of Section D in Part I on analytic families of
semigroups are applied to analytic one-parameter families of evolution sys-
tems in the “temporally inhomogeneous” case (the case of an analytic family
of semigroups is the special case of a “temporally homogeneous” system).
In Section B, the results of Section F in Part I on boundary values of regular
semigroups are applied to obtain results on the similarity of operators within
the family S + (V (¢ € C), when S generates a C,-group and V' € B(X) is
an “S-Volterra” operator embedded in a regular semigroup.



A

Analytic Families of Evolution Systems

Let 2 be adomain in C. For each t € [0,1] and z € £2, let A(¢, z) be an operator
with dense domain D independent of ¢ and z, in the Banach space X. Consider
the one-parameter family of Cauchy problems (depending on the parameter z)

dz(t, z)

g = A(t, 2)x(t, z); x(0,2) =y, (1)

with initial value y € D and solution x(t, z) wanted in D, for all ¢ € [0,1] and
z € (.

In this section, we investigate the hereditary property of analyticity (with
respect to z € 2) from the “coefficient operator” A(:,-) or its resolvent, to
the solution z(-,-) of the so-called (one-parameter) family of evolution sys-
tems (1).

The case when A is independent of “time” ¢ (the so-called “temporally
homogeneous” case) corresponds through Theorem 1.2 to an analytic family
of semigroups, and was studied in Section D of Part I. The present discussion
of the general (or “temporally inhomogeneous”) case depends in an essential
way on the results for the temporally homogeneous case, and on the detailed
structure of the solutions of (1) constructed by Kato and Tanabe (cf. [Y,
pp. 432-443]).

A.1 Coefficients Analyticity and Solutions Analyticity

Terminology 3.1. As in Section D of Part I, we consider either one of the
following plausible analyticity hypotheses:

(a) Coefficients analyticity. For each t € [0,1] and & € D, the vector function
A(t,-)x is analytic in (2.

(b) Resolvents analyticity. For each ¢t € [0,1], z € 2, and A > 0, the resolvent
R(\; A(t, z)) exists (as an element of B(X)), and is analytic with respect
to the parameter z in 2.

S. Kantorovitz, Topics in Operator Semigroups, 195
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The desired analyticity conclusion is
(c) Solution analyticity. For each y € D and z € 2, the unique solution z(+; z)
of (1) is analytic with respect to the parameter z in (2.

A.2 Kato’s Conditions

We adapt below Kato’s conditions for the solution of (1) to the presence of
the parameter z € (2:

Condition K;. For all t € [0,1], z € 2 and A > 0, R(\; A(t, z)) exists and
IR At 2))[ <1/A (A >0). (2)

In particular (case A = 0 of K1), A(s,2)™*X C D for all s € [0,1] and z € §2,
and therefore A(t,2)A(s,z)~! € B(X) by the Closed Graph Theorem, for all
s,t € [0,1] and z € £2. Consider the differential ratios

At 2)A(s,2) L =1

B(t,s,z) = ;
—s

Condition Ks. For each x € X and z € {2, the function B(-,-, z)x is bounded
and uniformly strongly continuous off the diagonal in [0, 1]?, and the strong
limit

B(t, z)x := klim B(t,t —1/k,2)x

exists uniformly for ¢ € [0, 1].
Under Conditions K7 and Ks, the Cauchy problem has a unique solution
x(+, z) uniformly bounded by ||y||, for each given z € §2 (cf. [Y, pp. 432-437]).

Theorem 3.2. Under Kato’s conditions Ky and Ks, coefficients analyticity
implies solution analyticity.

Proof. For each t € [0,1] and z € 2, it follows from Condition K; and
Corollary 1.18 that A(t¢,z) generates a C,-semigroup of contractions
T(-; A(t, z)). The common domain D is resolvent-invariant (cf. Definition 1.65),
since for all A > 0,

R(\; A(t,2))D C Domain(A(t,z)) = D.

Therefore, by Theorem 1.66, the semigroup T'(s; A(t, z)) is an analytic function
of z in {2, for each s > 0 and ¢ € [0,1].

Define the contraction-valued functions Uy(t,s;2) (k € N;t,s € [0,1];
z € £2) by the identities

Up(t,s;2) =Tt —s; A((i — 1) /k, 2))
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for (i —1)/k <s<t<i/k,(1<i<k);and
Up(t,r;2) = Ug(t, s;2)Ur(s,r;52) 0<r<s<t<l. (3)

The analyticity of T'(s; A(t,-)) implies the analyticity of Ug(t,s;-) in {2 for
each 0 < s <t < 1. Therefore, for each x € X and s,t as before, the vector
functions

xp(t,s;) == Ug(t,s; )z (keN)

are analytic and uniformly bounded by ||z|| in §2. By Theorem 1 in [Y, p. 432],
the strong limit
Ul(t,s;z)x = lilgn 2 (t, 85 2) 4)

exists (uniformly for s,t as above, for each z € {2). By Lemma 1.63, it follows
that U(t, s; )z is analytic in 2 for each 0 < s <t < 1. By Theorem 1 in [Y,
p. 432], x(t, z) := U(t,0; z)y is the unique solution of (1) uniformly bounded
by ||ly||, and we just observed its analyticity with respect to z in £2. a

Remark 3.5. Since ||zk(t, s; 2)|| < ||z||, it follows from (4) that U(t,s;z) is a
contraction for all ¢,s € [0,1] and z € 2. As a function of ¢,s, U(t,s; z) is
strongly continuous (for each fixed z), because the limit in (4) is uniform
in t,s € [0,1] and each (-, -;2) is continuous on [0, 1]2. Since U(t,s;-)x is
analytic on (2 for all x € X (for each fixed ¢, s; see end of preceding proof),
it follows from Theorem 3.10.1 in [HP] that the operator function U (¢, s; ) is
analytic in 2 (for each fixed ¢, s). By (3)

Ut,r;z) =U(t,s;2)U(s,132) 0<r<s<t<1

for all z € 2. Thus {U(-,;2);2z € 2} is a family of strongly continuous
contraction propagators (the so-called propagators family associated with the
evolution problem (1)), that depends analytically on the parameter z, z € (2.
Briefly, under Kato’s Conditions Ky and Ko, coefficients analyticity implies
propagators analyticity.

Theorem 3.4. Under Kato’s Conditions K1 and K, resolvents analyticity
implies solution analyticity.

Proof. Asin the proof of Theorem 2 in [Y, p. 436], we consider the contractions
(for 0 <s<t<1andkeN):

i i [kt]—1
Vie(t, s;2) := {kt}R {kt};A([kt]/k,z) X j_{]}gﬂ kR(k; A(j/k, 2)

ey B (A )

where the first factor is understood as I when kt is an integer, {kt} denotes
the fractional part of kt, and the middle product runs in “reverse order.”
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The “resolvents analyticity hypothesis” implies that Vi (¢, s;-) is analytic
in {2 for each fixed t,s as above and k& € N. Therefore, for each y € D, the
vector functions

v (t,+) = Vi(t,0;-)y

are analytic and uniformly bounded (by |ly||) in 2. By Theorem 2 in [Y,
p. 436], the strong limit x(t, z) := limy vx (¢, 2) exists (for each ¢ € [0, 1] and
z € §2), and is the unique solution of (1) uniformly bounded by ||y||. Finally,
we conclude from Lemma 1.63 that (¢, -) is analytic in (2. a

A.3 Tanabe’s Conditions

Another set of sufficient conditions for the existence and uniqueness of the
solution of the evolution system (1) are Tanabe’s conditions 77 and T5 below,
which are adapted here to the presence of a parameter z € (2.

Condition Ty. For each t € [0,1] and z € £2, the resolvent set of A(t,z) con-
tains 0 and a sector Sy with 6 > /2, and R(\; A(t, z)) is strongly continuous
in ¢, uniformly in A on compact subsets of Sy, for each z € §2. Furthermore,
for each subdomain 2y CC {2, there exist constants M, N (depending on 2))

such that
N

Al =M

for all t € [0,1], z € 29, and X € Sp, |A\| > M (with N =1 for real A > M).
Note that by 77 and the fact that the operators A(t, z) are closed (since

their resolvent sets are nonempty) and have the common domain D, the opera-

tors A(t, z)A(s, z) ! are bounded operators for all s,¢ € [0,1] and z € £2. The

second Tanabe condition is a Lipshitz condition on A(-, 2) A(s, z) ~!, uniformly

with respect to s € [0,1] and z € 2y CC 2:

[R(A; A(t, 2))]| <

Condition Ty. For each subdomain 2y CC {2, there exists a constant K
(depending on () such that

|A(t, 2)A(s,2) ™ — A(r, 2)A(s, 2) Y| < K |t — 7]

for all s,t,r € [0,1] and z € (2.

Lemma 3.5. Under Tanabe’s conditions Ty and Ty, the B(X)-valued function
F(t,s;-) == A(t,)A(s,-) !
is analytic in 2, for each given t,s € [0, 1].

Proof. Given s € [0,1], z € 2, and © € X, denote y = A(s, z) tx. Then
y € D, sothat A(t,w)y — A(t,z)y whenw — z (w € §2), for each t € [0, 1] (by
the analyticity, hence the continuity, of A(¢,-)y). In particular, A(s,w)y — x
when w — z.
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Fix a disk 29 CC {2 centered at z, and let the constant K correspond
to 2 as in Condition T5. Then for all ¢ € [0,1] and w € (2, we have by
Condition Ts

|F(t, s 0)l| = | F(t, i) — F(s, s0) + I K[t —s| + 1< K+1. (5)
Therefore
1E (55 2)x = F(t, s;w)x||
= [[A(t, 2)y — At w)y + A(t, w) A(s, w) ™' [A(s, w)y — ]|
< [JA(t, 2)y — A(t, )yl + (K + 1) [[A(s, w)y — ]| = 0

when w — z, as remarked above.

This shows that F'(¢,s;-) is strongly continuous in 2.

Consider next the differential ratio for F'(¢, s;-) at the given point z. With
notation as before and w € 2y, w # z,

I(z = w) T E(t, 53 2)x — F(t, s3w)a] — [A(t,)y)' (2) + F(t, 53 2)[A(s, )yl (2)

< Iz = w) THA( 2)y — At w)y] — [At,)y) ()]
A(s, 2) to — A(s,w) "o

Z—w

- HA(t, w) + F(t,5;2)[A(s, )yl (2)

=I1+1I
Clearly I — 0 as w — z, because A(t,-)y is analytic at z. We have

A(s,w) — A(s, 2)

II = HF(t,s;w) y+ F(t,s;2)[A(s, )yl ()

< ”F(t,S;w) [— A(S’w)i : Zl(s,z)y +14 }H

[t s52) = F(t, s;w)] [A(s, )yl ()| = TIT+ 1V.

By (5)
ITT < (K + 1) |[(w — 2) " A(s, w)y — A(s, 2)y] — [A(s, )y) ()| = 0

as w — z, by the analyticity of A(s, )y at the point z. Also IV — 0 as
w — z, by the strong continuity of F'(t,s;-) at the point z (which we proved
before). We then conclude that F(t,s; )z is analytic in {2 (with the expected
expression

[A(t,)y)' (2) = F(t, 552)[A(s, )y]'(2)
for the derivative at z (where y := A(s, 2)~'z). O
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Fixing z € {2, Tanabe’s theorem states that under Conditions 77 and 75,
the Cauchy problem (1) (with arbitrary initial value y € X) has a unique
solution (-, z) (cf. [Y, pp. 439-443]). Its dependence on z is now considered.

Theorem 3.6. Under Tanabe’s conditions Ty and Ts, coefficients analyticity
implies solution analyticity.

Proof. The following elementary lemma is used several times in the proof.

Lemma A. Let 2 C C be a domain, and let h : [a,b] X 2 — X be a bounded
function, continuous in t € [a,b] for each z € §2, and analytic in z € 2 for

each t € [a,b]. Then u(z) := f; h(t, z) dt is analytic in 2.

Proof of Lemma A. The Riemann sums

n
up(z) == Zh(tk’ 2)(tr — tg—1)
k=1
for equipartitions ¢ = tg < t; < --- < t, = b are analytic and uniformly
bounded in 2, and u,(z) — u(z) strongly, for each z € 2. By Lemma 1.63,
u is analytic in (2. O

We proceed now with the proof of Theorem 3.6. Condition 737 implies
that A(s, z) generates a holomorphic semigroup T'(+; A(s, z)) (for each (s, z) €
[0,1] x £2). By Theorem 1.66, T'(¢; A(s;-)) is analytic in (2, for each s € [0,1]
and t > 0. For s € [0,1] and z € (2 fized, represent the (strong) derivative
T(5 A(s,2)) = A(s, 2)T(+; A(s, 2)) of the holomorphic semigroup T'(-; A(s, 2))
by Cauchy’s formula for the derivative. By the proof of Lemma 1 in [Y, p. 440],
IT(t; A(s, 2))|| < C. Tt follows from Lemma A that A(s,z)T(t; A(s,z)) is
analytic in z in §2, for each fixed ¢, s. By Lemma 3.5, if 0 < s < ¢ < 1, then

Ri(t,s;2) :=[A(t,2) — A(s,2)] T(t — s; A(s, 2))
= F(t,8;2) [A(s,2)T(t — s; A(s, 2))] — A(s, 2)T'(t — s; A(s,2)) (6)

is analytic in z in (2.
Asin [Y, p. 439], extend the definition (6) of Ry (¢, s; z) by setting

Ry(t,s;z) =0for s >¢ (t,5 €[0,1]),

and define R, inductively by
t
R, (t,s;2)x :/ Ri(t,r; 2)Ry—1(r, s; 2)x dr. (7)

Proceeding inductively, suppose that R,,_; is analytic in z in {2 for some
m > 2. From the proof of Lemma 1 in [Y, p. 440], the integrand in (7) is
continuous in 7 in the fixed interval [s,t], 0 < s < t < 1, for each z € (2; it is
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uniformly bounded for r € [s,t] and z € 2y CC 2 by (KC)™||z|/((m — 1)!)
(where the constants depend on (2)); and finally, by the induction hypothesis
and the analyticity of Ry which we observed above, the integrand in (7) is
analytic in z in £29. By Lemma A, it follows that R,, (¢, s;-) is analytic in any
subdomain 29 CC {2, hence in {2, for each fixed s < ¢ (and trivially for s > ).

The estimate ||R,,|| < (KC)™/((m — 1)!) in each subdomain 2y CC 2
implies that the series

R(t,s;z) = ZRm(t,s;z) (8)

converges in B(X) uniformly in [0,1]? x 2. It follows that the function
T(t—r;A(r,2))R(r,s;2) 1€ [s,t], z€

(with s < t fixed) satisfies the hypothesis of Lemma A. We then conclude that
the function

Ult,s;2) =Tt —s;A(s, 2)) + / T(t—r;A(r,2)) R(r, s;2) dr 9)

is analytic in z in each subdomain 2y CC {2 (hence in 2), for each s < t in
[0,1].

By Tanabe’s theorem (cf. [Y, p. 439]), the unique solution of the Cauchy
problem (1) (under Tanabe’s conditions T3 and T%, with y € X arbitrary) is
given by x(t, z) = U(t,0; 2)y, and is therefore analytic with respect to z in {2,
for each t € [0, 1]. O

Note again that the proof above establishes the analyticity of the propa-
gator U(t,s;z), 0 < s <t <1, with respect to the parameter z in (2. Briefly,
under Tanabe’s conditions Ty and Ts, coefficients analyticity implies propaga-
tors analyticity.
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Similarity

B.1 Overview

In this section, we shall be concerned with the existence of a similarity relation
within certain families of (unbounded) operators. Two (generally unbounded)
operators A, B are said to be similar if there exists a bounded nonsingular
operator @ such that B = Q 'AQ (with equality of domains!). In [K18]
and [K19], the classical Volterra operator V : f(z) — [ f(t)dt and the
multiplication operator f(z) — xf(z), acting on LP(0,1) (1 < p < o) were
shown to possess the property that S 4 ¢V is similar to S + wV ({,w € C) if
and only if R = Rw). It turned out later (cf. [K20]) that a key to the result is
the so-called “Volterra commutation relation” [S, V] = V2, trivially satisfied
by the special pair (S,V) defined above. If the above operators are acting
in L?(0,00) as unbounded operators with maximal domains, the condition
RC¢ = Rw is still sufficient for the similarity of S+ ¢V and S + wV (cf. [HK]
and [K4]), but its necessity is unknown. In [KH4], [KPe], and [VK], abstract
settings were found for the validity of similarity results of the above type with
S not necessarily bounded (but with V' bounded): iS generates a bounded
C,-group S(-), V leaves D(S) invariant, satisfies the Volterra commutation
relation in the form [S,V] C V2 and can be embedded as V = V(1) in a
suitable regular semigroup V(). In particular, under these hypotheses, S+¢V
is similar to S if and only if 8¢ = 0. For example, S — V is not similar to S.
However, we show in the last subsection that, without any assumption on the
group S(-) and on the operator V' (besides the Volterra commutation relation
between S and V'), the perturbations (S — V) + P of S — V are similar to S
for all P in the similarity suborbit of V' given by {S(—t)VS(¢); t € R}.

B.2 Similarity Within the Family S 4+ (V

In this section, the operator S with domain D(S) in the Banach space X
is the generator of a C,-group S(-), and V € B(X) satisfies the “Volterra
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relation” with S, that is,
VD(S) c D(S); [S,V]c V2 (1)

The domain of the Lie product [S, V] := SV — VS is clearly D(S). By Theo-
rem 1.38, for any ¢ € C, the operator

TC =S5+ CV (2)

(with domain D(S)) is such that i7, generates a C,-group, which we denote
by T¢(-). We first list a number of properties of an operator V' € B(X) that
are equivalent to the Volterra relation.

Lemma 3.7. The following statements are equivalent for V € B(X):

(a) V satisfies the Volterra relation with S.
(b) [R(X; S),V] = R(X; S) V2 R(A; S) (A € p(9)).
(c) [R(X;S),V] =V R(X; S)2V for all complex X outside some horizontal strip

Ale,d):i={N € C;—¢ <3 < ¢},

c,c > 0.

(d) [R ( Sy, V] = nV R\, 8)"=V for all n € N and for all compler \
ou tszde some strip A(e, ).

(e) [S(t), V] =itV S(t)V for allt € R.

(f) Same as (e), for all t in some interval (0,0).
Proof. (a) implies (b). It follows from (a) that for all z € D(S5),
M - S)Wx=V(A —-S)z—-V?2 (AeC). (3)

For each z € X and X € p(S), we have R(X; S)x € D(S), hence V R(\; S)z €
D(S) by (a), and it follows from (3) and (a) that

V R(X\; S)x = R(\; S)[(AM — S)V]R(X; S)x
R\ S) V(M — S) — VRN, S)x
R(\; S)Vz — R(\; S)V2R(A; S)z,

which proves (b).

(b) #mplies (c). Since R(A;iS) = —iR(—iA;S) (whenever either side exists),
it follows from Theorem 1.39 that there exists a strip A(c,¢’) such that
R(+; S) is a well-defined analytic B(X)-valued function outside the strip, and
|IR(A; S)|| — 0 as SA — oo. We may then choose r > 0 such that

VRN <1 (ISA| > 7). (4)
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By (b), for all X € p(S),
VR(NS)=RANS)V(I -V R(NDS)). (5)

By (4), if [SA| > r, the inverse (I — R()\;S))~! exists in B(X) and is given
by the usual “geometric series”; it then follows from (5) that

RN S)V =V R\ S) (I -V R(\S))™!
i V R()\;S)) (6)

The series representation in (6) implies that R(A;S)V commutes with
V R(X; S) for |SA| > r, and therefore, by analyticity outside A(c, ) of both
sides of the relevant commutation identity, the latter is valid for all A outside
the strip, and (c) follows from (b).

(c) implies (d). We use induction on n. The case n = 1 is precisely our
hypothesis (c). Assume (d) for n. By the resolvent identity (cf. Theorem 1.11),

d

D B8) = =R S)* (A€ p(9)),

where the derivative is taken in the uniform operator topology. Differentiating

the identity (d) for n (our induction hypothesis!) using the chain rule, we
obtain for A ¢ A(c, )

—n[R(A; S)" T, V] = —n(n + 1)V R(X; 5)" 12V,
and (d) for n + 1 follows.
(d) implies (e). Fix t > 0. Since S generates the C,-semigroup {S(t); t > 0},

we have by Theorem 1.36

15(), V] = lim [(?R(Tt‘;w))n,v} — lim [(ZR(@;S))”,V] ,

n n it

in the strong operator topology (s.o.t.), as n — cc.
Hence by (d), in the s.o.t.,

[S(t), V] = lim(n/it)"nV R(n/it; S)yrtity

n
— itV lim(ﬁRCL;S)) (73(7;5)) V.
n \1t it it it
However, the first factor in the last limit converges to the identity operator
in the s.o.t. as n — oo (cf. Lemma 1.16) and has operator norm < 2 for n

sufficiently large; the second factor converges to S(t) in the s.0.t. (as observed
above). Hence (e) follows for ¢t > 0. A similar calculation yields (e) for ¢ < 0,
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using the corresponding formula for the C,-semigroup {S(—t);t > 0} (the
case t = 0 is trivial).
(f) implies (a). Let z € D(S) and t € (0,9) (with 6 > 0 as in (f)). We have
by (f)
St)Va -V
t

S(t)r —

-V T LV S@t) Ve — iVSz +iV2e

ast — 0. Hence Vo € D(S) and iS(Vx) = iV Sz + iV2x. This proves (a). O

Recall the notation Ty := S + (V (¢ € C); the C,-group generated by iT¢
is denoted by T¢(-).

Lemma 3.8. Let V € B(X) satisfy the Volterra relation with S. Then p(V)
contains the imaginary axis without 0, and for all k € Z and t € R,

Ti(t) = (I —itV)7*S(t) = S(t) (I +itV)*.
Proof. For k € N, denote
Hy(t) := S(t)(I +itV)k  (t € R). (7)

Clearly, Hy(-) is strongly continuous on R and Hy(0) = I.
By Lemma 3.7 (e), for all s,t € R,

Hy(s)Hy(t) = S(s)(S(t) +isVS(t) + itS(t)V +is[S(¢), V])
= S(s)S(t)I +i(s+t)V) = Hy(s +1).

Thus Hy(+) is a Cyp-group.
In particular, we have

I+iitV =8(—t)Hy(t) (t€R), (8)
hence I + itV is invertible for all t € R, with
(I+itV)~' = Hi(-t)S(t) (t€R). 9)

In particular, p(V') contains the imaginary axis without 0.

Let iB be the generator of the C,-group H;(+). If z € D(S), (I +itV)x €
D(S) for all t € R (since D(S) is V-invariant), and therefore Hy (t)x is differ-
entiable and

d

SHI(Oz = SOES)I+itV )z + SOV e,

In particular, the derivative at zero is i(S + V)z. This shows that S+V C B.
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Replacing ¢ by —t in (8) and multiplying on the right by H;(t), we see
that
S(t)= (I —itV)H(t) (t€R). (10)

Therefore, if x € D(B), S(t)x = (I —itV)[H,(t)z] is differentiable on R, and

d
dt

In particular, the derivative at zero is (B — V)z, i.e., D(B) C D(S) (and
B -V C S). We conclude that B = S + V := Tj. Since the generator
determines its C,-(semi)group uniquely, it follows that Ty () = Hy(+).

We now use induction on k to prove that Ty (t) = Hi(t) for all k € N.

We proved above the case k = 1. Observe that V satisfies the Volterra rela-
tion with Ty, since D(Tyx) = D(S) is V-invariant and [T}, V] =
[S + kV,V] = [S,V] € V2 Also Tyy1 = T + V. Therefore, by the case
k =1 for the pair (T}, V), Tk+1(t) = Ti(t)(I + itV). Hence, by the induction
hypothesis for k,

S(t)w = —iV Hy(t)z + (I — itV) Hy (t)(iB)a.

T4 (t) = Hry (I +itV) = Hia (1),

as desired.
The second identity in the lemma (for & € N) is an easy consequence of
the first: for all t € R and k& € N,

Ti(t) = Ti(—t) "L = [S(=t) (I — itV)*]7t = (I —itV)7*S(¢).

Consider now the operators T_; and V (k € N). Clearly V satisfies the
Volterra relation with Ty, and i1 generates the C,-group T_(-). By the
proof above, it follows that the C,-group generated by i(T—_; +kV) = @S, that
is, the group ¢ — S(t), coincides with the groups t — T_(¢)(I +itV)* and
t — (I —itV)™FT_4(t). “Solving” for T_x(t), we get

T (t)=SH)I +itV)™F =T —itV)*S(t) (t€R,keN).

t),
).

Since the identities of the lemma are trivial for & = 0, the proof is complete.
O

A slight extension of the identities of Lemma 3.8 is obtained by replac-
ing S by T¢. As observed in the proof of the lemma, D(T;) (= D(S)) is
V-invariant and [T, V] (=[S, V]) C V2. The said identities are then valid for
the pair (T¢,V) instead of the pair (S, V). Since the C,-group generated by
i(Tec + kV) (= iT¢+k) 18 Tetx(+), we obtain the following

Corollary 3.9. Let V € B(X) satisfy the Volterra relation with S, where i.S
is the generator of the C,-group S(-). For each ¢ € C, let T¢(-) denote the
Co-group generated by i1y, where Ty := S+ (V. Then

Terk(t) = Te(t)(I 4 itV)F = (I —itV) " Te(t)
forallteR, (€C, and k € Z.
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In general, the identities in Lemma 3.8 and Corollary 3.9 do not make
sense if the integer k is replaced by an arbitrary complex number w, because
(I+itV)“ is not always defined. However, in case S € B(X ), Lemma 3.8 does
extend (with k and it replaced by arbitrary complex numbers). Of course, the
groups are now ordinary exponentials.

Corollary 3.10. Let S,V € B(X), and suppose [S,V] = V2. Then V is
quasi-nilpotent, and for all z,( € C,

e#HV) — 25(T 4 2V)S = (I — 2V)e*S,

Proof. Since the claim is trivial when V = 0, we may assume that [|[V|| > 0.
Apply Lemma 3.8 with the group S(t) = €. By the identity of the lemma
with k£ =1,

HSTV) — (1 +itV) (t e R). (11)

By (11), the B(X)-valued entire functions e*(5*V) and e*5(I + 2V coincide
for z € iR, and therefore they coincide on C. Equivalently

I+2V=e%525) (2 €0Q). (12)

In particular, I + zV is invertible in B(X) for all z € C, that is, V is quasi-
nilpotent. It follows that the powers (I 4 2V)¢ are well-defined for all ¢ € C
by the binomial series

(I+2V)8 = i (i) P (13)

k=0

(convergent in B(X )-norm).

Fix v € (7/2,m), € > 0, and z € C such that |z| < 1/e. In the following,
C, C', etc. are positive constants. Since lim ||[V"||1/" = 0, there exists ko such
that |[V*| < € for all k > ko. We use the estimate

¢ vlc|
()| <.

holding uniformly in & (cf. [HP, p. 234]). For k < ko, the terms in (13) have
norms < Ce’l¢I(|z| [|[V|)¥; for k > ko, the terms have norms < CeI¢l(|z]e)*.
Since |z|e < 1, the series in (13) is norm-majorized by a convergent series of
constants for all ¢ in any compact subset of C, hence converges “absolutely”
and uniformly on compacta (with respect to ¢). Therefore (I + 2V)¢ is an
entire function of ¢, and moreover

(I [VIDRett —1 1

(I +2V)¢| < Cevldl (
2|V -1 1—|zle

> =C'e’ll (14)
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The function ¢ — e*(5t¢V) is clearly entire, and has norm

< IS+ < Izl IS IS AVIED < vl

if we assume that the fixed z satisfies |z| < v/||V||. Define
F(C) := e #%3e*(5TY) (I 4 2V)C.

By the preceding discussion, for each fixed z such that |z| < ¢ := min(1/¢, v/
[IV]]), the B(X)-valued function F,(-) is entire and of exponential type < v <
7. By Lemma 3.8, F,(k) = 0 for all k € Z. Therefore F,({) =0 for all ( € C
(cf. Theorem 3.13.7 in [HP]). Thus

e2(5HCV) — eZS(I +2V)¢ (15)

for all ( € C and z € C such that |z| < §. By the power series representation
(in powers of z) of the exponentials and the binomial, both sides in (15) are
entire functions of z for each fixed ( € C (we use the fact that V' is quasi-
nilpotent!); since they coincide for |z| < §, they coincide for all z, and the first
identity of Corollary 3.10 is established. The second follows from the first as
in the proof of Lemma 3.8. O

(An alternative proof can be found in [K4].)

We shall now assume that the bounded operator V' is “embedded” as V =
V(1) in a regular semigroup V'(+), cf. Section F of Part I. To simplify notation,
we shall use the same symbol V(-) for the extension to the closed halfplane
C+. The boundary group V (i-) satisfies the growth estimate ||V (it)|| < C eb!*l,
where C' > 1 and b > 0. Let v be the Norlund function of V'(-), that is,

v(s) := limsup [t| " log ||V (s +it)| (s> 0). (16)

[t|—o0

Then ~(s) < b. If, for example, for any b € (w/2,7) there is a constant
Cy > 1 such that ||V (it)|| < Cypel!l then ~(s) < b for all b € (/2,7), that
is, v(s) < w/2. If (ap, a1) is the largest subinterval of [0, 0] (of r) such that
the equation ~(s) = 7/(2r) has a (necessarily unique) solution for s, say
s = so(r) > 0, then 7/(2r) = y(so(r)) < m/2, that is, » > 1, and therefore
a1 > 1. We shall assume that a; > 1. For simplicity, we shall also assume that
V(¢)D(S) c D(S) for all ¢ € C*, and that the X-valued function SV (-)z is
strongly continuous in C* for each x € D(9).

Theorem 3.11. Let iS be the generator of the C,-group S(-). Let V(-) be a
reqular semigroup such that

(a) a1 > 1;

(b) V(Q)D(S) € D(S) for ¢ € C*, and SV (-)x is (strongly) continuous in
C* for each x € D(S); and

(¢) V := V(1) satisfies the Volterra relation with S.
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Then
() [S,V(O)]x = ¢V (¢ + D for all x € D(S) and ¢ € CT; and
(ii) S+ 2V is similar to S+ wV (z,w € C) if Rz = Rw; specifically,
S+ 2V =V(in) (S +wV)V(in), (17)
where in =z —w = i¥(z — w).
(Conversely, independently of Condition (a), (i) implies Conditions (b)
and (c).)

Proof. We first verify the simple (parenthetic) closing observation in the state-
ment of the theorem. If z € D(.S), then for all ¢ € C*, the identity (i) includes
implicitly the requirement V({)x € D(S) (so that [S,V({)]x makes sense!),
hence indeed V(¢) D(S) C D(S), and moreover, by (i), the function

(= SV(Qx =V(()(Sz) +¢V(C+ Dz

is clearly (strongly) continuous in C*.

Condition (c) is the special case of (i) with ¢ = 1.

We prove now the main statement of the theorem.

Since a1 > 1, we may take a = 1 in Theorem 17.6.1 in [HP]. We then have
the series representation

v«»—fff)w—fw (CecH),

n
n=0

with strong convergence at least for R¢ > so(1), where so(1) := v~ (7/2) > 0.

(CE. (16).)

Denote

k

Vi(€) :zZ(i)(V—I)” (CeC,k=0,1,...). (18)

n=0
By induction, it follows from the Volterra relation for V' with S that
[S,Vi]z =jVI~'V2z (j €N,z e D(9)), (19)
and therefore, by linearity,
p(V)D(S) € D(S); [S,p(V)]z =p'(V)V?z (x € D(9)), (20)
for any polynomial p. In particular, for the polynomial p(z) = (z — 1)™,
(V—-D"D(S) c D(S); [S,(V — D"z =n(V - 1)"" V3

for all x € D(S) and n € N. Hence, for each x € D(S), k € N, and ¢ — 1 >
$0(1), we have Vi(Q)x € D(S), Vi(Q)x — V({)z, and (using the identity
(W = (209
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SVi(O)z = Vi(C Sx—i—Z() V-1V

= Vi(O)Sz + Vit (C— )V
—V()Sz+¢V(¢ - 1)V2x =V (()Sz + V(¢ + 1)z
as k — oo. Since S is closed, it follows that
V(§)D(S) C D(S)
and
SV(Qz=V()Sz+ V(¢ + 1z (zeD(S); RC>s,(1)+1). (21

Let I' be any Jordan path in C*. If J,z, n € N,z € D(S) are Riemann
sums for the integral [,V (¢)xd(, then J,z € D(S) and J,z — [ V(¢)zdC
(strongly), because V(¢)D(S) C D(S) by hypothesis and V (-)x is continuous
in C*. Also SJ,z are Riemann sums for [, SV(¢)x d(, by the linearity of S,
and consequently their (strong) limit as n — oo is equal to the latter integral,
by the assumed continuity of SV (-)z in C*. Since S is closed, it follows that

/ V(C)zd¢ € D(S)
I

and

s /F V(C)zde = /F SV(C)dc. (22)

In particular, for any (closed) triangular path I" C CT, the analyticity of
V(-) in C* implies that the left-hand side of (22) vanishes, and therefore,
by (the vector version of) Morera’s theorem, SV (-)z is analytic in C* for
each z € D(S). Since both sides of (21) are analytic in C* and coincide for
RC > 5,(1) + 1, we conclude that (21) is valid for all ¢ € C* and z € D(9),
and (i) is proved.

Fix t € R and = € D(S). For any s > 0, V(s +it)z € D(S), V(s +it)x —
V(it)x as s — 0, and by (21) and our hypothesis,

SV(s+it)x =V (s+it)Sz+ (s+it)V(s+ 1+ it)x — V(it)Sz + itV (1 +it)z.
Since S is closed, it follows that V' (it)z € D(S) and
SV (it)r = V(it)Sz + itV (1 + it)x = V (it)(S + itV ). (23)

Thus, on D(S),
S +itV =V (—it)SV(it),



212 B. Similarity
and therefore, for any s € R,
S+ (s+it)V =(S+itV)+ sV =V (—it)SV(it) + sV
= V(—it)(S + sV)V(it) (24)

on D(S). For any v € R, V(—iu)x € D(S) if z € D(S5), and it follows from
(24) that
V(iu)(S + (s +iu)V)V(—iu)x = (S + sV)z,

and consequently, again by (24),
Tsripx = V(=it) TV (it)x = V(—it)V (iw) Tsyin V(—iu) V (it)x,
for all x € D(S) = D(Ts44t), that is,
Torit CV(—i(t — u))TsrinV (it —u)) (s,t,u €R). (25)
Interchanging t and u, we get
Totiuw CV(—i(u— ) TstitV(i(u —t)),

hence

V(—=i(t — u)TsiuV(i(t —u)) C Totit
(because V (i(t — u))D(S) C D(S)). We then have equality in (25), and (ii) is
proved. O

We shall need an upper and a lower estimate on the norms ||Tsq¢(u)]|
(s,t,u € R) in order to prove that the sufficient condition for similarity in
Theorem 3.11 is also (“almost”) necessary. These estimates are the content of
the following two lemmas.

Lemma 3.12 (Hypothesis as in Theorem 3.11.). There exists a constant
H > 1 such that

| Tsrae ()]l < H[[S )] (1+ [ul [[V])*e*!"
for all s, t,u € R.

Proof. Observe first that if A and B generate the C,-semigroups S(-) and
T(-), respectively, and Q € B(X) is nonsingular, then A = Q~'BQ if and
only if S(-) = Q7'T(-)Q (the verification of this statement is an easy exercise).
It then follows from Theorem 3.11 that

Toyit(u) = V(=it)Ts(w)V(it) (s,t,u € R). (26)

Fix v € R, and define

2

Fu(2):=e* T.(u) (2€C). (27)
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Then by (26)
| Fuls +it)]| < O T(w)]] "1 +21
< C||Ty(w)]| 27D (s,t,u € R). (28)

Therefore F,(s + it) is bounded in each vertical strip k — 1 < s < k (k € Z).
On the lines s = k, we have by (28) and both identities of Lemma 3.8

Fu(k +it) < C2|ISW)||(1+ |ul [[V)HtE+D (t e R, k € 7). (29)
By Theorem 1.67 (with A = iS or A = —iS, and with B(z) = 2V), the
B(X)-valued function F,(-) is entire. We may then apply to it the (operator

version of the) “three lines theorem” (cf. [DS I-III, Theorem VI.10.3]) in each
strip k — 1 < s <k (k € Z). Writing

s=pk-1)+1-pk=Fk-p
with 0 < p <1, so that also |s| = p|k — 1| + (1 — p)|k]|, we get from (29)
1Fu(s +it)|| < C2el|S(u)l|(1+ [ul [[V])Hletrt=D7+ =R (30)
for all s,t,u € R. However,
p(k—1)*+ (1 =p)k* = (k—p)* +p(1 —p) = > +p(1 —p) <5* +1/4,
and therefore, by (30) with ¢t =0
ITs(u)]| = e[ Fu(s)]] < 2 |[S(u) (1 + |u] V),

and the lemma follows now from (26) and the estimate ||V (it)|| < Ce?!*!, with
H = e/, O

For the lower estimate, we shall consider only the case of a uniformly
bounded C,-group S(-).

Lemma 3.13 (Hypothesis as in Theorem 3.11). Suppose in addition that
[S(w)|| < M for all u € R. Then there exists a strictly positive function C(-)
on R such that

| Terie()]| = C()(L + [u] [[V])*le=2
for all s, t,u € R.

Proof. Observe first that V' # 0 (otherwise V(z) = 0 for |Rz| > 1, and
therefore V(-) = 0 in C* by analyticity. But then V(it) = 0 for ¢t € R, which
is absurd because V (it) are nonsingular).
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By (26), for all s,t,u € R,
1 Ts(w)[| = [V (it) Tsie (w)V (—it)
< O Topin (u)].

Hence
| Tosie ()| = C2e M T ()| (s,t,u € R). (31)
Denote
Bu(s) :== (L+ [ul [V])~*[|Ts (u)
and

B(s) := irelg{Bu(s) (s €eR).

The estimate of the lemma (with C(s) := C~2B(s)) follows from (31), and
all that remains to prove is that B(s) # 0 for all s € R.

The hypothesis ||S(u)|| < M for all u € R implies that the types of both
semigroups {S(u);u > 0} and {S(—u);u > 0} are zero. It then follows from
Theorem 1.4 that

By(0) = [|S(w)|| = r(S(u)) =1 (u€R),

and since By(0) = ||S(0)]] = 1, we conclude that B(0) = 1.
By Corollary 3.9, we have the identities

Toy1(u) = Ts(u)(I +iuV); Too1(u) = (I —iuV)Ts(u) (s,u € R).

Therefore
B,(s+1)<B,(s) (s>0)
and
B.(s—1) < Byu(s) (s<0).
Hence
B(s+1) <B(s) (s>0)
and

B((s—=1) < B(s) (s<0).

It then suffices to prove that B(s) # 0 for |s| > 1.

Proceeding by contradiction, suppose B(sg) = 0 for some real sp with
|so| > 1. Let then {u;} C R be such that By, (s¢g) — 0. If the sequence {uy}
is bounded, we may pick a subsequence {u} } converging to some g € R; then
forall z € X,

1 Tsq (o)l = Tim || Tsq (u)z]| = lim(1 + [uj])** By (s0)z = 0,

that is, T, (ug) = 0, which is absurd since T, (uo) is nonsingular (as a “value”
of the group Ts,(+)). Thus {ux} is unbounded, and we may assume that
lug| — oo.



B.2 Similarity Within the Family S + ¢V 215
Let € > 0, and let ko be chosen such that
By, (s0) < €l®! (32)
for all k£ > kg. Fix such a k, and consider the entire functions
Gy (2) = (L [ V) T2 oy (2)

(cf. (27)). They are bounded in each closed vertical strip. By (28) and (32),
for all t € R,

IGE (s0 + it)|| < C2PETHD (14 [ug | |V ]| Frotlolelol,
Taking G} if so > 0 and G}, if sop < 0, we get
|GiE (50 4 it)|| < C2eb(s5HDlsol, (33)
Since ||S(+)|| £ M by hypothesis, it follows from (28) that
|GE(it)|| < CPM e (t €R). (34)
We now apply the three lines theorem to Gz in the strip 0 < Rz < s¢ if

59 > 0, or to G}, in the strip so < Rz < 0if 59 < 0. By (33) and (34) (since
M > 1), we obtain

|G (s + it)]| < C2M b5+ D¢

for all s + ¢t in the respective strips.
Since |sg| > 1, these estimates are valid for s+it = 1 (or —1, respectively),
that is,

(1 Jur| V) Tt (uge) || < C2M i+
for all £ > k. Hence

lim (1 + fug ] [VI) ™ Teer (un) | = 0.

Since ||S(-)|| < M, it now follows from Lemma 3.8 that

tim (1 + g [V) 71T + V]| = 0.

On the other hand, since V' # 0 (as observed above) and |uy| — oo, the limit
is clearly equal to 1, contradiction. O

Corollary 3.14 (Hypothesis as in Lemma 3.13). If z,w € C are such
that |Rz| # |Rw|, then T is not similar to T,,.
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Proof. Write s = Rz and r = Rw, and assume without loss of generality
that |s| > |r|. By Theorem 3.11, T, and T,, are similar to Ty and T;., respec-
tively, and it suffices then to prove that T is not similar to T,.. Proceeding
by contradiction, suppose there exists a nonsingular Q € B(X) such that
Ts = Q7'T,Q. Then Ts(u) = Q7T (u)Q for all u € R. By Lemmas 3.12 and
3.13, we have for all u € R

0 < C(s) < (L+[ul [VI)THT(u)]

< (U Jul IV 1QIIQ 1T ()]
< HMIQI QM (L + [l V)14 = 0

as |u| — oo (since ||[V]| > 0 and |r| — |s| < 0), contradiction. a

This last corollary and Theorem 3.11 yield the following main result of the
section:

Theorem 3.15 (Hypothesis as in Theorem 3.11 and |S(-)|| = O(1)).
Let z,w € C. Then T is similar to Ty, if Rz = Rw and only if |Rz| = |Rw|.

We state in particular the interesting special case with w = 0:

Corollary 3.16 (Hypothesis as in Theorem 3.15). T, is similar to S if
and only if Rz = 0.

Ezample 3.17.

1. Let V(-) be the Gamma semigroup on LP(RT), 1 < p < oo, as defined in
Example 1.116. We observed there that its boundary group V' (it) satisfies
the growth condition

V(i) < C(L+[the™™? (¢ eR) (35)

(and the factor C(1 + |t|) can be omitted in case p = 2). Hence, for any
re (m/2,m), |V(it)|| < Crel (t € R) for a suitable constant C,., and we
observed before the statement of Theorem 3.11 that the latter estimate
implies Condition (a) of Theorem 3.11.

If S denotes the multiplication operator

(Sf)(s) =sf(s) (s€RT)

with maximal domain in LP(R™), then S is clearly the generator of the
C,-group of isometries S(t) : f(s) — e f(s) (t € R;s € RT), and a
simple direct calculation verifies the identity (i) in Theorem 3.11 (hence,
by the parenthetical statement there, both Conditions (b) and (c) of the
theorem are satisfied). It then follows from Theorem 3.15 that S+ 2V is
similar to S +wV if Rz = Rw and only if |Rz| = |Rw|. (In particular,
S+ 2V is similar to S if and only if Rz =0.)
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2. On the space LP(0, N) (1 < p < 0o; N < 00), we may take V(+) to be the
Gamma semigroup with parameter b = 0, that is, the Riemann—Liouville
semigroup (cf. Example 1.116). Since V' (it) satisfies the growth property
(35), the conditions of Theorem 3.15 are satisfied as before, and so is
therefore its conclusion. Moreover, in the present example, the conclusion
can be strengthened to the statement (cf. [K4, Corollary 9.3]):

S+ 2V is similar to S+ wV if and only if Rz = Rw.

B.3 Similarity of Certain Perturbations

In the setting of Corollary 3.16, S —V is not similar to S. We look for pertur-
bations (S — V') + P that are similar to S (for example, this is trivially true
for P = V). We shall prove presently that, without any restriction on 'V and
on the Cy-group S(-) generated by iS, the Volterra relation alone (between S
and V') implies that the perturbations (S — V) + P of S are similar to S for
all P in the V-similarity suborbit given by

V:={S(a)V S(—a); a € R}. (1)

In particular, if S is a (not necessarily bounded) scalar-type spectral operator
with real spectrum (as in Example 3.17), and V' € B(X) satisfies the Volterra
relation with S, then (S — V) + P is a scalar-type spectral operator with real
spectrum (similar to S) for all P of the form eV e~ with a € R (the
exponential is defined by means of the resolution of the identity for ).

When S is a bounded operator, the above perturbations are similar to .S
for all P in the wider V-similarity suborbit W given by

W= {eMVe ™ N eC). (2)

This result is actually true in a Banach algebra context.

(Note that in case S is a bounded spectral operator, the above perturbations
are then trivially spectral of the same type as S and have spectrum equal to
o(S), without any restriction on the “type” or the spectrum of the spectral
operator S.)

Theorem 3.18. Let iS be the generator of the C,-group of operators S(-) on
the Banach space X, and let V € B(X) satisfy the Volterra relation with S
(that is, V D(S) C D(S) and [S,V] C V2). Then the perturbations (S—V)+P
of S —V are similar to S for all P in the V -similarity suborbit

V:={S(a)V S(—a); a € R}.

Proof. Fix V,, := S(a)V S(—a) € V. Note that D(S) is V,-invariant, since it
is invariant for V' and for S(t) for all ¢t € R (cf. Theorem 1.2).
By Lemma 3.7 (e),

iaVV, = (iaV S(a)V) S(—a) = [S(a), V] S(—a) =V, =V (3)
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and
1aV,V =—=5(a)(i(—a)V S(—a)V) = =S(a) [S(—a),V] =V, = V. (4)
Thus V, commutes with V, and by (3)
(I —iaV)(I +iaV,) =1 —iaV + iaV, —ia (iaV'V,)
=I+iwa(V,-V)—iaV,-V)=1
Therefore I — iaV is nonsingular, and
(I —iaV)™' =TI +iaV,. (5)
Consider now the perturbation of S — V by V,, that is, the operator
To:=(5=V)+Va (6)
with domain D(S). By the Volterra relation and (4), we have
To(I —iaV) =T, —ia(SV —V?) = (V, = V) =8 —iaVS = (I —iaV)8S.
Since (I — iaV') is nonsingular, it follows that
(I —iaV) 'T,(I —iaV) =8 (7)

on D(S). However, if z is in the domain of the operator on the left-hand side
of (7), then necessarily (I —iaV)z € D(T,) = D(S), and therefore, by (5) and
the V,-invariance of D(S) (cf. observation at the beginning of the proof),

x= (I +iaVy)[(I —iaV)z] € D(S).
This shows that (7) is valid with equality of domains. a

Corollary 3.19. Let S,V € B(X) satisfy the Volterra relation [S,V] = V2.
Then the perturbations (S — V) + P are similar to S for all P in the V-
simalarity suborbit

W= {MVe 9 N eC).
Proof. By Theorem 3.18,
(S = V) + €SV e S| (I —iaV) = (I —iaV)S (8)

for all @ € R. Replacing ia by any complex number A, both sides of the equa-
tion are entire B(X)-valued functions of A, and they coincide on iR (by (8)).
Therefore (8) is valid with ia replaced by arbitrary A € C. a



Miscellaneous Exercises

Abstract Landau Inequality

1. Let A be the generator of the C,-semigroup 7'(-).

(a) Verify the identity

tHT(t)x —2) = Az + ! /t(t —8)T(s)A%zrds (z € D(A?).
0

(b) I |T'()|| < M, show that
|Az]| < M2llz|l/t + (¢/2)[|A%])) (¢ > 0; = € D(A?%)).
() If |T°(-)|| < M, prove that
|Az]| < 2M (| A%|| ||=])*/* (= € D(A%)).

(Hint: minimize the right-hand side of (2) with respect to ¢.)

3)

(d) Formulate (c) for the translation semigroup on LP(R), 1 < p < co. (This

special case is known as Landau’s inequality.)

Variation on the Theme of Dissipativity

Notation. Given an operator A with domain D(A), we shall denote by D(A);

the unit sphere of D(A):
D(A)1 :={x € D(A); ||z[| = 1},

2. Suppose the operator A is weakly dissipative (w.d.), that is,

For each x € D(A)y, there exists a unit vector x* € X* such that z*x = 1

and Rz*Ax < 0.
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(a) If A is w.d., show that it is bounded below (b.b.), that is,
[(AM = A)z|| = Allz|| (z € D(A); A>0). (4)

(b) Denote xy := (A — A)z for each x € D(A) and A > 0. For each
x € D(A); and A > 0, there exists a unit vector z§ € X* such that

iy = [lzall- (5)

If Ais b.b., prove that such a vector x3 satisfies necessarily the following
inequalities:

RaeyAx <0; Rayz >1— [|Az||/ )\ (6)

Since the norm-closed unit ball of X* is weak*-compact, {z}} has a
weak™® limit point x* as A — oo. Verify that ||2*|| = 1 and Ra*Ax <0,
that is, A is w.d. iff it is b.b.

(c) If A is b.b., then for each A > 0, A\I — A is injective and

INAT = A) ]| < Jlzfl - (z € D((M — A)7H)).

(d) If A is b.b. and Aol — A is surjective for some g > 0, prove that
RT C p(A).

(e) Let A be b.b.; prove: (i) A is a closed operator iff AT — A has a closed
range for some (hence for all) A > 0. (ii) If A is densely defined, then
it is closable, A is b.b., the range of A\ — A is the closure of the range
of A\I — A (for all A > 0), and the latter range is dense in X for some
A > 0 iff A generates a contraction C,-semigroup.

Resolvents of the Hille-Yosida Approximations

3. Let A be the generator of the C,-semigroup 7'(-) with type w, and let Ay
be its Hille-Yosida approximation (A > w). Prove that

R(p; A) = lim R(p; Ay) (7)

in the s.o.t., uniformly in g on any vertical segment {yu = c+it; —7 <t <7}
with ¢ > w fixed. (Hint: T)\(-) — T'(+), cf. proof of Theorem 1.17.)

Adjoint Semigroup
4. Let A be the generator of the C,-semigroup 7T'(+) on the Banach space X.

Since D(A) is dense, the adjoint A* is well-defined. Let W be the closure of
D(A*) in X*. Prove:
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(a) W is T'(t)*-invariant for all ¢ > 0, and R(\; A*)-invariant for all A > w
(where w is the type of T'(+)).
Denote

St):=T) lw; RA):=RNA)w E>0;A>w). (8)

(b) Prove that R(-) : (w,00) — W is a pseudo-resolvent with range dense
in W, and

A =w)RN]" <M (A>w; neN). 9)

Consequently (cf. Theorems 1.14 and 1.17), R(+) is the resolvent of the
generator B of a C,-semigroup U(-) on W. Prove that U(-) = S(-). (Cf.
Theorem 1.36.)

(c) Denote by Ajy, the part of A* in W (cf. Definition 1.19). Prove that
B= Ay

(d) If X is reflexive, show that W = X*, and T(-)* is a C,-semigroup whose
generator is A*.

Spectra of a Semigroup and its Generator

5. Let A be the generator of the C,-semigroup 7'(-). Consider the truncated
Laplace transform of T'(-), defined by

Lo\ = / e NTBadt (1> 0z e XiheC). (10)
0

Clearly L,.(\) € B(X).
(a) Prove the identity
LA (M — A) € (M — A)L.(\) =T — e T (r). (11)

(b) If e’ € p(T'(r)), then X € p(A), and

R\ A) = M L.(NR(eM;T(r)). (12)
In particular,
"W c o(T(r)) (r>0). (13)
(c) Prove that
e < g, (T(r) (r>0). (14)

(Hint: apply Part (a).)

(d) Suppose T'(-) is differentiable in the s.o.t. in (b,00) for some b > 0.
Prove that AT (t) € B(X) and commutes with T'(s) for all ¢ > b and
s> 0.
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(e) Let T'(-) be as in Part (d), and fix 7 > b. Prove that if Ae’™ € p(AT(r)),
then A\ € p(A) and

R(\; A) = [T(r) + Xe™ L. (\)] R(\e™; AT (1)), (15)

and the factors in the latter product may be interchanged.
(f) (T'(+) as in Part (d).) Fix » > b, § > 0, and a, M such that | T(¢)] <
M e for all t > 0 (cf. Theorem 1.1). Denote ¢ = (1 + §)||AT(r)|| and

Qer={NEC;ce™™ <N} (16)
Prove that 2., C p(A) and

sup (SN TIR(N; A)|| < oo. (17)
AEQRe - RA<a

(Conversely, if there exist positive constants ¢, with the latter prop-
erty, then T'(+) is differentiable in the s.o.t. in some ray (b, 0c0). See [P].)

Compact Semigroups

6. Let T(-) be a C,-semigroup such that T'(¢) is a compact operator for each
t > tg. Fix t > to and € > 0. Denote M := supy<,<; ||T(s)|. By compactness
of the set {T'(t)z;||z|| < 1}, choose a finite open cover of it by open balls
B(T(t)z;,¢/(2(M + 1)), j = 1,...,n. By continuity of T'(-)z; at ¢, choose
0 < 6 < 1 such that

IT(t + h)z; — T(t)z,]| < €/2 (0<h <68 j=0,....n). (18)

(a) Prove that
IT(t+h)—T®#) <e (0<h<) (19)

and conclude that T'(+) is continuous in the u.o.t. for ¢t > to (for h < 0,
use the argument in the proof of Theorem 1.1).
(b) If to = 0, R(X; A) is compact for all A € p(A). (Hint: for R\ > w, apply
Theorem 1.15; for arbitrary A € p(A), use then the resolvent identity.)
(¢) If T'(+) is continuous in the u.o.t. on (0,c0), show that

T(t) = lim AR A)T(E) (¢ >0) (20)

in the B(X)-norm.

(d) Conclude: T'(+) is compact on (0,00) if and only if it is continuous in
the u.o.t. on (0,00) and R(X\; A) is compact for all A € p(A).

(e)If to = 0 and B € B(X), then A + B generates a C,-semigroup S(-)
which is compact on (0, 00). (Cf. Lemmas 2 and 5 in the proof of Theo-
rem 1.38.)
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Powers of the Generator

7. Let —A be the generator of a C,-semigroup T'(-) which satisfies the growth
condition
1T < Me™ (t>0) (21)

for some a > 0 (note the minus sign!). Let o« > 0, and define the operator
A= by A% :=T and

A% :=T(a)™! /0oo t* IT(t)xdt (ze X;a>0). (22)

(a) Prove that the above integral converges uniformly on the closed unit
ball of B(X) (therefore A~* € B(X)).
(b) Prove that

A=) = A= A8 (a, 3 >0). (23)
(Hint: use the identity
I'(a)(B) _ ! a—1 8-1
Fla+ ) _/0 u* (1 —w)’~ " du.) (24)

In particular, for all n € N, A= = (A~1)", the usual n-th power of
A~ € B(X) (cf. Theorem 1.15).
(c) For 0 < @ < 1, prove the identity

Ao SOTQ / AOR(N: —A) d), (25)
7T 0
where the integral converges in B(X). Hint: use the identity
0
I'a)l'l —a) = .
(@)1 @) sin Ta
In particular,
AT < M1 +a™") (a€(0,1)). (26)

(d) Prove that the function ¢ € [0,00) — A~" is a C,,-semigroup.
(e) Prove that A~ is injective for all @ > 0.
Using (e), we define
A% = (A7)~ (27)

Prove that the (closed) operators A% (with domain equal to the range of A~™%)
have the following properties:

(1) If 0 < a < 3, then D(A®) C D(AP).
(2) For each a > 0, D(A®) is dense in X.
(3) If o, B € R, then
APy = A APy (28)
for all x € D(A7), where v = max(a, 3, a + 3).
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C*°-semigroups

8. Let A be the generator of a C,-semigroup 7'(+) such that T'(t)X C D(A)
for all t > 0.

(a) Prove the identity
h
Tt+h)z—-T({t)x = / T(s)AT (t)xds (x € X;t h>0). (29)
0

(b) Prove that T'(-) is C* on (0, 00) in the u.o.t. Hint: use (a) and the fact
that for all ¢ > 0, AT(t) € B(X) (why?). Conclude that T’(t) exists (in
the u.o.t.) and is equal to AT (t) = T'(t —a)AT (a) for all t > a > 0, etc.

Entire Vectors

9. Let T(+) be a C,-group. Given z € X, define

Ty = (n/27r)1/2/Re_”t2/2T(t)x dt (n eN); (30)

xn(2) = (n/27r)1/2/ e_”(t_z)2/2T(t)x dt (neN;zeC).
R

Prove that the above integrals converge (strongly) in X, x,(-) is entire (for
each n € N), x,, — x, and x,(s) = T(s)z,, for all n € N and s € R. Con-
clude that x,, is an entire vector for T'(+) (that is, T'(-)x,, extends to an entire
function), and that consequently the entire vectors for T(-) are dense in X.

Nonhomogeneous ACP

10. Let T'(-) be a C,-semigroup, A its generator, and let M, a be constants
such that | T(t)|| < M e for all t > 0 (cf. Theorem 1.1). Given a strongly C!
function f: [0,00) — X and x € X, define

u(t) = T(H)x + /0 T(t—s)f(s)ds (t>0). (31)

(a) Prove that u is C* on [0, 00) with values in D(A), and solves the (non-
homogeneous) abstract Cauchy problem

du

(ACP) : i Au+f (t>0); u(0)=u=z. (32)



Square of the Generator 225

(b) Conversely, if u is a solution of (ACP) with f strongly continuous, then

jsT(t — Suls) = T(t— $)f(s) (0<s<1), (33)

so that u has necessarily the form (31).

In particular, if f is strongly C', (ACP) has the unique solution (31). (This
is Duhamel’s formula.)

The Graph Norm on D(A)

11. Let A be the generator of the C,-semigroup T'(+) on the Banach space X.
Let [D(A)] denote the normed space D(A) normed by the graph norm of A

]l == [lz]| + | Az[| (= € D(A)). (34)

Prove:

(a) [D(A)] is a Banach space.

(b) S(-) :=T(-)Ip(a) is a Cp-semigroup on [D(A)].

(c) If B is the generator of S(-) (acting in the Banach space [D(A)]), then
D(B) = D(Az) and B = A|D(A2)-

Commutativity

12. Let A be the generator of the C,-semigroup 7'(+) on the Banach space X,
and let B € B(X). Prove that the following statements are equivalent:

(a) [B, T(-)] = 0 ([P,Q] denotes here the Lie product PQ — QP of not
necessarily bounded operators).
b) [B, R(A\; A)] =0 for all A € C with RA > w.
c) [B, R(A\;A)] =0 for all A > w.
d) BD(A) € D(A) and [B, 4] = 0 on D(A).
e) There exists a core D for A such that BD C D(A) and [B, 4] =
on D.

,—./\A/\

Square of the Generator

13. Let T'(-) be a C,-group of isometries on the Banach space X, and let A
be its generator. Define S(-) : [0,00) — B(X) by S(0) = I and

S(t) = (2mt)1/2 /R = P(s)zds (> 0). (35)
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Prove:

(a) S(+) is a C,-semigroup of contractions. Denote its generator by B.
(b) For all A > 0,
R(X; B) = R(); (1/2)4%). (36)

Hint: Theorem 1.15 and the identities
(27r)—1/2/ t—1/26—32/(2t)e—)\t dt — (2)\)—1/2e—|s\(2)\)1/2 (37)
0

(for all s € R) and
R(V2X; A) + R(V2X; —A) = V2AR(); (1/2)A?) (38)

(for all A > 0). Cf. Theorem 1.11.
(c) Conclude that B = (1/2)A2.
(d) S(-) has an analytic extension in C™.

Resolvents of Bounded Analytic Semigroups

14. Let A be the generator of the C,-semigroup T'(+), which is analytic in the
sector Sy (cf. Definition 1.53), and bounded in each subsector Sy_, (0 < € < 0).
Fix such an €, and denote by M, the supremum of ||T(-)|| over Sp_.. As in
the proof of Theorem 1.54, consider the C,-semigroups T, (-) (with generator
Ay = e A) for each real a with |a| < 6 — €. Prove:

(a) 0(Aa) C{A € C; RA <0} and |R(X; An)|| < M./RX for A > 0.

(b) o(A) C {n € C;largpu| = 0 + 7/2} and [[pR(u; A)|| < M. for all
ne S@—e-

(¢) [l R(p; A)|| is bounded in each sector Sig4r/2)—e-

A-boundedness

15. Let A be the generator of the contraction C,-semigroup T'(-) on the
Banach space X, and let D be a core for A. Let B : D — X be linear
and satisfy the inequality

[Bz[| < aflAz| +bllz| (x € D) (39)

for some constants a,b > 0. Prove that B extends uniquely as an A-bounded
operator with domain D(A) (cf. Definition 1.28). Hint: show that Dy := (I —
A)D is dense in X and extend C := B R(1; A), originally defined and bounded
on Dy, (uniquely) to an element of B(X). The wanted extension is C(I — A).
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16. Let A, B be (usually unbounded) operators on the Banach space X such
that D(A) C D(B). Suppose that the (bounded) operator B R(\; A) exists
and is compact for some A. Prove:

(a) B R(u; A) is compact for all € p(A).

(b) B is A-bounded.

(¢c) If X has the approzimation property (that is, every compact operator on
X is the B(X)-limit of finite rank operators, e.g., if X is a Hilbert space,
cf. [RN, p. 204]), then the A-bound of B is zero (cf. Definition 1.28).
Hint: given € > 0, there exist z; € X and 2}, € X* (k=1,...,n) such
that

BR(\ A)x — Z(az,’;x)xk
k

By density of R(A\; A)*X* in X*, we may take z} = R(\; A)*y; for
appropriate y; € X*, and conclude that

<elz| (ze€X). (40)

By = (yiy)xk

k

<el[(M = Ayl (y € D(A). (41)

Unitary Vectors

17. Let T'(+) be a contraction C,-semigroup on the Hilbert space X. A unitary
vector for T'(+) is a vector x such that ||T'(t)z|| = ||| for all ¢ > 0. Denote by
Y the set of all unitary vectors for T'(-), and let

Z:=(\T®Y. (42)

t>0
Prove:

(a) Y is a closed invariant subspace for T'(-).

(b) For each s > 0, T'(s) is an isometry of Z onto Z (i.e., T'(-)|z is a unitary
semigroup).

(c) If W is a closed T(-)-invariant subspace of Z+ such that T'(-)|w is
unitary, then W C Z and T(t)W+ c W+ (in particular, Z is a reducing
subspace for T'(¢) for all ¢ > 0, and the only T'(-)-invariant subspaces of
Z+ on which T(+) is a unitary semigroup are the trivial ones; one says
in this case that T'(-) is completely nonunitary on Z=+).

Markov Semigroups

18. Let K be a compact Hausdorff space, and let C'(K) be the Banach space of
all complex continuous functions on K with the maximum norm. Let CT(K)
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be the positive cone in C(K) (:= {f € C(K); f > 0}). A Markov semigroup
is a Cy-semigroup T'(-) on C(K) such that T(-)1 = 1 and T'(-)f > 0 for all
f € CT(K). Let A be the generator of the Markov semigroup 7'(+). Prove:

(a) [IT()]] = 1.

(b) If f € D(A), then f € D(A) and Af = Af.

(¢) 1€ D(A) and A1 =0.

(d) For all A > 0, AR(X\; A)f > 0 for all f € CT(K), AR(\; A)1 = 1, and
IAR(S A)] = 1.

Translation Semigroup

19. Denote by C;(]0,00)) the Banach space of all complex continuous func-
tions f on [0, 00) for which the limit f(co) := lims_,o f(8) exists in C, with
the supremum norm || f|| = sup,~ |f(s)]. If X is either C;([0,00)) or LP(RT)
(1 < p < o0), consider the translation operators

T(t): f(s) = f(t+s) (feX;t>0).
Prove:

(a) T(+) is a Cy-semigroup on X with ||T'(-)|] = 1, and its generator A is
the differentiation operator f — f’ with “maximal domain”

D(A)={fe X;3f", ' e X}. (43)

(In the LP case, 3f" means that the derivative f’ exists almost every-
where, etc.)

(b) o(A) = {\ € C; ®X <0} and AR(X; A) are contractions for all A > 0.

(c) Consider the translation operators T'(t) (¢ € R) on X, where X is
either LP(R) (1 < p < o0) or the space Cj(R) of all complex continuous
functions f on R for which both f(oco) and f(—o0) exist in C (with
the supremum norm ||f|| = supg |f]). Prove that T(-) is a C,-group
of isometries, whose generator A is the differentiation operator with
maximal domain in X. Show also that 0(A4) = iR, and that S(R) is a
core for A.

(d) Let B be any (usually unbounded) operator on a Banach space X with
nonempty resolvent set p(B). Prove that if A and —\ are both in p(B),
then \? € p(B?%) and

R()%; B*) = —R(\; B) R(—\; B). (44)

(e) If A is the generator of the translation group on C;(R), then A? gene-
rates a contraction C,-semigroup S(-).

(f) Prove that the semigroup S(-) in Part (e) is the Gauss—Weierstrass
semigroup (cf. Example 1.114).

(g) For A as in Part (e), prove that A2 is not the generator of a C,,-semigroup.
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The MacLaurin Formula for Semigroups

20. Let X be a Banach space, and consider the classical Volterra operator

V:u(t)—>/0 w(s)ds (t>0), (45)

defined on continuous X-valued functions u on [0, 00).
Let A generate the C,-semigroup T'(-) on X. Prove:

(a) For allm € N, ¢t > 0, and x € D(A"),

n—1

T(t)e = (t*/k)A*z + (VT () A 2])(t). (46)
k=0

(b) For all n € N and © € D(A™),

n—1
Jim T () — ];)(tk JENA*z| = A"z /n. (47)

Restriction of Semigroup to Invariant Subspaces

21. Let A be the generator of the C,-semigroup T'(+) on the Banach space X.
Suppose Y is a T'()-invariant linear manifold in X, which is a Banach space
for a norm || ||y, such that (Y, ||-||y) is continuously embedded in X . Assume
that the semigroup Ty (-) defined by

Ty() =T, (t=0) (48)

is of class C, on the Banach space Y (with the norm || - ||y!). Prove that the
generator of Ty (+) is equal to Ay, the part of A in'Y (cf. Definition 1.19).

22. (Cf. Exercise 11.) Let A be the generator of the C,-semigroup T'(+), and
suppose 0 € p(A). For each n € N, consider the T'(-)-invariant linear manifold
D(A™) with the norm

[z]ln = [[A"2]  (z € D(A")). (49)

Prove:

(a) X,, := (D(A,), || - |n) is a Banach space continuously embedded in X.
Denote T),(-) := Tx, () (cf. Exercise 21).

(b) T, (+) is of class C, (on X,,). (By Exercise 21, its generator A, is equal
to Ax,,, the part of A in X,,.
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(c) (Write Xy := X, To(+) :=T(-), and Ay := A.) For all n = 0,1,2,...,
A, is an isometry of X, 1 onto X,,, and

AnTn+1(') = Tn(')An~ (50)

(d) If X_,, are defined inductively for n = 0,1,2,... such that X_,;1) is
the completion of X_,, for the norm

[ e (51)

and T_(,,41)(t) is the continuous extension of T, (t) to X_(,41), then
Parts (b) and (c) are valid also for all n € —N.

(e) D(Ay) = Xpy1 for all n € Z.

(f)If m > n € Z, then A, is the (unique) continuous extension of the
isometry A,, of X,,+1 onto X,,, to an isometry of X, 11 onto X,,.

Semigroups Arising from ACP

23. (Cf. Theorem 1.2.)
Let A be a closed operator on the Banach space X. Consider the associated
Abstract Cauchy Problem (ACP) on [0, o)

du

g Au;  u(0) = x. (ACP)

Assume that (ACP) has a unique C''-solution (in the s.o.t.)
u: [0,00) — D(A) (52)

for each x € D(A).
Define T'(+) on the Banach space [D(A)] (the Banach space D(A) with the
graph norm || - || 4 of A) by letting

T()z:=u (ze D(A), (53)
where u is the unique C'-solution of (ACP). Prove:

(a) For each t > 0, T'(¢) is a linear everywhere defined operator on [D(A)],
and satisfies the semigroup relations

T(s+1t)=T(s)T(t) (st>0); T(0)=1. (54)

(I denotes here the identity operator in [D(A)].)
(b) For each x € [D(A)], T(-)zx is [D(A)]-continuous.
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(¢) The linear operator
Wz e [D(A)] = T()z e C([0,r],[D(A)]) (55)

is a closed operator. (The space C(---) denotes the Banach space of
all [D(A)]-valued [D(A)]-continuous functions on [0, 7], » > 0 arbitrary,
with the obvious norm.) Hint: use the integral equation equivalent to
(ACP). Conclude that T'(t) € B([D(A)]) for all t > 0 (and consequently
T(-) is a Cp-semigroup on [D(A)]).

(d) Prove that the generator of the C,-semigroup T'(-) (on [D(A)]) is the
part of A in D(A). (Cf. Exercise 11.)

Bounded Below Semigroups

24. A C,-semigroup T'(+) is bounded below if inf;~o |T(t)|]] > 0. Prove that
T(-) is bounded below iff | T'(¢)|| > 1 for all ¢ > 0.

Natural Operational Calculus for Groups

25. Let T'(+) be a Cp-group on the Banach space X. Denote by My the space
of all complex Borel measures ;1 on R such that

lallr = / ITC)ll dlu] < oo. (56)

(a) Prove that My is a Banach algebra (with convolution of measures as
multiplication) with respect to the norm ||-||7, and is a Banach subspace
of Co(R)* if T'(+) is bounded below on (0, 00) (cf. Exercise 24).

(b) Denote the Fourier—Stieltjes transform of the Borel measure p by fi:

f(s) = /Remd,u(t) (s € R). (57)
Let
Ar = {i; p e Mr}. (58)

Prove that Ar is a Banach algebra for the pointwise operations between
functions, with respect to the norm

il = e (v e Mr). (59)

(c) For f € Ar (say f = fi for the unique u € Mr), define the operator
7(f) on X by

T(f)z = /RT(t)ch,u(t) (x € X). (60)
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Prove that 7 is a continuous homomorphism of the Banach algebra A
into B(X) with norm 1, such that

T(fe) =T(t) (teR), (61)

where f;(s) = e®t, s,t € R.

(d) If S(-) and T(-) are C,-groups on X, then Ag C Ar if and only if Hgg;”
is bounded on R.

(e) The C,-group T(-) is temperate if | T(t)|| = O(|t|¥) for some non-
negative integer k. In that case, prove that the Schwartz space S(R)
is topologically contained in the Banach algebra Ar, and for all z € X,

(f)z = / T fydt (f € S(R)), (62)
R
where f is the Fourier transform of f,

f(t) == (2m)7t / e S f(s)ds (t € R).

R

Construction of Analytic Semigroups

26. Let A be a closed densely defined operator on the Banach space X. Sup-
pose there exists 0 < 0 < /2 such that the open sector S; ./, is contained
in p(A) and AR(X; A) is bounded in each subsector S5_.; /o with 0 < e < 4.
Fiz ¢’ € (0,9) and z € Sy . Denote b = 1/|z|, choose ¢ = (6 — ¢')/2, set
a=08§—e+7/2, and let I" be the “positively oriented” path consisting of the
circular arc
{w="be"; |0] < a},

complemented by the two rays
{w=re*®; r>b.

Define

T(z) = (1/27ri)/Fez“’R(w;A) dw. (63)

Prove:

(a) The integral converges in operator norm, and there exists a constant
Cys such that | T(z)]] < Cs for all z € Ssr.

(b) T'(+) is analytic in Ss.

(¢)T(z4+ u) = T(2)T(u) for all z,u € Ss. Hint: by Cauchy’s integral
theorem, the integration path in the definition of 7'(u) can be trans-
lated to the right. Use the resolvent identity and replace the paths by
closed paths, using circular arcs as above with radii tending to infinity.
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(d) lim.es,,; -0 T (2)z = o for all 2 € X and ¢’ € (0,6). (In particular, the
restriction of T'(-) to RT, complemented with the definition 7(0) = I,
is a C,-semigroup, which admits an analytic extension in Ss that is
bounded in each proper subsector. Denote its generator by B.)

(e) B = A. Hint: prove that R(\; B) = R()\; A) for some A > 0; cf. Theo-
rem 1.15. (This construction shows that an operator A satisfying the
hypothesis of the present exercise is the generator of an analytic semi-
group, whose analytic extension in a suitable sector is bounded in every
proper subsector. The converse is also true.)

Approximation of C,-semigroups by Uniformly
Continuous Semigroups

27. Let T(-) be a C,-semigroup, and let A be its generator. Suppose B is a
bounded (everywhere defined) operator commuting with T'(-). Prove:

(a) For all x € D(A) and ¢t > 0, the following identity holds:

T(t)x —ePa = /Ot =BT (s)(A - B)ads. (64)

Hint: integrate with respect to s over [0, t] the expression for

! [P (s)a]

ds
when z € D(A).

(b) If the semigroups T'(-) and e'? are bounded (say, by the constants H, K,
respectively), then

|T(t)x — eBr|| < HKt||(A— B)z|| (v € D(A); t >0). (65)

(¢) Suppose T'(-) is bounded, B,,, n € N are bounded operators commuting
with T(+), and ||e!P»|| < K for all t > 0 and n € N (with a constant K
independent of n). Prove that if B,z — Az for all z in a core for A,
then

T(t) = lim etBrn (t>0) (66)

in the s.o.t., uniformly for ¢ in bounded intervals.
(d) If T(+) is a contraction C,-semigroup, and

B, :=n[T(1/n)—1I] (neN), (67)
then (66) is valid.
(e) If T'(+) is a bounded C,-semigroup, and B,, are chosen as the Hille-Yosida
approximations of A
B, :=n[nR(n;A) —I] (ne€N), (68)

then (66) is valid. (Cf. Lemma 1.16 and the beginning of the proof of
Theorem 1.17.)
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Stability in the u.o.t

28. Let w be the type of the C,-semigroup T'(-). Prove that the following
statements are equivalent:

(a) w < 0 (and consequently there exist constants a > 0 and M > 1 such
that ||T(t)|| < M e for all t > 0, that is, ||T'(t)|| decays exponentially
to zero as t — 00).

(b) limy oo |T'(t)[| = 0.

(c) |T(c)|| < 1 for some ¢ > 0.

(d) 7(T(c)) < 1 for some ¢ > 0.

(Hint: Theorem 1.4.)

29. Fiz p € [1,00). Let T(-) be a C,-semigroup on the Banach space X such
that

IT()zll € LP(RT) (69)
for all z € X. (The norm on L?(R™) will be denoted by || - ||,.) Fix a > 0 and
M > 1 such that ||T'(t)|| < M e for all t > 0 (cf. Theorem 1.1). Define the
map

V:X — LP(RT)
by

V() = ITC)zll (2 € X). (70)

Prove:

(a) There exists a constant K > 0 such that ||V (z)||, < K ||z| forallz € X.
(b) For all t > 0,
IT@)] < (ap)" /"MK, (71)

(Hint: integrate with respect to s over [0,t] the trivial identity
e T@)x||” = ™| T(s)T (¢ — )|

and estimate the integral on the right-hand side.)
(c) For all t > 0,
T < (ap)'/7 M K24, (72)

Hint: integrate (with respect to s over [0,¢]) the trivial identity
IT@)z|[P =T = s)T(s)x]”,

and estimate the integral on the right-hand side.)
(d) Conclude that the equivalent relations in Exercise 28 are also equivalent
to the property (69) for some (or all) p € [1,00).
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Semigroups on Hilbert Space

30. (This exercise is a preliminary for the next one.)

Let X be a (complex) Hilbert space. Denote by C*°(R, X), S(R,X),
L?(R, X), etc. the “usual” spaces C°, S, L?, etc. (respectively) of X-valued
functions u over R, with definitions adequately modified so that the norm
lu(-)|| replaces the usual absolute values. Fix an orthonormal basis {z;; j € J}
for X. Prove:

(a) u € L?(R; X) if and only if (u(-),z;) € L*(R) for all j € J. When this
is the case, one has the identity

||u||2L2(R,X) Z” ), T ||L2(R (73)
jed

(b) If u € L*(R, X) and ¢ € L*(R), then the convolution u * ¢ is a “well-
defined” element of L?(R, X), and

lu* @l L2 x) < ull L2, x) 9l 1 (m) - (74)

(c) C°(R, X) (and therefore S(R, X)) is dense in L?(R, X). (Cf. proof of
Theorem I1.1.2 in [K17].)
(d) Define the Fourier transform F on S(R, X) by

(Fu)(s) = (1/\/27r)/ e tu(t) dt. (75)
R

(In the special case X = C, it is well-known that F is a linear isometry

of S(R) onto itself with respect to the L?(R) norm on S(R); cf. for

example [K17, p. 379].) Prove that, for any Hilbert space X, F is a

(linear) isometry of S(R, X) onto itself with respect to the L?(R, X)

norm, that is,
/ | Ful®ds = / [ dt (76)
R R

for all u € S(R, X), and conclude that F extends uniquely as a linear
isometry of L*(R, X) onto itself.

Stability in the u.o.t. on Hilbert Space

31. (This exercise is related to Exercises 28 and 29.) Let T'(+) be a C,-semigroup
on the Hilbert space X, let A be its generator and w its type. Fix M > 1 such
that |T(t)|| < Mel«+V* for all ¢ > 0 (cf. Theorem 1.1) and a > |w| + 1.
Define S(-) : R — B(X) by setting S(t) =0 for ¢ < 0 and

St)=e"T(t) (t>0). (77)
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Prove:
(a) For each z € X, one has S(-)x € L%(R, X) and
R(a + i Az = V2rF[S(-)z]. (78)
(b) For each z € X,
/HR(a+i5;A)xH2dS:2w/ 1Sz dt. (79)
R 0
(Cf. Exercise 30.)
(c) There exists a constant K > 0 such that
[R(a +i)z]L2@x) < Kllz] - (z € X). (80)

(d) Assume in the sequel that R(-; A) exists and is (uniformly) bounded in
C™*. Observe that the imaginary axis is then contained in p(A) (cf.
Theorem 1.11). (Therefore the resolvent is uniformly bounded in C+;
denote L := supg,~¢ ||R(z; A)||). Prove that for all x € X and s € R

|R(is; A)z|| < (1 +al)||R(a+ is)z]. (81)
(e) Prove that for all z € X
[R5 Azl 2 x) < (14 aL)K |l (82)
and similarly (by considering the adjoint semigroup, cf. Exercise 4),
[R(is A )zl L2 x) < (1 +aL)K ||z]|. (83)

(f) Apply Theorem 1.15(3) and integration by parts to prove that for all
re X andt >0,

2mi tT(t)x = / e R(a + is; A) %z ds. (84)
R

(g) Prove the inequality
27|(tT (), y)| < | R(i Azl L2, x) I1R(=i5 Ayl L2 x)  (85)
for all x,y € X, and conclude that
1Tl < H/t (t>0), (86)

with H = (1 + aL)?K?/(2n). In particular, lim;_ ||T(¢)|| = 0, that
is, the assumption in Part (d) implies that T(-) satisfies the equivalent
properties in Erxercise 28. Conversely, if w < 0, R(\; A) exists and is
uniformly bounded in C* (cf. Theorem 1.11), that is, the latter property
is equivalent to the properties in Exercise 28 (when X is a Hilbert space).
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Hille-Yosida Space, Semi-Simplicity Space, etc.

32. (The following exercises give a unified construction of the Hille-Yosida
space, the semi-simplicity space, the Laplace-Stieltjes space, etc.)

Let X be a Banach space, and let A be a subset of B(X) containing the
identity I in its strong closure. Denote

[2]l.a:= sup [Tz (x € X) (87)
TeA

and
Z = Z(A);= {a € X; |2l 4 < oo} (88)

Prove:

(a) Z with the norm || - || 4 is a Banach subspace of X.

(b) For any S in the commutant A’ of Ain B(X), SZ C Z and S|z € B(Z)
with [|S]z[|pz) < [IS]]-

(c) If A is a semigroup (for operator multiplication), then Z is A-invariant,
and A|z (:= {T|z; T € A}) is contained in the closed unit ball B;(Z)
of B(Z).

(d) (Hypothesis as in Part (c).) If W is an A-invariant Banach subspace of
X such that A|lw C B (W), then W is a Banach subspace of Z. (This
is the mazimality of Z with respect to the property in Part (c).)

33. Let A be an operator with domain D(A) in the Banach space X, whose
resolvent set contains a ray (a,00) (a € R). Let A be the unital semigroup
generated by the operator family

A=a)R(N;4) (A >a). (89)

Denote by Az the part of A in Z = Z(A), and let W be the closure of D(Az)
in the Banach subspace Z (cf. Exercise 32). Prove:

(a) Aw generates a Co-semigroup T'(-) on W such that ||T(t)[| gy < €.

(b) If V is a “resolvent-invariant” (i.e., R(A; A)V C V for all A > a) Banach
subspace of X such that Ay generates a C,-semigroup S(-) on V such
that [|S(t)| pv) < e, then V is a Banach subspace of W and S(-) =
T()lv-
(Cf. Definition 1.22 and Theorem 1.23; the Banach subspace W is pre-
cisely the Hille-Yosida space for A, denoted there by Z. Part (b) is the
“maximality” property of the Hille-Yosida space. Cf. Theorem 1.17.)

34. Let A be a (generally unbounded) operator on the Banach space X, whose
resolvent set contains the (open) sector Sy, for some 6 € (0,7/2]. Let A be
the unital semigroup of B(X) generated by the operator family

AR\ A); A€ Sp). (90)

As in Exercise 33, denote by Ay the part of A in Z = Z(A), and let W be
the closure of D(Az) in the Banach subspace Z. Prove:
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(a) Aw generates an analytic C,-semigroup of contractions on W in the
sector Sp.

(b) If V is a resolvent-invariant Banach subspace of X such that Ay gene-
rates an analytic C\,-semigroup of contractions on V in the sector Sy,
then V' is a Banach subspace of W.

(The Banach subspace W is the analytic Hille-Yosida space for A;
Part (b) states its “maximality.” Cf. Corollary 3 in Section C of Part I.)

35. Let T'(-) be a holomorphic C,-semigroup on C*, acting in the Banach
space X. Let
A={T(\); xeCT}. (91)

(A is a semigroup whose strong closure contains the identity, by the C, con-
dition.) Let Z = Z(A) (T'(-)-invariant!), and define

2y = {a € Z; Jim [|[T() ~Ialla = 0}, 52)

Prove:

(a) Zy is a T(-)-invariant Banach subspace of X, and T(-)|z, is a holo-
morphic contraction C,-semigroup on CT in the Banach space Z.
(Therefore T(+)|z, possesses a boundary group, which is a C,-group of
isometries on Zp,. Cf. Theorem 1.105.)

(b) Zp is a “maximal” Banach subspace of X with the property in Part (a).

36. Let K be a compact nowhere dense set in C with connected complement.
Let T be a bounded operator on the Banach space X, with spectrum contained
in K. As usual, C'(K) denotes the Banach algebra of all complex continuous
functions f on K with the norm || f||x := sup | f|. By Lavrentiev’s theorem,
the subalgebra P(K) of polynomials (restricted to K) is dense in C(K) (cf.
[Ga, Theorem 8.7]). Let

A={p(T); p e P(K),|lpllx <1}, (93)
and let Z = Z(A) be the associated Banach subspace (cf. Exercise 32). Prove:

(a) There exists a unique continuous representation 7 : C(K) — B(Z)
such that [|7(f)|pz) < ||fl|x for all f € C(K) and 7(p) = p(T') for all
p € P(K).

(b) If W is a T-invariant Banach subspace of X with the property in Part (a)
(with W replacing Z), then W is a Banach subspace of Z.

(¢) If X is reflexive, there exists a unique spectral measure F on Z sup-
ported by K, which commutes with every S € B(X) commuting with
T, such that ||[E(-)||p(z) <1 and

H(f)z = /K FO) BNz (z € Z: f € O(K)). (94)

(The Banach subspace Z in this case is the semi-simplicity space for T'.)
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37. (The preceding exercise does not apply for example to the case K =
I' :== {)\ € C; |A\| = 1}. The present exercise indicates how to modify the
construction in this case.)

Let T be a bounded operator on the Banach space X with spectrum on
the unit circle I'.

Let R(I") denote the algebra of restrictions to I" of all complex polynomials
in Aand A™! (= Xon I).

If p € R(I'), we may write

PN = arAr, (95)
kez
where «, € C and only finitely many «aj, are nonzero. We then define
p(T) = Z a, Tk, (96)

keZ

(Note that T is invertible, since o(T) C I'!) Set
A:={p(T); p e R(I), |lpllr <1}, (97)
and let Z = Z(A) be the associated Banach subspace of X. Prove:

(a) There exists a continuous representation 7 : C'(I') — B(Z) such that
r(p) = p(T) for all p € R(T) and [[r(f) [z < [1f 1 for all £ € C(T).

(b) Z is “maximal” in the “usual sense” with respect to the property in
Part (a) (cf. preceding exercise).

(¢) If X is reflexive, Part (c¢) of Exercise 36 is valid (with K = TI).

38. (This “exercise” is merely a remark on Exercise 32 and Section B of
Part II.) Let X be a Banach space, and let

F:[0,00) = B(X)

be a strongly continuous function such that F(0) = I. Choose

A={ [ sorp) s o € ), ol =1} (98)

The Banach subspace Z := Z(A) in the present case is the Laplace—Stieltjes
space for F' (cf. Section B in Part IT). When F is a contraction C,-semigroup
T(-), A is a semigroup, and if X is reflexive, Z coincides topologically with
the semi-simplicity space for the generator —A of T'(-) as defined in Section A
of Part IT (when R* C p(—A)).

39. Let T'(-) be a C,-group of operators on the Banach space X, and denote
its generator by iA. Let



240 Miscellaneous Exercises

A= {ZakT(tk); ap € C, tx € R,
k

E akeztks
k

< 1}, (99)

where the sums in (99) are finite and s € R.

(In this case, A is a unital semigroup, so that Exercise 32 applies in all its
parts.) If X is reflexive, prove that the Banach subspace Z = Z(.A) coincides
with the semi-simplicity space for T'(-). (Cf. Section B, Part I.)

40. (Cf. Section B in Part IT and Chapter 10 in [17].) Let A be an unbounded
operator with real spectrum on the Banach space X, and denote by T its
Cayley transform

T:= (il — Al + A~ = —-2iR(—i;A) — 1. (100)

Since o(T) lies on the unit circle I" (cf. [DS I-III, Lemma VII.9.2]), we may
consider the Banach subspace Z = Z(A) associated with the semigroup A
defined in (97). Prove:

(a) There exists a continuous representation
7:C(R) — B(Z)
such that
IT(NBz) < Ifle (f € C(R))

and 7(¢) = Tz for ¢(s) = Z_T_j
(b) If X is reflexive, then there exists a spectral measure on Z

F:B(R) — B(Z),

such that ||F(-)||p(z) < 1, F commutes with every U € B(X) which
commutes with A, and
(i) D(Az) is the set of all x € Z such that the integral

b
/ sF(ds)x := limb / sF(ds)x
R a——o00,b—o0 J,
exists in X and belongs to Z;
(ii) for all z € D(Az),
Ax = / s F(ds)z,
R

and
(iii) for all nonreal A € C and x € Z,

R\ A)x = / F(ds)x.

R)\_S
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(¢) Formulate (and prove) a “maximality and uniqueness” statement for
the Banach subspace Z with respect to the properties in Parts (a) and

(b).
(d) Let P(-,-) be the Poissonian of A

P(t,s) = ! [R(t —is; A) — R(t+1is; A)] (t €R; s >0).

2m
Consider the operators
Us: C.(R) — B(X) (s>0)
defined by

Ush = / WO)P(Ls)dt (s> 0; h € Co(R)),
R

Let
Ay = {I} U{Ush; s > 0, h € Ce(R), [[h]lo < 1},

and let Z; := Z(A;) be the associated Banach subspace as in Exer-
cise 32. Set

7' = {x € Zy; | l‘im R(- +iu; A)x = 0}.

u|—0o0

For X reflexive, prove that Z’ is a closed subspace of Z; which coincides
with Z, with equality of norms.

Approximation Formula for the Integrated Semigroup

41. Let T(-) be a bounded C,-semigroup on the Banach space X, and let
A be its generator. Since T'(-)z is continuous on [0, 00) for each x € X (by

the C,-condition, cf. Theorem 1.1), the X-valued function fT(-)z is Bochner

integrable for each f € L'(R*) and 2 € X, and we may then define a map
7: LY(RT) = B(X)

by

T(f)z = /000 f()T(s)xdt (f € LYRT); z € X). (101)
(Clearly ||7]| < M :=sup | T()].)

(a) Let fni(s) :=1—exp ( - e”(t_s)) (t > 0). Prove that f,,; — X[o,¢ in

L'(RT) as n — oo, uniformly in ¢ on bounded intervals in RY (x(o.4
denotes the characteristic function of [0, ¢]). Consequently,

T(fn)x — /0 T(s)xds (zeX;t>0) (102)

as n — 0o, strongly in X and uniformly in ¢ on bounded intervals.
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(b) Prove that

! . — (_1)k+l tkn
T(s)xds = lim E b€ R(kn; A)x  (x € X;t>0), (103)
0 R :

strongly in X and uniformly in ¢ on bounded intervals in RT.

Semigroup Induced on Quotient Space

42. Let T(-) be a C,-semigroup on the Banach space X, and let A be its
generator. Suppose Y is a closed T'(-)-invariant subspace, and let 7 : X —
X/Y be the canonical map. Define V(¢) € B(X/Y) by

V(t)(rz) =n(T(t)x) (t>0;ze X). (104)
Prove:

(a) V(+) is a Cp-semigroup on X/Y.
(b) If B denotes the generator of V(-), then

D(B) = m(D(A))

and
B(rz) =n(Az) (z € D(A)). (105)

Semigroup Induced on [*°(X)

43. Let T'(-) be a C,-semigroup on the Banach space X, and let A be its
generator. Let

Y =17°(X)
={y ={yn}; yn € X, [lylly :=sup|lyn| < oo} (106)
For each t > 0, define
Sty ={THyn} (YY) (107)
Set
Wi={yeY; lim [IS{t)y—yly =0} (108)
Prove:

(a) S(-) is a C,-semigroup on the Banach space W.
(b) If B denotes the generator of S(-), then

D(B)={y e W; y, € D(A), and {Ay,} € W for all n}

and
By ={Ay.} (y € D(B)). (109)
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Semigroup Induced on a Tensor Space

44. Let X, Y be Banach spaces, and let X ® Y be their algebraic tensor
product (its typical element is a finite sum Y 25 ® yg, with 2 € X, yr € Y).
If || - || is a cross norm on X @ Y (that is, ||z @ y|| = ||=| ||y|| for all z €
X,y €Y), denote by X®Y the completion of X ® Y under the given cross
norm. Let T'(+), S(+) be C,-semigroups on X, Y (respectively), with respective
generators A, B. For each t > 0, define

Vt)=T() @ S(t),

where the right-hand side is defined as the unique continuous extension of the
operator defined on X ® Y by

V() (e @) = Y (T(0wr) @ (S,
Prove:

(a) V() is a Cy-semigroup on X x Y, and [|[V(¢)|| = || T ()| ||S(®)|| for all
t>0.

(b) The (algebraic) tensor product D(A)® D(DB) is a core for the generator
C of V(+), and C' is equal to the closure of the operator

ARI+1® DB
defined on D(A) ® D(B).

Infinite Product of Semigroups

45. Let {T%(-)} be a sequence of pairwise commuting contraction C,-semigroups
on the Banach space X. Let Ay be the generator of Tj(:), k € N. For each
n € N, set

Pu() =[] T ().
k=1
Prove:

(a) For each n € N, P, (+) is a C,-semigroup, and its generator is the closure
of the operator Y. _; Ay with domain (), _; D(A).
(b) A convergence vector for the given sequence is a vector

z e () D(Ax)
k=1
such that -
>l Akz]| < oo. (110)
k=1
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Assume that the subspace D of all convergence vectors for the given
sequence is dense in X . Prove that for each ¢ > 0, P,(t) converges
strongly to an operator P(t) € B(X), uniformly with respect to ¢ in
compact intervals, and P(-) is a contraction C,-semigroup, called the
infinite product of the given semigroups (denoted [y, T%(+)).

(c¢) The subspace D of convergence vectors is a core for the generator A of

P(-), and Az =Y 72 Agx for all z € D.
Hints: for Part (b), observe that

n+m

[Poym(B)z = Pa®)z| < || [ Tet)z—=
k=n-+1
and
p—1
[ e ] Tye] < im0 - 2
k=n-+1 k=n-+1

for all p > n + 1, with an “empty product” equal to I by definition.
For Part (c), note that D is T'(-)-invariant and dense in X (by hypo-
thesis).

Perturbation of Generator by B € B([D(A)])

46. Let T'(-) be a C,-semigroup on the Banach space X, and let A be its
generator. Denote by [D(A)] the Banach space defined by the domain of A
with the graph norm. Let B € B([D(A)]) and fix A\g € p(A). Since

= (Aol — A)B R(\; A) € B(X) (111)

(why?), we may choose A > w (the type of T'(-)!) so that

IPR(X A)| < 1. (112)
Define
Q = (Aol — A)BR(); A) (€ B(X)), (113)
R:= (M — A)BR(\ A) (€ B(X)), (114)
and
U:=1-BR()A). (115)

(a) Prove that U is invertible in B(X), and U D(A) = D(A).

Hint: in any Banach algebra, the sets of nonzero elements of o(ab) and
o(ba) coincide (cf. for example [K17, p. 173]). In the Banach algebra
B(X), take a = @ and b = R(\p; 4), so that ba = B R(\; A) and
ab=PR(\ A).
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(b) Prove that
UA+RU'=A+B.

(¢) Conclude that A + B (with domain D(A)) generates a C,-semigroup
on X.

Intertwining and Spectrum

47. Let T(-) and S(-) be C,-semigroups on the Banach spaces X and Y,
respectively, and let A, B be their respective generators. Suppose C' € B(Y, X)
intertwines the given semigroups, that is,

Prove:
(a) CB C AC.
(b) CR(\; B) = R(\; A)C for all X € p(A) N p(B).

(¢c) If CY is dense in X, then CD(B) is a core for A.

(d) Suppose 0 € p(B), and let then 2 be an open disk with radius r > 0
centered at 0 such that 2 C p(B). Suppose also that R(\; A) exists and
RO\ A)|| < [RA|7Y for RX # 0. Finally, suppose that CY is dense in
X. Fix € X and a sequence {y,} C Y such that Cy,, — x. Define

yn(A) = [1+ (A1)’ ]CR(\ Byn (X € 9).
Prove
lyn (re® )l < 2/T)ICynll - (6 € [0,27), cosd # 0),
and conclude that
[yn (M < @/T)[[Cynll (X € 2),

and therefore

2r

s Az <
1RO Al <7 o

[zl (A€ 2, RA#0),

hence

RN A < (8/3r)  (JAl <r/2, RA #0).
Consequently, 0 € p(A). Conclude that

o(A) C o(B) NiR.
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Mining Lemma 2.16

48. Let (S, X, 0) be a o-finite positive measure space, and let {2 be a locally
compact Hausdorff space. Denote by M (£2) the space of all regular complex
Borel measures on §2. Let

T:LYS,%,0) — Co(2)
be a bounded linear operator. Prove:

(a) Given ¢ € L>°(S, X, 0) and a constant K > 0, there exists u € M ()
such that
¢=T"w |pl<K (116)

e

for all f in a dense subset of L!(S, ¥, o). (Cf. Lemma 2.16.)

(b) Suppose ¢, = Ty, with w, € M(2), [pn] < K, n =1,2,..., and
¢n — ¢ pointwise almost everywhere on S. Then ¢ = T*u for some
€ M(£2) with ||p|| < K. If T* is injective, then g = w* —lim pi,,. (This
may be interpreted as a general version of the Paul Levy “continuity
theorem.”)

(c) A sequence ¢ = {¢,} € [°° is the moments sequence of a measure
w € M([0,1]) with ||u]| < K if and only if

‘Z CnPn

for all finite complex vectors (ci,...,c,). (Hint: choose T : I} —
C(]0,1]) in an appropriate way.) State an analogous criterion for the
trigonometric moments problem.

(d) A bounded continuous function ¢ on R is the cosine-Stieltjes transform

if and only if
< KT floo (117)

<K a‘ "
< K max|} e

(118)

o(t) = /Rcos(st)u(ds) (teR)

of a measure p € M(R) with ||u|| < K if and only if
[ roa| < K11, (19)
R

where f denotes the cosine transform of f

f(s) ::/Rcos(st)f(t) dt. (120)
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(e) Let k € Cy(R) have a convergent improper Riemann integral on R.
Given ¢ € Cp(R) and K > 0, one has

o) = (ks 0)(0) = [ bt =s)p(ds) (1€ R) (121)

for some p € M(R) with ||u|| < K if and only if

]/quﬁdt‘ < K[+ flleo (122)

for all f in a dense subset of L!(R).

(We used the following notation: k(t) := k(—t); if f € L'(R) and g €

L°°(R), then f x g is their convolution.)

Classical kernels k for which Part (e) applies are the Dirichlet kernel

k(t) = (sint)/t, the Fejer kernel k(t) = [(sint)/t]?, and the Poisson
€

kernel
ke(t) = ,
(*) m(e2 4 t2)

where € > 0. In the latter case, prove the uniqueness of the representa-
tion of ¢, when it exists.

(123)

49. Let A be a commutative (complex) Banach algebra, and let M be its
structure space (that is, the space of all regular maximal ideals with the
Gelfand topology). Denote by G : A — Cy(M) the Gelfand transform
(G = ). Given z* € A* and a constant K > 0, prove that there exists
a measure pu € M (M) such that

=Gl < K (124)
if and only if
| z| < K r(z) (125)

for all x in a dense subset of A. (r(x) denotes the spectral radius of z. Cf.
Lemma 2.16.)

The Eberlein and Schoenberg Criteria for
Fourier—Stieltjes Transforms

50. Let G be a locally compact Abelian group. Denote by L(Q) its group
algebra (that is, its L' space with respect to the Haar measure dt on G,
with convolution as multiplication). Let I' be the dual group G. Given a
bounded continuous function ¢ on G and a constant K > 0, prove that ¢ is
the Fourier—Stieltjes transform

o(t) = /F (L )uldy) (teG) (126)
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of some p € M(I") with ||p|| < K if and only if

'/Lf¢d4fgkwfnm (127)

for all f in a dense subset of L!(G).
Cf. Exercise 49; (t,y) denotes the value of the character v € I" at the point

t € G, and f denotes the Fourier transform of f € L'(G), that is,

fh%=é@mﬁ@ﬁ (ver). (128)

(The above statement is known as the Eberlein criterion for Fourier—Stieltjes
transforms on locally compact Abelian groups; the special case for G = R is
the Schoenberg criterion.)

51. Let X, Y be Banach spaces, and T' € B(X,Y"). Prove that the restriction
of T* to the (strongly) closed unit ball of Y* has weak*-closed range. (Cf.
Lemma 2.16.)

52. Suppose S generates a C,-group S(-) : R — B(X) on the Banach space
X, and V € B(X) leaves D(S) invariant and [S,V] C V2. Let T,(-) be the
C,-group generated by Ty, where T, = (S —V)+V, and V,, = S(a)V S(—a),
a € R (cf. Corollary of Theorem 1.38). Prove:

(a) For all a,t € R,
To(t) = S(t) — atV S(t)Va,.
(b) For all a,t € R such that t # —a,

at

LM =50+: °

[S(a+1),V]S(—a).

(Cf. Theorem 3.18 and its proof.)



Notes and References

The theory of operator semigroups was essentially started by the 1932 paper
of M. H. Stone on groups of unitary operators in Hilbert space [St]. The
general Banach space theory was established in the following two decades, and
is detailed in the classical 1957 monograph [HP]. Later results are included
and/or referred to in many more recent books, some of which are cited in our
bibliography.

Part 1. General Theory

Standard books on the general theory of operator semigroups are [D3, EN1,
EN2, G, HP, P]. Chapters on the subject are also included in general texts
on Functional Analysis such as [DS I-11I, Kat1, RS, Y].

A. Basic Theory

Most of the material concerning the interplay between a semigroup and
its generator, culminating with the Hille-Yosida theorem, was developed
in the 1930s and 1940s, and is necessarily found in any text on operator
semigroups.

We comment below on some more recent results included in this section.
The Hille-Yosida space. The terminology and Theorem 1.23 are from [K5].
The Trotter—-Kato convergence theorem. Theorem 1.32 goes back to [Tr].
Exponential formulas. The treatment here follows [D3, P], and is based on
work by [Kat3, Chl, Ch2, Tr].

Perturbations of generators. Theorem 1.38 is due to Hille-Phillips. The proof
given here is essentially the one in [DS I-III].

Groups of operators. Theorem 1.40 is from [N]. Theorem 1.41 is the classical
Stone theorem [St].
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B. The Semi-simplicity Space for Groups

Theorem 1.49 and the following analysis are from [K3].

C. Analyticity

Theorem 1.54 is a variation on a result of [Liu]. The proof given here is from
[K9].

D. The Semigroup as a Function of its Generator

Noncommutative Taylor formula. The results of this section are from [K7].
Analytic families of semigroups. The results are from [K10].

E. Large Parameter

The results of this section are (in the exposition order) from [K12, K13, K14,
K15], [KP], and [AB]. See also [LV].

F. Boundary Values

The main facts about “regular semigroups” are contained in [HP, Theo-
rems 17.9.1 and 17.9.2]; the “converse” part (and the corollaries) are from
[K16].

G. Pre-Semigroups

The concept appears in germinal form in [DaP] (under the name of “reg-
ularizable semigroups”). In [DP], the name “C-semigroup” is coined, and
the detailed analysis of these families is started (see [DL1, DL2, DL3, M1,
M2, MT1, MT2, MT3, T1, T2], as a partial list for this subject). Since a
C-semigroup is not a semigroup (unless C' = I), we call it here a pre-semigroup.
Theorems 1.119-1.121 are from [DL1].

Theorem 1.124 is from [DL2] (but we coined the term ezponentially tamed as
a reference to Property 3).
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Part II. Integral Representations
A. The Semi-Simplicity Space

The concept goes back to [K1] for a single bounded operator, with extensions
to unbounded operators appearing in [K1, K2, KH2, KH3|. Theorem 2.3 is
from [KH2]. A variant of this theorem is found in [KH3]. Theorem 2.12 is from
[K2] (see also [K4]). Lemma 2.16 is from [KH3] (see also [DLK]).

B. The Laplace—Stieltjes Space

The concepts of the Laplace—Stieltjes space and of the Integrated Laplace space
for a family of closed operators were introduced and studied in [DLK]. Theo-
rems 2.15, 2.20, 2.21, and 2.23 are from [DLK] (with some modification of the
proofs). Theorem 2.28 is a special case of the main result of [DL3]. Integrated
semigroups were introduced in [Neu].

C. Families of Unbounded Symmetric Operators

Semigroups of unbounded symmetric operators. First results on this subject
were obtained in [De] and [Nus]. A general theory of semigroups of unbounded
operators in Banach space was developed in [H1, H2]. Theorem 2.29 is from
[KL], as well as the proof of Theorem 2.31 (the latter theorem appeared origi-
nally in [Nel], with a different proof). Another proof of Theorem 2.29 is found
in [Fr], and serves as a model for the proofs of Theorems 2.35 and 2.37 (first
published in [KH3]) for local cosine families of symmetric operators. Frohlich’s
proof was modified in [V1] to generalize the Frohlich-Klein—Landau theorem
to local symmetric semigroups defined on semigroups of RT. For local sym-
metric semigroups defined on general topological semigroups, see [V2]. The
results on local semigroups are generalized to a Banach space setting in [KH1]
(see also [K4]).

Local cosine families of unbounded symmetric operators. The results are from
[KH3]. The concept of semi-analytic vectors is due to Nussbaum, as well as
Theorem 2.39 (with a proof independent of the result on local cosine families
of symmetric operators; see [RS]).

Part III. A Taste of Applications

A. Dependence on Parameters

This section is based on [KM].
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B. Similarity (etc.)

The results are from [K18, K19, K20], [K23], and [KPe], with some modifica-
tions. See also [K4], [KH5], and [VK] for related results and generalizations.
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